Dieter Gaier

LECTURES
ON COMPLEX

APPROXIMATION

Birkhauser



Dieter Gaier

Lectures on

Complex
Approximation

Translated by Renate McLaughlin

B

Birkhduser
Boston * Basel * Stuttgart



Dieter Gaier
Mathematisches Institut
Justus-Liebig-Universitit
Arndtstr. 2

D-6300 Giessen

West Germany

Translator:
Renate McLaughlin

1§ T ilw ot

Mathematics Department

Library of Congress Cataloging in Publication Data
Gaier, Dieter.
Lectures on complex approximation.
Translation of: Approximation im Komplexen.
Bibliography: p.
Includes index.
1. Approximation theory. 2. Functions of complex
variables. 1. Title.
QA297.5.G3413 1985 515.9 83-3911

CIP-Kurztitelaufnahme der Deutschen Bibliothek
Gaier, Dieter:
Lectures on complex approximation / Dieter Gaier.
Transl. by Renate McLaughlin. — Boston ; Basel ;
Stuttgart : Birkhauser, 1985.
Dt. Ansg. u.d.T.: Gaier, Dieter: Vorlesungen
iiber Approximation im Komplexen
ISBN 3-7643-3147-X (Boston)

ISBN 0-8176-3147-X (Basel)

This English edition is translated from Vorlesungen iiber Approximation im Komplexen, Birkhduser

Verlag, 1980

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system,
or transmitted, in any form or by any means, electronic, mechanical, photocopying, recording
or otherwise, without prior permission of the copyright owner.

© Birkhéduser Boston, Inc., 1987
ISBN 3-7643-3147-X
ISBN 0-8176-3147-X

9 8 7 6 5 4 3 2 |
Printed in USA



TABLE OF CONTENTS

Preface to the English Edition ....................................... xi
Preface to the German Edition ...................................... xiii
Symbols and Notation ...................oiiiiiiiiiiiiiiiiiiininaa XV

Part I: Approximation by Series Expansions and by Interpolation

Chapter 1. Representation of complex functions by orthogonal series

and Faberseries ........................cciiiiiii, 2
§1. The Hilbert space L(G) ..........cccooiuiiiiniiiiinnninn. 2
A. Definition of L (G) «..ovuueeiiiiine i, 2

B. L’(G) as a Hilbert space ..............oceevvnnvvnnnnn. 4

§2. Orthonormal systems of polynomials in L*(G) ............ 6
A. Construction of ON systems; Gramian matrix ........ 6

A,. The Gram-Schmidt orthogonalization process .... 6

A,. The Gramian matrix ............ccccvieivineenenn.. 7

A;. A special case: Polynomials in L*(G) ............. 9

B. Zeros of orthogonal polynomials ...................... 11

C. Asymptotic representation of the ON polynomials .... 12
Remark about §2 ..........ooiiiiiiiiiiiiiiiiii 16

§3. Completeness of the polynomials in L*(G) ................ 16
A. The problem and examples ........................... 16

B. Domains with the PA property ....................... 17

C. Domains not having the PA property ................. 20
C,.Slitdomains ...........coiiiiiiiiiiiiiiiiiiin.. 20

C,. Moon-shaped domains ............................ 20
Remarks about §3 ........... .. ..., 23

§4. Expansion with respect to ON systems in L)(G) .......... 24
A. ON expansions in Hilbert space ...................... 24

B. ON expunsions in the spuce LY(G) .................... 25



viii Table of Contents

A,. Swiss cheese with two components .............. 113
A,. Accumulation of holes at the diameter
Of D oo 113
B. Preparations for Bishop’s theorem .................... 114
B,. An integral transform ................... ... ... 114
B,. Partition of unity .......... ... ..ol 115
C. Bishop’s localization theorem and applications ........ 116
C,. The localization theorem ......................... 116
C,. Applications of Bishop’s theorem ................ 118
Remarks about 83 ............. ... ... ... 122
$4. Roth’s fusion lemma .....................c.ccccviiiiiin... 122
A. The fusionlemma ...........................oll 123
B. A new proof of Bishop’s theorem .................... 127
Remark about §4 ........... ... ... ... 129
Chapter IV. Approximation on closed sets .......................... 130
$1. Uniform approximation by meromorphic functions ........ 130
A. Statement of the problem ............................. 130
B. Roth’s approximation theorem ........................ 131
C. Special cases of the approximation theorem .......... 133
C,. The one-point compactification G* of G;
connectedness of G*N\F ......cooiiiiiinnnni... 133
C,. Three sufficient criteria for meromorphic
approximation ...............iiiiiiiiieii. 134
D. Characterization of the sets, where meromorphic
approximation is possible ................ ... ... 136
$2. Uniform approximation by analytic functions ............. 136
A. Moving the poies'of meromorphic functions .......... 137
B. Preliminary topological remarks ...................... 138
C. Arakeljan’s approximation theorem ................... 139
C,. Approximation of meromorphic functions by
analytic functions ................ ... 140
C,. Arakeljan’s theorem ................ ... ... ... 142
Remarks about §2 ........... ..o 144
$3. Approximation with given error functions ................. 145
A. The problem; Carleman’s theorem .................... 145
A,. Tangential approximation; e-approximation ...... 145
A, Twolemmas ...ttt 146

A,. Carleman’s theorem ................ccovviiiin.. 149




Table of Contents ix

B. The special case where F' is nowhere dense .......... 151
B,. Sufficient conditions for e-approximation ......... 151
B,. Tangential approximation if F° = ¢ ............. 155

C. Nersesjan’s theorem ..............ccoiiiiiiiiiin... 155
m NAanditinea FTA)Y a lamemna 18K
U LONAition (Aj, aimima .......................... 1595
C,. Nersesjan’s theorem .............c.cccovvvininn... 157

Remarks about §3 ...... ... i 159

$§4. Approximation with certain error functions ............... 160

A. e-approximation without condition (A) ............... 161
B. Growth of the approximating function ................ 162
C. Thespecialcase F = IR ......... ..ot 163
§5. Some applications of the approximation theorems ........ 164
A. Radial boundary values of entire functions ........... 164

B. Boundary behavior of functions analytic in the
unit desk ... 168
B,. A general approximation theorem ................ 168
B,. The Dirichlet problem for radial limits ........... 170
C. Approximation and uniqueness theorems ............. 171
D. Various further constructions ......................... 173

D,. Prescribed boundary behavior along

countably many curves ..............c.ciciiiean, 173
D,. Analytic functions with prescribed cluster sets ... 174
D,. Schneider’s noodles ..................... ...l 175
D,. Julia directions of entire functions ................ 175
Remarks about §5 .............. i 176
References .......... .. ... i 178

DX .o o 193






PREFACE TO THE ENGLISH EDITION

Just about one hundred years have passed since Carl Runge published the
first general theorem on complex approximation. The field has developed
considerably since then and has attracted many function theorists and math-
ematicians with applied interests. One of the chief promoters of the field was
Professor J.L. Walsh, and I was fortunate to have been able to study and
work with him in 1955 as Research Fellow.

In my book I have tried to give a synthesis of the concrete, constructive
aspects of complex approximation (expansions, interpolation) with the more
theoretical results that are connected with the names Mergelyan, Arakeljan,
Roth, and others. The German edition appeared in 1980, and soon afterwards
Professors W.H.J. Fuchs, L.N. Trefethen, and L.L. Schumaker proposed that
an English edition be prepared. Through the recommendation of Professor
Piranian, I was fortunate to find Professor Renate McLaughlin to translate
the book and to do the proofreading. I sincerely thank her for the immense
amount of work that she has put into the project.

The English translation follows the German original rather closely; however,
there are several improvements and additions to the text and about 25 new
references. The translation was finished in March 1983, but for various reasons
the publication of the translated book was delayed until now. This explains
why some important work that has appeared after 1983 is not mentioned here.

I am very grateful that Birkhduser has agreed to publish an English edition,
and I hope that it will attract new friends to the growing field of complex
approximation.

Giessen, April 1987 Dieter Gaier






PREFACE TO THE GERMAN EDITION

The present book essentially consists of two parts that arose at different
occasions and that address different interests.

The first part, consisting of Chapters I and II, contains the classical portions
of compiex approximation. Here the more constructive aspects are emphasized:
The approximation of a function by series expansions (in orthogonal poly-
nomials or in Faber polynomials) as well as by interpolation. The basis for
this was a one-semester course that I have taught in Giessen several times.

The second part, consisting of Chapters III and IV, originated with lectures
that 1 gave at a tutorial conference in Oberwolfach with the topic, ‘‘Complex
approximation,’’ and on short visits to Stockholm and Pasadena. The lectures
were to give an overview of important developments since Mergelyan’s theo-
rem. We first present general theorems about approximation on compact sets
by polynomials and rational functions. Then we deal with results about ap-
proximation by meromorphic, rational, and analytic functions on compact or
only closed sets (in C or in a general domain G); these are connected with
the names of Alice Roth and Arakeljan. The latter results are important for
the construction of analytic functions with a prescribed boundary behavior;
this topic is dealt with in some detail at the end of the book.

The second part is largely independent of the first, so that the reader in-
terested only in newer developments could begin with Chapter III. However,
one should realize that the goal of the book has not been to present all newer
results; rather, I have attempted throughout to lead the reader to the newer
literature. A detailed bibliography can be found at the end of the book.

Giessen, West Germany Dieter Gaier
July 1980






SYMBOLS AND NOTATION

= the symbol on the side of the colon is being defined
C : the set of complex numbers

C = C U {eo} : extension of the complex numbers

G :adomaininC

G* = G U {0} : one -point compactification of G

A

G : the closure of G in €

M' : the set of limit points of M C €

oM : the set of boundary points of M
={zeC:|z|<1}

K :acompactsetin €

K° : the set of interior points of K

K¢=C\K

F  :aclosed set (closed in € orin G)
F° : the set of interior points of F
dist(4, B) =inf {|z, -2z,|:2z, €A, z, €EB}

¢ :theempty set

Classes of functions:

2 =
a/

C(K) : the set of functions f: K = € continuous on K

AK) = {feC(K):fanalyticin K°}

R(K) = {feA(K): forevery e > 0 there exists a rational function R such
that If - Rl <e}

M(G) . the set of functions meromor phi‘- inG

Hol(G) : the set of functions analytic in G






PART |

RIES EXPANSIONS

We begin with the more constructive aspects of approximation theory, namely
series expansions of various types and interpolation methods. Later, in Part II,
we shall for the most part deal with existence theorems.



Chapter |

REPRESENTATION OF COMPLEX FUNCTIONS RY

¥ =N - — - &

ORTHOGONAL SERIES AND FABER SERIES

As is well known, one of the most important methods of representing

functions defined on real or complex domains with the help of simpler func-
tions is the method of series expansions. The theory of convergence for func-

AV LiIiW AV IMIAWM Wi WWiawis QKaivassa A AR vaAAW WA WA wasa AW AWwai aAwe

tions defined on complex domalns especially for analytlc func'uons is
considerably simpler than for functions defined on real domains. Since we are
generally interested in analytic functions, we shall mainly be concerned with
series developments in the space L?(G). The first four sections of this chapter
are devoted to this topic. An important element in the space L2(G) is the
Bergman kernel function, which is useful for the construction of conformal
mappings. We talk about the Bergman kernel function in Section 5. Finally,
in Section 6, we present the expansion of functions in Faber polynomials in
order to obtain certain theorems on the quality of approximation by poly-
nomials.

References for this chapter are Behnke and Sommer [1962, Chapter III,
§12 and 13], Bergman [1970], Epstein [1965], Gaier [1964, Chapter III],
Nehari [1952, Chapter V, §10] .

§1. The Hilbert space L2(G)

In this section, all series expansions will take place in L2(G). We introduce
this space first and then establish some of its properties.

A. Definition of L?(G)

Suppose G C C is an arbitrary domain, f is analytic in G, and set

ITFl: = ((1f/z)1? dm
4wV I JJ Wi®/1 =TTy

G

whete dm is the two-dimensional Lebesgue measure. The integral can also be
interpreted as a limit of Riemann integrals, as follows. Suppose { G,,} isa
sequence of subsets that exhaust G (see, for example, Walsh [1969, p. 7]);
this means the sets G, have the properties that (1) each G, is « domain whose



boundary 9G, consists of finitely many Jordan curves; (ii) G, C G,1 +1CG

ine anoh m: {3 ”\ far aanh rnaint DM thara aviate an L-A.
PU valil iv, Uil ) 1UL valll pULdLL LY = U UIVIC VAL dil Ilo - uo U'} SUCIK 1 nat

PEG, for n>n,.If we let

flf(z)l2 forz € En,

#n(e) = l 0 for z € G\G,

£
)
w

ee that ¢, t |1 in G. The Lebesgue Monotone Convergence Theorem

. [pdm-[fifiFdm (n>);
G G

rrin2 1

[N dm-=I[f] = [fIA?dm (n— ).
G, G
This establishes I[f] as a limit of Riemann integrals.
We now compute I[f] for a special case. Let G ={z: r < |z| <R}

{n(r(ngg\ and 1a¢
~ L\ Jy @diu IV L

(@ = zl_wanz" (z€G6).

P~
[
[~

~

Equality occurs at (a) because both series converge absolutely for r < p <R
and uniformly in ¢; equality occurs at (b) because the terms of the series are
nonnegative.

Corollary for r = 0: If fis analytic in the punctured disk 0 < |z| <R and if
I[f] <ee, thena, = 0 for n <O0. In this case, the point z = 0 is a removable
singularity of f, and we have the relation

la,, 12
(1.1) I[f] =7TZ,,“=0';"_7‘_‘T R2n+2;

in other words, I[f] can be represented explicitly in terms of the coefficients

of f.
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Now let G C € again denote an arbitrary domain.

~ Definition 1. Let

L*(G)={f: fanalytici

This definition is analogous to the corresponding definition for functions
defined on real domains; however, here |f(z)l (z € G) can be estimated by /[f]

2 T

(1.2) f@)* <

Proof. We have that I[f] = fo |fI?> dm, where D is the disk with radius d, and
center z. Relation (1.1) implies that

[S1f1? dm = nlay P R? = nlf(2)I* a7,
D
and inequality (1.2) is established.
In the following, inequality (1.2) will be used repeatedly. It is sharp:
equality holds in the case where G is the unit disk, f= 1, and z = 0. We also
note that if G = €, then L2(G) contains only the function f = 0; hence we

can exchide the cace G =€
WAL WiRW. WAV W

AW AY VAAW o

B. L?(G) as a Hilbert space

The inequality |a + b[* <2 (la|? + b|?) implies that

@ laf(z) + bg(@)1* < 2(lal® If @) + 1B1* lg(2)I?)
for any two functions f, g € L%(G); further, the identity
(i) fr=if gl + it - 30 171 - 5 g
holds.

Definition 2. For f, g € L*(G), we write

(1.3) (f:g)=£ff(z)g“(5‘)dm-

According to relations (i) and (ii), expression (1.3) is a complex number,
called the inner product of f and g. We now prove the following theorem.
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Theorem 1. With (f, g) defined as in (1.3), L*(G) is a Hilbert space.

Proof. We show that L2(G) is a complete inner-product space. (a) By (i),
the space is closed under addition and scalar multiplication. (b) The inner
product defined by (1.3) has all required properties, namely,

(f+tg W)= W+ h);(f=(f

(afg) a(fg) foraE(I o
(f, H=0;and (f /)=0 ifand onlyif f=0.

As usual, L2(G) becomes a normed space if we define

Il =@ 1Y = \/fflf(Z)I’ am.

(c) It remains to be shown that L? (G) is complete with this norm. Suppose
{];,} is a Cauchy sequence in L?(G); that is,

||f =I[f,, -f,1 <e ifn, m>N.

where d = dist(B, 8G). This means that on each compact subset B of G, the
sequence { fn} converges uniformly to an analytic function F:

rd —

@) =F(z) (n—>=zEBCG).

The inequality I[f, - f,. ] <e further implies [JIf, - f,,I* dm <e
B
(n,m> N). If we now let m -0, we obtain that fflfn -F|? dm<e(n>N

for each compact B C G hence I [f, - F] <e(n >N ). The last inequality
implies that F € L%(G) and that ||f F -0 (n - %), In other words, each
Cauchy sequence in L2(G) converges.

Al s cimmna T 207\ Lo 4

We note that the mcury of C)&pdllblUllb in the space L “{G ) began to be de-
veloped about the year 1922 by Bergman, Bochner, and Carleman. Instead of
definition (1.3), one can introduce more generally the inner product
f. 8= {’f fAw dm with weight function w, or one can introduce analogous

line integrals on aG'.
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—§2. Orthonormal systems of polynomials In L2(G) —

If H is a Hilbert space (or only a vector space with an inner product), we
say that a subset S C H is an ON system (orthonormal system) in H if

(1 ifu=v,
W v)= whenever u, v € S.
0 ifu##v,

An important tool for the approximation of elements in H is the method of
series expansions with respect to an ON system (see §4). First, we study ON

cvetame thameelvac
\’J VWWILID VIAVILIVUVAY VI,

A. Construction of ON systems; Gramian matrix

Each finite, nonempty subset {V1 s Vn} of an ON system is linearly
independent: An equation

€1V +...+cnvn =0

would imply that the inner product (¢ v. +...+¢c v , v )is also zero; hence
¢ *1=0 (k=1,2,...,n). Conversely, any 11near1y independent set with n

elementsu_, ..., u, EH generates an ON system with n elements. Section
A, gives a recursive method for generating such an ON system, and Section
A, gives an explicit construction.

A, The Gram-Schmidt orthogonalization process

Suppose {ul »+..,u,} CHisalinearly independent set with n elements.

We construct recursively an ON system v ,...,v,.

Ist step. Let

v*=u D =@*, v*)" v, =v*/D

1 1° 1 Ve o 1 Y1y

kthstep (k=2,...,n). Let
= 15 -
Vk = uk (“k’ v, )V D, = (V;‘", v;c") , V= v;c"/Dk.

AT s~ 4L 4o N NN Lo omna Tee £ 2 Awman rmames e ann B 14 wxrnael A £411 Awxr
Note that Uk >0 IUI caul. K, 101 if D, were zero for some Ry 1L WOULU TULIOW
that v} =0, and u, would be a linear combination of 1)1 b ooy Vg and

hence of Uy ooy Uy g This contradicts our assumption about the linear
independence of the u,.
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The elements v, obviously are normalized: (V> ¥ ) = 1. Further, it is easy
to show by induction that v, and v, (f < k) are orthogonal. Hence the elements
Viseoosby form an ON system.

Note that
and
v, =a,u,, u =byv,,
V. =a,.u, ta,.u,, u.=b,,v,. +b,,v,,
2 V4 i | 2% 23 2 2171 2272

2.1). e

Un —anlul ta,,u, t.. . ta,u,, -bn1V1+bn2V2+ b,y n

where 2 >0, where @ppbir =1 k=1,...,n)
By the way, if one requires thata;, >0(k=1,...,n), the linear combina-
tions v » Uy m (2.1) are unzquely determmed by the system u . , un.
For if } vy 1 and l Ve ) are two such ON systems, the element Ve /a, ek Vk,/a,c k
is a linear combination of Uiyoooslly S well as orthogonal to Upyooos Up g
hence ’

[}
Vk v k Vk v k
- ’ )
\akk Gr Ok Ok /

This, in turn, implies that v, = Ckv and |C; | = 1 because v, and vk are
normalized. The requlrements thata,, >0 and akk > 0 now assure that
(Jk = 1 ana U’lCI‘CIOI‘e Vk —Vk

A2. The Gramian matrix

X , X, €H are arbitrary elements The matrix

[, x). 0%\

"

(0 x,). .. (x,, x,)

\ & xl):::(xn,xn)/

is called the Gramian matrix of XiyeonsXy, and

G=G(x,,...,x,)=

- N A L o« )
g=g(x,...,x,)=detG(x,,...,x,)

is called the corresponding Gramian determinant.

Remarks. 1. Obviously, G is Hermitien:G' = G. If a;, b, € € and we define the
vectorsa ™ (a,, ... 4y, Yandb=(b,,... b, Y, then
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Eax,Eb =Eabx,x a'Gb.
(11 'j1fx) ij=1 (e x) =

If we choose b =a, we see that G is positive semi-definite. It follows that the
Gramian determinant g is nonnegative, and g = Q if and only if the quadratic

form a’'Ga vanishes for some @ # 0. Hence g = 0 if and only if the set
frppe.ox ,} is linearly dependent.

2. I H R", thenghas a geometric 1nterpretat10n Let x; = (le,sz, cen,
~ Yol 1 wd Farmm tha annrdinata m +v1v
xl-n} - l U j 8 9 ¢ o o "}, a‘lu 1UIL111l LIV LVUVUILNLLILIALV 111alliAn

/ X 11 x12 ) xln '\
M= \... e .../.
Xn1 Xmp oo Xy
Then G =MM', and hence g = det G = (det M)*> = V2, where V is the volume
of the parallelepiped spanned by x ,...,x, in R”,
Now suppose we again have a lmearly mdependent set of n elements

Upsoons Uy, € H. We wish to construct an ON system ViseoesVpye We set

\ - a4 A

/ u — \72

‘

and fork=2,...,n, we set

/(”1»“1)- ..(ul,uk)\
(22) Ap=gluy,...,up)=det| ................ >0

and

/(“1' u,). ..U, u ) ”1\
(2.3) vE=det| .............. T B

(o t0)) - (g, uy ) uy
Clearly, vz is a linear combination of u, . .. , Uy It follows immediately that
(v, u].) =0 (j <k) and hence (v, V;-") =0 (j <k). Further,

CLvP=det| ..o

Since (uy, v§) = (vF, u;) = A, = A and the other entries in the last column
are zero, we see that
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(V’!;, V,*C_)_= Ak ¢ Ak_lo
Result. If A, and v}, are defined as in (2.2) and (2 .3), the elements

v, =u, [(4,)%, v, =vi(4, 4, ) (k=2,...,n)

form an ON system.
Finally, we note that in the expression

the coefficient a,, is given by a,, = VA, JA,.

-1
L% S ~

A,. A special case: Polynomials in L2 (G)

We return to our special Hilbert space L2(G) and choose U = Zl(G=1,2,
.). If G is bounded, the u, clearly belong to L?(G), and each finite subset
of {u } is linearly independent. We can therefore use one of the procedures

h nd in Qantinne A and A tn ronotriint nrthn~ al o Aa
ulvuuuuvu Lll JVvvillvil nl aliul n2 I—U VU«IIOLL UUL ﬂ«ll vl uluuuuucu. Dy Db\llll m

the (n + 1)st element of the ON system we obtain a uniquely determined
polynomial of degree n, namely,

Pn(z) = Co(n) + Cl (")Z +...+ Cn(n)zn’
where
k:=C™>0 (n=0,1,2,...).

For the practical determination of P, , both methods above require the

evaluation of the double integrals (7p 74\ wherep, ¢ =0,1,2,.... These

double integrals can be converted into one- d1mens1ona1 integrals as outlined
in Sections a) and b) below.

a) G is starlike with respect to 0. If the boundary of G is a Jordan curve
and the equation r = r(¢) (0 < ¢ < 2m) represents oG in polar coordinates, the

integral becomes

— 2w r(@) ,
G ¢=0 p=0

p—a

[I

n-l-n-l-
rprq-r

f [,-(¢)]P+q+2 el ?(p-q) do.
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For large values of p-q, the integrand strongly oscillates with ¢ and can
create numerical difficulties; it may be necessary to use double precision.

1o TTao ~nf Mannedn £ ala Quievcanan 2o n oleansnler A camee Aremaanndad

U} USE 01 UITEeil § 101Milua. DUPPU&C U D a bl.lllply VUl luu1up1y cofinecea
domain with piecewise smooth, positively oriented boundary 9G, and suppose
the functions fand g are analytic in G with continuous derivatives in G. An
application of Green’s formula leads to

[ffdm= o | f dz.
G oG

Applying this to the inner products (z°, z7), one obtains

;P gy

P g = 1
(';UZde 2iq+1)

Again, only a one-dimensional integral needs to be evaluated. If 9G is a poly-
gon, then on each of its sides dz = ¢ ds, and Gaussian quadrature can be used
to evaluate the integral.

We conclude with a simple example. Let G = {z: |z| < 1}. Both formulas

above give
(0 ifp+#q,
@, 2%)=
qt
Hence
/m 0 ...0\
{0 wf2...0 \
Ap=det| ..ol /=7k/k'
\0 0 ...n/k
and
m 0 0 1
0 11'/2 0 z \ Trk-]' L_1
vp=det | ...l —~r 2
0 0 nle-1) £2) =D
0 O 0 z

Therefore the in L?(G) orthonormal polynomials are V™ VT 21
k=1,2,...).
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B. Zeros of orthogonal polynomials

Real polynomials that are orthogonal with respect to an inner product (/, g)
f) few dx have important properties (see, for example, Davis [1963, p. 234
a

ff.]): They satisfy a three-term recursion formula, all zeros are simple, and
the zeros lie in the interval (a, b). For our ON polynomials in L2(G), unfor-
tunately, the first property is valid only in exceptional cases, and the last
example in DCCHOH A3 exﬂiljits Ul‘l POlyn()HlldJ.S w1m mumpLe zeros at IIlC
origin. However, we do have the following beautiful theorem about the loca-

tion of the zeros.

convex hull o f G
The

A LAV

proo
polynomials p, . Le

={q:q(2)=cy tcyz+ ...+ z"1 z"}.

Lemma 1. The polynomial q has minimal norm in K, if and only if q =

— - D Iz

p, =P |k, , where k, is the leading coefficient of P,.

Qi nn D 11~ L.... Aasean 1 and ‘I.A..At'ﬂ..- ha Avinrancan aa
. OINce q [ﬂ Ilad UCEICU i - 1 ana can uiereiore ove UAPIU)&UU. a

al ear comb1nat1on of the polynomials P (j <n), the equations

’
"'0

(@ B, lk,,q-P,lk,) = lqV* - (&, )k, +0
= lgl? - (B, ")k,

hold for each g € K, . The assertion follows.
To establish Theorem 1, it now suffices to show that all zeros of the poly-
nomiais p,, lie in the convex hull G* of . Write

P,@)=(z-2,)...(z-2,),

and assume that, say, z, & G*. Thus there exists a line L separating z, from
G. Let z'l denote the intersection of L and the perpendicular through z, .
Obviously,

lz-2|<|z-z,| forallz EG.
The polynomial ¢(z) = (z - z,)(z - z;) . . . (z - z,) € K, now satisfies the

inequality ligii < iip 1, which contradicts the mlmmautv of p, . This com-
pletes the proofof”Pheorem 1.
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C. Asymptotic representation of the ON polynomials

—> 00 N -
nomials P, and of their leading coefficients k, for the case where 3G is an
analytic Jordan curve. This is important, because it allows us to approximate

the conformal mapping of the exterior of G and the capacity of 9G.

- ¢y .
Suppose z = Y(w) =cw + ¢, +W + . .. is the conformal mapping of

{w: Iw| > 1} onto the exterior of oG, normalized at oo such that ¢ > 0 The

LY A8 ¥ Avid ] Uwvil ulalL L -~ U, 1110

quantity c is called the capacity of 8G. Since 3G is assumed to be an analytic
Jordan curve, there exists an analytic and univalent continuation of Y to the
domain {w: lw| > r} for some r < 1. Let ¢ denote the inverse mapping, and
setC, = {z: 16(2)| =p,p >r}.

Theorem 2 (Carleman 1922). With the notation above, we have

(24) k, L T+ o2

. "V . c [1+ 0] (n > )
and

N &\ D fq\:.j& ANATAMATITT + 4 ]

<) £\4) x P@IRELE T Al
where

( o(\/n)" if zEC,,p>1,

A =
" iO(l/\/r?)(r/p)” if z€C, r<p<l.

Even if 9G is not analytic, it is possible to make statements of this nature
(Suetin [1969], [1971], [1972]), but they are more difficult to prove.
Before we prove Theorem 2, we draw some conclusions.

1. Relation (2.4) implies that
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J"” . kz”l =cl+o(?") (o).

n+2 n

In other words, the capacity ¢ of G can be computed from the leading
coefficients k, of P, .

2. Relation (2.5) implies that

ow/n)r* z€EC,,p>1,

I
L 3
Pk
]
2
N
N’
+
P

This estimate cannot be improved, as the ON polynomials in the unit disk
demonstrate.

4. Relation (2.5) further shows that the exterior of each C,, (0 >71)
contains at most finitely many zeros of the polynomials P, .
Proof of Theorem 2. We shall use the minimal polynomials p, with norm

Ip, Il = (kn)‘1 that were introduced in Section B. Note that P, =k p, .

= {g: =¢ +c,z+
Lot cn_lz”‘1 + 2"}, and let G, denote the ring domain

G, ={z:p<IN2)I<1} (<p<]1)
Using Green’s formula, we evaluate the following two integrals:

I[q] =C{flqlzdm and I,[q] =ff lqgi> dm (qE€K,).

Cp

If  is a polynomial with 7 = g, Green’s formula implies that

Iq] =L 1 qrdz= —l— f F(w)F(w) dw,
21 3G 2i |wl=1

where
, 1

n+1
F(w) “"(W(W))"C’Hl(%}:—l- A, t AW+ AW T aw))

(Iwl >p).
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The coefficients a; and A]. depend on the coefficients of g. We observe that
the n coefficients 4, , . . ., 4, can be made to vanish by an appropriate
choice of the n coefficients of q; suppose g =4, represents such a choice.
Integration over the unit circle |w| =1 now yields

2.6) Ilq] =nc¥™* 2 4 27 A - 5 figy ).

=1
nTi

In a similar way we obtain

1 _p2n+2 -
QNI [al =1!,c2n+2 [ +3"4.12(1 - 02N + 37 ila 12(072 - N1
pl.“ll | 8 1]"‘ ]l A [ ad J -1-""]" \r~ Jd
n+l
foreachq €K, .
2nd step. We now prove relation (2.4). On the one hand, equation (2.6)
imnliae
uuyu.vo

)Y2=1Ip 1<Ilg.]1 < " c2"*2  (n=1,2,...);
N nl [ 73 n [ 9 U n+1 N 7 7

on the other hand, equation (2.7) leads to

bid
L

A1 -p™™Y (n=1,2,...).
e (1-p"""%)  ( )

k,)*=I[p,] > [p,]>

Using both estimates together and letting p — r, we obtain

 erue o
+ ] +1 . ]
#n lc"‘1<kn<Jf————1 cml -ty (y=1,2,...),
n T

and (2.4) follows.

3rd step. In this step, we prove an inequality for the coefficients a and A].
corresponding to the choice ¢ = p, . First note that

[an 1

I [ PP |
pWnl

r m 2n+2
I1p, ] C .

n+l

N
N

This, together with (2.7), yields that

NN
LT 4L

"ad 121 = 02 = o 12¢n2] P
Zy P -p) + 2 lal* (e - 1) < 1

If we now let p = r and use the inequalities

1-r31-P r¥ 157901 -1 (=1,2,...),
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we obtain

2.8 AR + S PrY < n=1,2,...).
eH Ul gl < s )

4th step. Now we can study the asymptotic behavior of the polynomials
p letzE( fn > r\ so that lwl = |(h(7\| = n, The function F corresnonding

OV Vil |7 Y\H 'I W A WiLlWbVAVWL w4 Lvﬂy\lllulll&

to P, satlsﬁeéo the condltlon F (w) p, (w(w)) ¥'(w), so that p,(z) =
F (¢(z)) ¢'(z). Moreover, we know that

F'w)=c"" 1w + 2§ in-wf'l - E",:jal..w""l) MWL + w(2)],
where
w(@) =2y jAW 1" -] jaw T (w = 9(2)).

Substituting into the expression for p, (z), we find that

(2.9) p,(2) ="' @8] [1 + w(@)].
It remains to estimate |w(z)| forz € C"D , that is, for [w| =
We have
|w(2)|gz, 74; Ao + 57 1 Jla; o *=C +D,
where

o= A STl T o 12072, : 2f-
“n =~ VANV P S\ey JA) T &y P

Clearly, the second factor is O(n) for p 2 1, but O(p™) for r<p < 1. We
estimate the first factor using (2.8) and find that

‘0(\/n_r”) ifp>1,
C, = 1 :
(0[\/‘; (rlp)"] ifr<p<l.

Similarly, we obtain
D, =p™ 1 Z1Vilg|Vip 7 =p" 21T lalr! - \/f(ﬁ)"

<p™ V(] fla PryE (27 irle)y* < (rlp)" _\/_’11__ o =),

Putting this together, we see that
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gO(\/r'z_r”) ifz€C, andp>1,

1
vn

Considering P, = k_p,,(2.9), and (2.4), we see that assertion (2.5) follows.

lw ()| <

Of (rlp)'] ifz€C, and r<p<1.

Remark about §2

If one uses a weight function to define the norm in L2(G), different ON
polynomials will result. Their asymptotic behavior and that of their leading
coefficients can be described similarly to our Theorem 2 (see the survey
article by Suetin [1971]).

§3. Completeness of the polynomials in L2(G)

We shall now explore the question of which assumptions on G will assure
that polynomials are dense in L?(G). This question is important for §4,
where we shall deal with the representation of an arbitrary function f€ L*(G)
in terms of the ON polynomials P, .

A. The problem and examples

Suppose S is a subset of a linear space H with an inner product. Recall that
S is complete if whenever y € H and (x,y) = 0 for all x €S, it follows that y =0
The set S is closed if the linear combinations of elements in S are dense in H.
If the space H itself is complete (and therefore a Hilbert space), the two con-
cepts are equivalent.

We now return to our Hilbert space L2(G) and consider in particular S =
{1,2,2%,...} (clearly, S C L?(G) if G is bounded). The question is: When
are the polynomials dense in L?(G)?

Definition 1. 4 domain G C C has the PA property if the polynomials are
densein L*(G).

Here PA stands for polynomial approximation; see Shapiro [1967].

We begin with two simple examples. 1. Suppose G = {z: |z| <1}. Then
C lak|2
0 k+1
we wiite P (z) = Z, <, 4 z¥, the latter formula implies that

2
a
If-PPeng,o & L0 (1o,
n k>n g4 \ 4

f(z) = = a,z" belongs to L*(G) if and only if IfI? =7 = < oo If
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Hence G has the PA property.

2. Multiply connected domains (with nondegenerate boundary compo-
nents) do not have the PA property. For if G is such a multiply connected
domain, there exists a Jordan curve I' C G that encloses one of the boundary

comnonents of G. We choose four distinct points z z on this
po olnts z , 2,524,2, onthis

boundary component and consider the funcuon

@)= le-2)E-2)17" - [~ 2,) @ -2)] ™
_ Clearly, fis analytic in G, and in addition we have

dm
fflf(z)i2 dm< [f < oo,

¢ z2-z,llz-2,|1z-2;51 1z -2,]|

so that f€ L?(G). If there were polynomialsP with Ilf Pl >0 (n—e°),
Lemma 1 in §1 would imply that P \z) = f(z) (n > °°) on cdul compact sub-
set of G, hence also on I'. But then f would have to be analytic in the
interior of I', which obviously is not the case.

The second example shows that we can restrict the discussion of the PA
property to simply connected domains. There is no purely geometric charac-
terization of domains with the PA property; but in the following we give suf-

finiant nanditianeg Far 14~ havua freagnantivalyry nnt 40 hoval tha DA svenanoder
]J.\J].Ul.ll. (AW URENE IJ.UIJ.D UL U LU llavc \IUDPUULIVCL_Y s 1LUL WV llaVU} LIV L A PIUPCI Ly

B. Domains with the PA property

The following theorem contains the most important sufficient condition
for G to have the PA property.

Theorem 1 (Farrell [1934], Markushevich [1934]). If G is a bounded,

simply connected domain whose boundary oG is also the boundary of an
unbounded domain. then G has the PA property.

UUWwIbRLC U WUTIvRET Ry LIRCIY NT T vive

All Jordan domains satisfy the hypotheses of Theorem 1, also domains
consisting, for example, of a snake wound infinitely often around the outside
of a circle and approaching this circle (“outer snake”), but not a snake wound
infinitely often inside a circle and approaching it from the inside (‘“‘inner
snake’’). Domains satisfying the hypotheses of Theorem 1 are also called

f‘nrnfhandn rv domains.

Lf1"2 %

For the proof, the following three auxiliary results are required.
1. For each Carathéodory domain G there exists a sequence {Gn } of
Jordan domains such that

GCG and (11_‘_ cG, (n=1,2,..

i n N

—’
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aswellasG, > G (n — o). The last condition does not mean that NG, =G;
instead, G is the largest domain contained in each G, and containing a fixed
point { € G. The domain G is the so-called ‘‘kemel” of the sequence {G }.
The boundaries of the domains G, could, for example, be level curves in the
exterior of G. The example of the outer snake shows that the kemel of {G }
need not be the same as NG, .

2.If b is the conformal mapping
of the domain G, onto G, normal- hn
ized by the conditions A (§' )=¢, /m
#,(§) >0, then K o O )

h(2)=z and R (2)=1 (n->) \_/

uniformly on each compact subset B of G; see, for example, Goluzin [1969,

n &81
P.-93]-

3. Finally, we need a simple version of Runge’s theorem, which later will

be proved in several different ways. Suppose G is a Jordan domain and fis
analytic in G. Then for each € > 0 there exists a polynomial P such that

1fz)-P(2)|1<e (z€G).

Proof of Theorem 1. Suppose f'is an arbitrary function in L?(G).

Ist step. Construction of a function F analytic in G such that | f- Fll <.
Using the functions A, from above, we define

L@ =fh,(2) B, (2) (zEG)).

First we show that

€RY (£, dm > [IfP dm  (n ).

If we set w =k (z), we obtain on the one hand

fflf > dm= [f1f1> dn<[fIfI* dm foreachn.
h,(G) G

On the other hand, f, (z) = f(z) (n =) on each compact subset B C G, and
therefore

lim ff14,1* dm > 1im [f|£,1* dm = [{|f|* dm.
G B B
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The last statement holds for each compact B; consequently,

1 dm <lim Jf1£,1* dm <lim [f|£,1* dm < [f1fV*dm.

Relation (3.1) is now established, and it implies that

ff”:,lz dm '*:[flflz dm (n - o)
G\B G\B

for each compact subset B of G.

Now let 0 <& < €?/7 and choose B such that ff|f|2dm < §.Letnbe so

aron that
cu.sv ul.al.

[J1f1?dm<28 and fflf -fI?dm<s.

G\B
For this choice of n, we see that
11, = £ =1, P dm+ [S11, - £ dm
B
<S+2ALIIL Pdm+ [L1f1Pdm) <78 <€,
N8 " G\B

and the function F' =f has the desired properties.

2nd step. Construction of a polynomial P with | f- P Il < 2e,
We apply Runge’s theorem to F and see that for each 6 > 0 there exists a
polynomial P such that

|F(2)-P(2)I<8 (z€0),
and consequently we have

[f|F-P|? dm <82 - (area of G) < €>

G
for an appropriate choice of 6. In other words, we found a polynomial P such
that | F - Pll < e. The assertion now follows.

The property of being a Carathéodory domain is only sufficient for G to
have the PA property. Other more complicated conditions are known; see the
survey article by Mergelyan [1953, p. 130] and his articles [1955], [1956].
See also Smimov and Lebedev [1968, p. 271], Farrell [1966] , and Hedberg
[1965], [1969]. In these articles the PA property is studied also when a

weight function is used.
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C. Domains not having the PA property o

are the following:

We deal here with slit domains and moon-shaped domains. Concerning inner
snakes, see Remark S at the end of §3.

C, . Slit domains

We use the following elementary result.

[ QP P P A nsen ersan aesnle b

Lemma . OUppose G and G are two domains such that

meas (G' G) 0.1f G has the PA property, then G' also has the PA property.

N~ g
o 2 CGana

Proof. Obviously, if f€ L%(G"), then also f € L2(G). Since G has the PA

menmartyy 'pr\."r\‘ rQ fknf 'pr\v' non'In -4 \ n ‘-'lnnva avigte n v\n]‘lﬂi\minl D nl‘ll\k L\n"
P].UPUI. ly ll- LULLU VWD LUlal 1Vl vaduvil C ~ VU Liliviv VvaAlolbo a PUl.yl.lUJl.llﬂ.l 4 OUwil Lilal

If - Pll; <e. Hence lf - Pll .» <€, because the measure of G "\G is zero.
Consequently, if G' fa’ils to have the PA property, then G will also fail to

have it:

Corollary. G does not have the PA property if there exists a domain G' such
that G' D G,meas (G'\G) = 0, and G' is multiply connected.

For example, no domain G whose boundary 8G contains a slit can have
the PA property, because a part of the slit can be filled in, and the Corollary
can then be applied to the resulting domain G’.

C, . Moon-shaped domains

As preparation for dealing with general moon-shaped domains, we prove
the following lemma.

Lemma 2. Suppose T is a rectifiable Jordan curve and G is the interior of T.

Q’unnncp p!(‘ nnnlvﬁn 1" F nnr] CONHMNIINIIC In ﬁ A i co D ia
g confinuous in &, ana oupyuoc Disa oumyuw

subset of G. Then, for each o > 0, there exists a constant M(a, B) such that

(3.2) max {| F(z)|: 2 € B} KM(a, B) {f | F(z)|* |dz |} V2.
g
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Proof. If Fhas no zeros in G or if a > 1, inequality (3.2) follows immediately
from an application of the Cauchy integral formula to F or F, respectively.
In the general case, we reason as follows.

Suppose ¢ is a conformal mapping of {w: [w| <1} onto G and p <1 is
chosen such that B lies inside the level curve T)) = {z = dp(w): lwl=p}. We
consider the function

Fgw)) + ¢w)!/* = Bw) - Hw)  (wI< D),

F(6w)) + ¢'00)!H /21 < 1HGw)) = IH(w)°‘|1/°‘
<[ L. L le(W) 1%ldw]
2 1-p Iwi=

and the last integral equals

SIHW)B(W)I*|dw| = SIF@@W))|*|¢' W)l ldw| = S F(@2)%dz.

I'VI—J- |W| 1

If z € B, then |w| < p, and thus |¢'(w)| = c(p) > 0. In equality (3.2) now
follows.
Now we are ready to discuss moon-shaped domains.

e T P R [ N Lo miem

uennluon L A {generat/ muun-snapea uumam l.S a Uuunueu aornatrni U wriose
boundary consists of two Jordan curves having exactly one point in common.

)

Keldysh [1939] was the first to study the PA property of moon-shaped
domains, and he observed that a domain G has the PA property if and only if
the function 1\/z can be approximated arbitrarily well by polynomials. Here
we have assumed that the origin lies inside the inner Jordan curve of the
boundary 9G.

The stated condition obviously is necessary, because 1/4/z € L2(G). To
show that it is also sufficient, suppose f'is an arbitrary function in L2(G).

Tha manmemdonn 1) = _ /‘:L--.—-ra__..—_ £ dimdon o Tnwdpen A2 POy |
I'ne mapping w = v/ transforms G into a Jordan domain &, and

If | f(2)*dm = 411 lfW?wl*dm,, <ee;

'w
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that is, wf(w?) € L2(G,,). Since polynomials are dense in L2(G,,), there
exists for each € > 0 a polynomial P such that

4ff!Wf(W2) Pw)*dm , <e,

and therefore [[ | f(2) - P(\/— )/ V2 [2dm < €. The polynomial P can be
separated into its even and odd parts: P(+/z) = P, (2) +/zP,(2). In order to
obtain the estimate iif- Qi < 2e for some polynomiai Q, it is now sufficient
to know that inf, I11//z - Rll =0 for polynomials R. The last condition
then implies that infp, IP,//z - Rl =0. Hence Keldysh’s condition is also

sufficient for G to have the PA property.

Wmiliblil LR V2 Y ILEVLY LAl 2

Moon-shaped domains, although topologically equivalent to each other,
behave rather differently with respect to the PA property. They can have the
PA property, as Keldysh has shown by an example ([1939, p. 398]; see also
Mergelyan [1953, p. 116]); however, often this is not the case.

d,

e wnntt dSednl, Trme

A reea n
1ne01'em 2. ouppu.se there exists a reciijiaoie yoraarn curve NinG
n

the figure following Definition 2) such that the distance functio
dist(z, 9G) (z € I') satisfies the condition
(“ 3) J" @ = < oo

. {az :

"

D\ nnn
VA | DG

forsome a > 0. Then the moon-shaped domain G does not have the PA
property.

Damenulrs 1 Ta ~Avdaw £ac ane A4~ 2 2\ 4+ Ln cads
NEMAarks. 1. 1il Oraer 10or conaition \Z.2) LU e bd.

Lo tw
curves cannot approach each other too rapidly at the point P. If Gis bounded
by two circles touchingatz = 1, thend, ~ |z - 112, and (3.3) is satisfied for
each a < %. The moon-shaped domain depicted at the beginning of Section C
therefore does not have the PA property.

2. Instead of (3.3), it would be sufficient to require that {“llog d||dz} < oo

(Mergelyan [1953, p. 124]). In a certain sense this last condition is best possi-
ble (see Mergelyan [1953, p. 158])., .

l-"n.-l +L.
u,

Proof of Theorem 2. Suppose f€ L*(G), and suppose there exists a sequence
of polynomials P, such that llf - P, Il > 0 (n = ). We show that under these
conditions fis necessarily analytic in the interior of I'. Since the last state-
ment does not hold for all f€ L?(G), the domain G cannot have the PA
property.
Lemma 1 in §1 implies that
ip -pP I

(34) P (2)-P () < :/__m . for each z €'\ {P}.
T

Consequently, by (3.3),
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I & @)-F, (z)laldzl <I-m “%2p -p 19,

An appllcatlon of Lemma 2 now shows that the sequence {P, } converges uni

formly on each compact subset of the interior of I'. Since the limit function
must coincide with fin the domain G, the function fhas an analytic contin

ne LUlIVUWVIL § 1iad all aud.ly ucC conunu-
ation into the interior of I'.

We make an additional remark about the proof: In the specml case where
Pliesatz=1and

d,2clz - 1P for somec>Qandp>0,

use of Lemma 2 can be avoided. In this case, inequality (3 .4) implies that

. — 1
G - l)p(Pn(Z) -P, @) < e
foreachz € F\{P} The inequality thus holds on all of I'" and thereforé alsb.in

the interior of I'. Again we have the uniform convergence of {P,}in the
interior of T,

Remarks about §3

1. Results are known also for the case where not all polynomials are ad-

m1tted for the approximation, but only linear combinations of certain powers
z™n.; see Mergelyan [1953, p. 146] . For multiply connected domains, poly-

nomlals need to be supplemented by rational functions (Mergelyan [1953, p.
114]).

2.1f a domain G does not have the PA property, then the class of func-
tions f€ L*(G) that can be approximated by polynomials is a closed sub-
space of L2 (G). The problem arises to characterize the elements of this sub-
space. Havin ([1968a], [1968b]) has studied this for moon-shaped domains.

3. The criterion for polynomials to be dense in L2 (G) that was given in
Theorem 1 has been extended to more general sets by Sinanjan [1966]. A
compact set K C € is called a Carathéodory set if 0K = og_, where g_ is the
unbounded component of C\X. Forp = 1, set

" LP(K) = { f: [f1fPdm < o, f analytic in K°§ .
K

Using Mergelyan’s theorem, Sinanjan shows that polynomials are dense in
LP(K) if K is a Caratheodory set and p > 1.

4. Closely related is the problem of approximating functions f € LP(K) by
analytic functions, where K is now an arbitrary compact set. Here the con-
cept of analytic p-capacity is important; see Sinanjan [1966] or the survey
article by Melnikov and Sinanjan [1976, p. 731 ff.].
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5. Approximation in the p® mean with a weight function w(z) in non-
Carathéodory domains has been studied, for example, by Brennan [1973],

119771 Qaa alen tha wanrlr hv Rurhaa (110741 110771 110721\ An nnalvu.
Li7 /7 7} .0CC ASO WiC WOIK OY DUroCay(17/9), (4777 ], L1709 il pO1Y

nomial density in Bers spaces.
Brennan’s work [1977] allows discussion of the PA property for inner

snakes G. It appears that they may or may not have the PA property, the
critical condition being

S log(1 - |z]) du(z) = -=°,
oG

where u is the harmonic measure on 8G with respect to a point z, € D\G.

6. Finally, it should be mentioned that the mapping function f of a simply
connected domain G onto the unit disk D can be approximated by poly-
nomials in the uniform norm if and onl if@()Gisa Carathéodory domain

e A n smania ndlaias AL L o am b o -....1.. PR ol o P PSP

allu \Ll} L[lU PlUJUbI.lUllS Ul UJ.I.].UICII.I. P € €nas o1 U are mu l.U-d.Lly Ul.bJUhll.

See Farrell [1932].

§4. Expansion with respect to ON systems in L2(G)

A function analytic in a disk has a power series expansion. Here we dedl
with the case where fis analytic in some general domain; but first we review
series expansions in Hilbert space.

A. ON expansions in Hilbert space

ppose H is ert space and{v;; i \ system in H. For each
x€H, we form the Fourier coefficients Y = (x, ). The following theorem is
well known.

Theorem 1. a) Minimum property 01 the Fourier coefficients: The quantity

lx - E}Ll ¢; ]II is @ minimum if and only ife;=v(=1,2,...,n).
2 minimum im nart a) oaunle I+ 12 _ S‘” ln 12
U} A TEC TTVLIRLITLARITIL LIV H“"v a} D‘luu"’ nA N (3 I, I

c) For each x € H, Bessel’s inequality holds: 7 |');,.|2 < lx 2.

Proof. All three assertions are a consequence of the following computations:

' 12 =(x -
IIx-Ec].V].II (x Ty, x - Zew, j)

= llx II? Ecj7j - chvj + 2|c/|2
= lxl? - El')},l2 + E('yj - cl)(_/ -Ej)
= lxI? + Ziy~c 1 - z,ryjr
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Later we shall require that {v} is a complete ON system (CON system);
that is, the linear combinations of the v; are dense in H.

Theorem 2. The following statements are equivalent.
a) {v;} is a CON system.

b) For each x € H, the relation |l x - E?=1 77 Il >0 (n - o) holds.
c) For each x € H, Parseval’s identity Z7_ |7].|2 = llx |12 holds.

Proof. The equivalence of statements a) and b) follows from Theorem 1,a).
Part b) of Theorem 1 implies that

The correspondence x ~ {7} where Y = (x,v)(G=1,2,...),provides a
mapping from the space H mto the space 12 of a]i sequences of numbers {c; }
with Z|c;|> < e. The mapping is onto, because for each sequence {c]} ert!

the series E] 1 6% is the limit of the Cauchy sequence { =1 C]V]} and thus is

an element of H with Fourier coefficients c;. If, in add1t10n, the ON system is
complete, the mapping is even one-to-one as well as onto: If x and y have the

same Fourier coefficients, then all Fourier coefficients of x - y are zero, and
Theorem 2. c\ implies that x - y =0.

»

B. ON expansions in the space L2(G)

Now suppose H = L?(G), where, to begin with, G is an arbitrary domain,
and suppose {¢ } is an ON system of functions in L2 (G). For each f€ L%(G),
the Fourier coefﬁc1ents are

[[fé.dm (j=1,2,...),

v v

=(f ¢)=

and the Fourier series of f becomes

I~ Zjey 9
If the ¢ form a CON system, Theorem 2 implies that
4.1) I f- E}'Ll ~y/¢jll¢0 (n - 00);

that is, the Fourier series of fconverges to fin the quadratic mean. An even
stronger result is true.
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eorem 3./, {q')]. is a CON system and “‘]-=1 v.:9, is the corresponding

Proof. If d > 0 denotes the distance from B to the boundary 9G, then esti-

mate (1.2) in §1 implies that

and our assertion follows.

As was indicated in the last naragranh of Section A. we
A VY A7 ALANAL WIS LWAS 443 LILV AUV t’“‘“b‘url‘ WA WYV ULL\JAL 4 " \AD 4 [* - Y &
S

start with a sequence of numbers {c,;} €? and form the
yields a function f€ L?(G), where

2,600 =) €O,

and the convergence is uniform on compact subsets of G.
Theorem 3 points out the process necessary to obtain a series expansion in
G for a function f € L?(G):
(i) Suppose {u, } is a system of linearly independent functions in L2(G);
(ii) one of the (I)N processes in §2 generates an ON system {v].}, which
must be complete (§3);
(iii) after computing the Fourier coefficients v = (f, v]-), we get an expan-

~d A~ e £33 £ o L2alh ansdalamlir Anmsravona 322 £
OlUIl 1Vl J 111 U, WiliVil LUl lalllly Lull Ulscb 111 \J.
C. The quality of the approximation if f is analytic in G

Next we deal with the.question of when the series expansion of f con-
verges uniformly even in G. However, we consider only the special case where
(i) G is a Jordan domain, that is, 8G = C'is a Jordan curve; (ii) fis analytic in
G; (iii) the functions ¢; are the ON polynomials F; from g<.

It is clear that the ¢, must be specially chosen if one wishes to imake a
statement about the qﬁality of the approximation; for this, even the arrange-
ment of the ¢, matters.

N ey a o e e aiale discovered by Bern-

As preparation, wé 1€e€a a ICiina abOul pULyLULIL alS UWISLUVEIVY Uy L i52

stein (1912). Let

z=\l/(w)=cw+c0+-f—vl +... (>0

denote the conformal mapping, normalized at oo, of the region { w: Iw| > 1}
onto the exterlor of C. Suppose ¢ is the inverse mapping, and let
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Cg = {z: 6(2)| =R} forR>1

Bernstein’s Lemma. If P is a polynomial of degree n and |P(z)| <1 forz €C,
then |P(2)| <R" forz € Cy (hence also for z in the interior of Cg).

This lemma describes the growth of polynomialsin €. If C = {z lz| = 1}
then P(z) = z" shows that the conclusion cannot be strengthened. But if we
require, in addition, that P(z) # 0 (z € D), one can conclude even that
|P(z)l <%(R"™ + 1) for |z| = R > 1;see Ankeny and Rivlin [1955].

Proof. The function P(z)/[¢(z)]" is analytic in the exterior of C and con-
tinuous in the closure of the exterior of C (including =°). Hence the function
must assume its maximum on C':

P(2)
| lo)1" |

<1 forzeextC.

Forz € Cy we have |¢(z)| = R, and the assertion follows.
We now state our approximation theorem.

Theorem 4. Suppose C is aJordan curve and p > 1 is t7 gest number such
that fis analytic inside Cp Suppose further that f~ X~ I; is the expan-
sion of f with respect to the ON polynomials P, of G rite p, = E;'=1'y]-P]-
Then the relation

(4.2) max {|f(z) -p,(2)I:z € G} = OR™)

holds for each R < p, but forno R > p.
In other words, we have

lim,, o VMaxlfz) -2, @) = 1p.

Walsh [1969, p. 79] calls this maximal convergence; the reason for this will
presently become clear.

Proof. a) We show first that there are no polynomials p, of degree n such that
4.3) |f(z)-p,(2)| < M,/R" forsome R>pandallz€e G.
If there were such polynomials, we would choose R, € (p, R) and find that

Py41@) -2, @I < If(2) -1, 1@ +1f(2) - p,(2)| < 2M,/R" (z€G);
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consequently, by Bemstein’s Lemma,

2M
Bps1(2) -2, (2 < Rnl « R™*1 =2M R, (R, /R)"

forz €Cy . Hence the series of polynomials
1

Po + 572 Gy ~2,)

] AL A R 1 [ wed & ule & A WAL “A /AL i ‘uJ
in int CR, . But relation (4.3) implies that F = fin G. Hence the function f
hhao an analutia anntinnatinn fram 0 ¢n ine N rhara D N a Dt thic ~nnn
lad all alla-ly Wy vulliuliiuau 1 L1VUII1 \J LU 1L \/R ) WIlVI1V .l\l ~ M. DutL uud v 1=

tradicts the way p was defined.

b) Now we prove the positive part of Theorem 4, that is, statement (4.2)
for R < p. We choose numbers o and R, such that 1 <o <R, <p and show
that

4.4) max | f(2) - p,(2)I<N(o/R,Y (n=0,1,2,...),
G

where the p, are the partial sums of the Fourier series of f and N is some posi-
tive constant. Statement (4.2) for R < p follows from this.

Hara wa 11¢a tha fant that thara avict nnalunnamianle »# Af daora
01T WO use U4C 1l uiat Witlv CRist pOiynonha:s @, Ui GO

maxg |f(z) -m, (@) <M, - R (n=0,1,2,...);

this will be proved in Chapter II, §2 by interpolation. These polynomials
satisfy Ilf -« | <M, « R in the L? -norm, and hence the same in-

equality holds for the minimal polynomials #,, (Theorem 1,2)): lf-p, |
<M, R". Lemma 1 of §1 now implies for each compact subset B C G that

mBax 1f(2) -p,(2)| <M;(B) RT,
so that
|Pn+1(z) -p,(2)| <2M,(B) - R forz€B.

Now we choose B =T", where I' is a Jordan curve so close to C that C lies in
the interior of I _. Bernstein’s Lemma yields

D,+1@) -2, (@ <M (B)RY'"*1 forz€T,.
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Hence the series of polynomials p,, + En O(pn +1 - Py ) converges uniformly
on and in the interior of ', to an analytic function F and since G lies inside
I, the estimates

|F() -2, @) = 1245, By 1C) - PRI < 2y, 194 @) - 2@
<2My(B)o * 2,5, (0/R,)F

in j A

of (4 .4) is complete.

Statement (4.2) can be generalized. If |£(z) - p,(2)| <M/R" (z € G), then
() - D, (2 <2M/R" (z € C), and hence Ip,, . (2) -, (2)| <

'l -'-1\ TEYEEEE + \“/ n\y /v =

(2M/R")0‘"+1(z €C,). This, in turn, implies that
max {If(z) -p,(2):2€C,}=0((o/R)") (n—>)

forall o and R such that 1 <o <R <p. Thus p,(z) converges to f(z) (n > o)
even in int C e

Remarks about §4

1. Even if fis not analytic in G, it is possible to estimate the error
If@)-p,)l(z € G) between f and the partial sums p,, of the Fourier series
of f. However, the proofs are much more difficult;see Suetin [1971, p. 23
ff. ] Suppose for example that C € C(2 a) that is, C has a parametnzatlon

tmuous and belongs to the class L1p a for some a > 0. W1th tlus assumption
we have

1f(z) -p,(2)| <const -logn-E,(f,G) (EZE€G n>2),
where £, is the minimal error in approximating /by polynomials of degree n.
Estimates of E, can be obtained through the Faber series of f; see §6,D.

In general,

conct
WS

E(fG)< ‘;;; (n>1)

holds if fP? is continuous in G and fP) € Lip .

2. In the proof of part a) of Theorem 4 we showed that if | f(z) - -p, <
M/R" (z€ G) for polynomlals p, of degree n, then fis analytic in the interior
of Cp. In sharp contrast to this is the following result on rational approxima-
tion (Aharonov and Walsh [1971], Sziisz [1974]): For each sequence {e }



30 Representation of Complex Functions

converging to zero there exists a function f analytic in D = {z: |z| <1} having
aD as natural boundary, for which |(2) - 7,(2)| < €, (z.€ D). Here the r, are
rational functions of order n.

§5. The Bergman kernel function

Now we turn to a special function in L?(G) and its properties, particularly
in relation to the construction of conformal mappings. Appropriate literature

A. Introduction and properties of the kernel function
We choose a functional-analytic introduction and recall the following facts.

IfHisa Hilbert space and L is a bounded linear functional on H, then there

exists a uniquely determined element u € H such that

S & -.- vV aaaaail¥ 22245 &8 =121 22522 LAl Ee

Lx)=(x,u) (xE€H).
If the Hilbert space is L?(G) for some arbitrary domain G, Lemma 1 in §1

assures us that | f¢)| < Ifl/(V 7 m d), where d, = dist(§, 3G). Hence the
functional

L(:=f6) (FELY(G))

is bounded in L2 (G) for each fixed { € G. Thus there exists a uniquely deter-
mined u, € L*(G) such that

Q) =(fu)  (FELHG)).

The traditional notation is u ( ) =: K(z, {), and K is called the Bergman

kemel function of G. For panhs‘" G, the function K has the reproducing
property '
(5.1) &)= (f, K(-, ) =[] f2)K(z, §)dm,  (fEL*(G)).
G
Two properties can be derived from this immediately. a) If one substitutes
f=K(-,¢)in (5.1), one finds that
(52) IKC-, I =K(E§,8) € E€0).
b) Forz,,z, €G th relauon K(z,, z,) = K(z,, z,) holds. To see this, we
]nffgl’f o \ an = 4 n (& \nnlu;-nktnn
vy \\ & ] ﬂ-l ‘ll \ }, aliud wv vuLadlil
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K(z,,2,) = foK(Z,' z,)K(z, zy ) dm,

= [ffK(Z z )K(Z z,)dm,]"=K(z,, z,).

The connection between the kernel function and a certain minimum
problem in the space L?(G) is also important. Suppose {EGis ﬁxed and
write

M={feL*G): f§) = 1}.
Theorem 1. There is exactly one solution f, € M such that min e, I1f1 = =7 0.
This function f, is connected with the Bergman kemel function as follows:

(53) D=2 4y g 5= 29
O K, TN

Proof. For each f€ L?(G), we have f(¢) = (f, K (*, $)). Using Schwarz’s in-
equality, we find

1=, KC,O)<SIfI<IKCE,DI=1fI-/KE,8) (FEM).

lyif f=f =CK(:

70 = b

(@) =K(, 5IKE,S).
The second statement in (5.3) also follows from the equations above:
K(z, )= f,@KE, ) = [,/ 1.

Often the relations expressed in Theorem 1 are used to define the Bergmaﬁ
kernel function.

B. Series representation of the Bergman kernel function

In only a few cases is it possible to get a representation in closed form for
the kernel function. However, it is easy to find a series expansion with respect
to some CON system { ¢,} because, by (5.1), the Fourier coefficients are
simply

=K 8 0)=0) (=1,2,...).

Using Theorem 3 in §4, we therefore obtain the following resuit.
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Theorem 2. If {qb } denotes an arbitrary CON system, the Bergman kemnel
function has the representatzon

(5.4) K(z §)=27, 6(50(2) (2 §EG).

For each fixed § € G, the series converges uniformly on each compact subset
BofG.

This theorem allows the possibility of an actual approximation of the
kemel functlon Theorem 4 in §4 deals w1th the rate of convergence of the

1309 Ad1 A a ava tha NN wwAlsreAmiala D ~
ull buUllD w alv uic LN PUIyllUllllle (e

demonstrate, however, that it is often desirable to augment the system {P]
with additional functions in order to speed up the convergence; see Section
C3 .

Now we consider the special case where G=D = {z: |z| < 1} . According to

82 A we have
6“,-‘

anmalyrtia in F a
all.a-ly uC Il U 4dil ulU

n e

v ]
: f‘ D‘I 0\1 FaYal
1 U, LAAIIPICS

3 (
[N

r <
n-o-, b

_ +1
P (2)= z"

(n=0,1,2,...).

Thus

n+1 1 1
Kz =2, - fnzn=; ﬁ (z,§ €D)

is the kernel function of D. The series converges in D, but the rate of con-
vergence deteriorates more and more as { approaches oD. The reproducing
property (5.1) becomes

_1 o f@) SN
(S')——"ﬂ a -‘{)2 am, ($&€D)
D

and is valid for each f€ L?(D).

If 9G is an ellipse, the ON polynomials can be expressed in terms of
Chebyshev polynomials, and the series (5.4) of K can also be given explicitly;
see Nehari [1952, pp. 258-259].

C. Construction of conformal mappings with the
Bergman kernel function

The Bergman kernel function is an important tool for the numerical con-
struction of conformal mappings. Here we shall limit ourselves to simply con-
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nected domains. In the case of multiply connected domains, Nehari [1952,
pp. 367-377] and Gaier [1964, Chapter V, §5] use the kernel function to
construct conformal mappings onto canonical domains.

C, . The connection between K and conformal mapping

Sunnose G C € ((' #+ (E) is a simply connected domain, ¢ is a fixed point i

T I L A T TTTTTIT O TTEET T

G, and Fis the conformal mapping of G onto D, normahzed by the condi-
tions F(¢) =0 and F'(¢) > 0. As is well known, these conditions determine F

uniquely.

Theorem 3. The conformal mapping F and the Bergman kemel function K of
G are related as follows:

(55) F(2)= K(z,¢) and K(z, §)= — F'(z)F'(g’) for zEG.

,K\t, 0)
Proof. We show that F'(z) F'(¢)/ has the reproducing property and therefore
is identical to K(z, §). To this end, suppose f€ L?(G), and write G,
{z:|F(2)| <p} (0<p<1).Since F(2)-F(z)=p?* forz € 3G, Green s
formula implies

Fam=2Lp Faz=2"1 L4
fff m, 218fo z 2’8fGF

The last integral can be evaluated using the residue theorem, and it equals

2mif (£)/ F'(¢). Hence

rer

) FOFQ) .,
10T e

For p - 1 we obtain (5.1) with K(z, {) = F'(z) F'(¢)/n. For z = ¢ it follows
that K(¢, £) = (F'(€))?/n, and the first equation in (5.5) is also established.

We observe that K can also be expressed in terms of a nonnormalized con-
formal mappoing F of G onto D. Inserting an auxiliary linear transformation,
one finds easily that

_1._FQFQ
eO T T rorerr

In the special case where G = D, we can choose F(z) =z and obtain again the
kerel function of D,
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To summarize: Using the series representation (5.4) of K, we can express
the conformal mapping F (normalized such that F(¢) =0 and F'(¢) > 0) of G

onto ID as
Z
5.6) F@)- fKGOd  @EG
\/ k6.

If fis the conformal mapping of G onto the disk {w: |w| <7}, normalized
such that f(§) =0 and f'(¢) = 1, we get r = (nK (¢, £))** and

5.7) (2) = Fizy _ 1 TZKE )d ; ;
' FEQ) KEv=r

C, . The Bieberbach polynomials

In practice, the series (5.4) has to be truncated and will therefore yield
only approximations for F'and f, respectively. If G is a Jordan domain and
the qb]. are the ON polynomials P] of G, we obtain approximating polynomials

1

@) fk
m I_ —————
" n 1(5' § V'

K, . 1(V §)dv,

where

K, @0=3 BOP) (m=1,2,...).

These m are called the Bieberbach polynomzals of G and {. They satisfy the
condmons

and it is easy to see that lln’ | = min lip’ll, where the minimum is taken over
all polynomials p of degree n such that p(¢) =0 and p'(¢) = 1.

Concemning the convergence of the sequence {nn} , Theorem 2 and (5.7)
imply that m, (z) = f(z) (n - ) on each compact subset B of G. Further, the

lllcqlld.lll.y

f@) -7, <Mq" (z€Gin=1,2,...)
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holds for some g < 1 if and only if fis analytic in G. The latter is the case if
oG is an analytic Jordan curve, but also if 9G is the circumference of a square,

for example.

Weaker assumptions about 9G require more detailed investigations. Gaier
[1964, p. 125] reports on earlier results by Keldysh and Mergelyan. The
present state of the art is as follows. We say that the boundary C of G belongs
to the class C(p, o) if C is rectifiable and has a representation z = z(s) in terms
of the arc length s with a continuous p* R derivative in the class Lipa(p=
1,2,...;0<a<1). With this notation, the following theorem is true.

Theorem 4. a) Suppose C € C(p, a) and p + o= 7/4. Then the Bieberbach
polynomials m, satisfy

|f() - m,(2)| < const nP%.logn (z€06).

~ r~ 7 g ~ A 27

b)IfCEC(1,0) and 1/2 <a<3/4, then
|f(z) - m,(2)| < const n3% (e Q).

)IfCeC(1,a)and a> 0, then

|f(z) - m,(z)| < const o, Jiogn  (z€0).

1f(z) - m,(2)| < const (logn)*/n*  (z € G).

All of these results are written up in detail by Suetin [1971, Chapter V].
There are also estimates for z € B C G, which depend on the quality of 3G.
The proofs depend on an asymptotic representation of the ON polynomials

lncd nemimierdomn ndd nin e ~leren ~iandnle AL Aacran 10 Arsrace e Al o

f Lll U d.llU. Ll.lC UCbL'd.PPlU)U.HIdLlUll pmyuuuudn O1 UcyICT 7l CUIICbPUllU.ulg
to f.

Probably the first paper giving estimates for regions G with piecewise
smooth boundary C is that of Simonenko [1978]. Here G is assumed to be a
Lipschitz domain, and in particular, C may be a polygon. For any such
domain there exist constants ¢ > 0 and y > 0 such that

f@)-m,@I<cln’  EE0).

Kulikov [1979] permits more general boundaries, but the estimate is only in
the LP (G) norm.
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C,. The use of singular functions in the ON process

The rate of convergence of the series (5 .4) often is poor if one chooses for
the ¢ simply the ON polynomials P of G. The reason for this stems from the
qmqulan’nm of the mapping functlon F, which may lie on 8G or in C\G but
close to 0G. However, the rate of convergence of the series (5 .4) can often be
much improved if one supplements the powers z* (k=0,1,2,...)bysome
additional functions whose singularities refiect those of K. Only the aug-
mented system will then undergo the ON process. Levin, Papamichael, and
Sideridis [1978] were the first to suggest this, and they have thus consider-

ably increased the applicability of the Bergman kernel function to conformal

mappings.
If, for example, G is the rectangle {z = x + iy: Ix| <a, |y| < 1} and ¢ =0,

and if F is the mapping of G onto D, normalized such that 7(0) =0 and
F'(0) > 0, then the reflection principle shows that the poles of the analytic
continuation of F that are closest to oG lie at the points z = +24, *2i and are
simple. In a series representation of F these poles can be taken into account
by terms of the form z/(z - 44?) and z/(z* + 4). For K = const F’, this
means that the basis {z*}7_ should be enlarged by the terms

.
dz \\2? - 4a? dz\z2 +4/
\ / \

and the enlarged system should then undergo the ON process.
Suppose the ON process yields the functions ¢;. If we write (note that this
differs from Section C,)

K, ) =2, $:8)¢,2),

Fo(z) = ) —— fK @.0d (E€G6)

VKnG f)v ¢

is an approximation of the conformal mapping F of G onto D.

In the work cited above, Levin, Papamichael, and Sideridis [1978] carry
out the computations for a rectangle w1th a =2, for example. If the ON
process is applied to the monomials z then 17 functions are necessary in

then

Ardas 4 l\ an anmrnvimmmati nn Aarene p n s DI‘I“' 1"‘1‘]’\& tuxrmy 011‘\{“]101'
OIGer 10 acinicve ai ayPI.UA.uuauuu viivul vl i1v . Wi 11 ulv LWV Dlliguial

functions ( ————)' and { =2— ' as well as powers z* are used in the ON
z? -1 22 +4

process, then a total of 10 functions will reduce the approximation error to
only 2 + 10™°, The use of this method is also advisable if F has singularities

A a4 ha +|n naae with ranfarmal manninoe nf nalvanne Tt anlv
on vu, d.B wOouiG o€ UiC Case wiul uuuluuluu G PiIRe Ul PULY mULLIS. AL Uildy
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, i disad int that the inner products {1 turing 1

orthonormalization are somewhat more difficult to evaluate if singular func-
tions are included in the process.

D. Additional applications of the Bergman kemel function

Finally we mention two further interesting applications of the Bergman
kernel function in complex analysis.

D, . Domains with the mean-value property

A ,
O = LT rc+0d®ds  (0<p<P.
27 0

Multiplying by p and then integrating from O to r, we see that

~
wn
oo
~
L
f

PR

where A(G) = nr* denotes the area of G. We now show that the converse also
holds.

’"‘ - V.3 "% . : (' lllllll ﬂ 1n Ve 4 n!mv‘ 19 AI\ ntn IJ l\/\q:ur’ I’ I‘,I\ MM IAI!. s
AXCUICIU . oupypde U o G owrnpry cu Ciéa, oounaea aomain wiiri area

A(G), and suppose § is a fixed point in G Then (5.8) holds for all functions f
that are analytic and integrable in G if and only if G is a disk with center .

Proof. We apply (5.8) only to functions f€ L?(G). (By Schwarz’s inequality,
L%*(G) C L'(G).)If we write (5.8) in the form

Q)= 11 F&) ~dm,,
G A

we see that 1/A4 has the reproducing property. Therefore K(z, {) = 1/A, and

by Theorem 3 we have F'(z) =+/m/A for the normalized (in {) conformal
mapping F of G onto ID. Hence F(z) = const * (z - ), and the assertion

follows.
+1
D, . Representation of { f(x)dx as an area integral
In Section A we used the functional L({(Ff) = (&) (for fixed ¢t EG) as a
hed Smas \J J J O/ \ < 7
starting point in order to introduce the Bergman kernel function. Now sup-
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pose G is a domain containing the interval I = [-1,+1], and consider the
linear functional

L(f):= ,ff(X)dx (FEL*(G)).

If d = dist(, 8G), Lemma 1 in §1 implies that

Hence our functional is bounded, and there exists a uniquely determined ele-
ment A € L2(G) such that

If fydx=(f,h) (fFEL*(G)).

E
=h
;.
3
)
)

}'K(z, x)dx = [IfK(x, 2)dx] " = [(K(-,2),h)]”

=(h K(+,2))= h(2),

where the last equality is due to the reproducing property (5.1) of K. This
would already express [ fdx as an area integral, but we ask more specifically:
I

Is there adomain G D I such that
[f(x)dx = [[f(z)dm, foreach f€ L*(G)?
I G

Davis [1969] posed an

we must have & = 1, and the question now becomes Is there a domain G O
whose kernel function K satisfies the condition

3
‘3..

dealt with this nnpeﬁnn_ ccordin

(5.9) IfK(z, x)dx=1 (z€G)?

Q_;pp e now that Gis q1mnlv connected and symmetric with respect to

the real axis R . Consider the conformal mapping F of G onto D that maps
[-1,+1] onto an interval [-a, +a] C D. Then the kernel function is given by

the expression (see Section C, )
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1 F@)F (%)

K@iz x)=~ - (zEG x€D),

39

T (1-FXFE)
and condition (5.9) becomes

F'(z)F'(x) _ ;
,vf (1 -F(x)F(2))? dx=m  (z€0),

or, equivalently,

ra( ! \dx=ﬂ Rz) (
J \1 -FG)F(@) F'(z)

- = 4N\
~T

g }‘

We integrate the left-hand side and obtain

F&)= 5% (1-*F(E)?) (ZEO).

Integration of this differential equation leads to the relations

1+
- oaw

g

(5.10) z=—log

:\lb—i

_1
’ w= —
(44

[e—y

where w = F(z). Since F(1) = a, it follows that

a=.1"1 —095768 . ...
e"+ 1 '

Thus we have proved the following resulr: The image of D under the
mapping

1 1+ ow N |
., where a =4

T T l-aw V”'+1’

is a domain G with the property that

;}(x)dx =éf f(z)dm, foreach f€ L?%(G).
-1

One finds that 3G is a convex, ellipse-shaped Jordan curve through the

points (+1.2205, 0) and (0, 0.4862); see the drawing below.
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e |
{ i

\

0.4862

The following corollary is also interesting. It is well known that the
normalized Legendre polynomials satisfy the orthogonality relations

[P ()P (x)dx=5,, .
1

Hence the non-Hermitian orthogonality relations

Remark about §5

In Section C we already mentioned that ON expansions can be used also
for conformal mappings of multiply connected domains. If G is a ring domain,
one is particularly interested in the conformal modulus M of G. Here, also,
the use of suitable singular functions can provide a better approximation of

M with fewer terms. For this tonic see Eidel [19791
AVA YVAWLAL AW VY Wi N AALAA e A UL CALAV Utl].v l" 7 J .

OWWV AdiNiWi

§6. The quality of the approximation; Faber expansions

Suppose the function fis analytic in a domain G and continuous in G. How
accurately such an f can be approximated by polynomials of degree n obvi-
ously depends on the properties of both fand G. We have already touched
on this topic in several special cases. Now we show how results of this type
can be obtained by expanding fin terms of the Faber polynomials of G.

These expansions are less constructive than the ON expansions considered
so far, because a generally unknown mapping function enters into the con-

siderations.



§6. The quality of the approximation; Faber expansions 41

A. Boundary behavior of Cauchy integrals

Cauch

<
pd o
3
'b
Q
(o]
o]
jo——
n
[=¢)
b=y
o
[
-]
e
D

aQ
=
DD

where C is a rectifiable Jordan curve, Ak is integrable on C, and z ¢ C. For our
purposes it is sufficient to consider the special case where

1 Jf' h(f)d-g
2mi -z
Id=1§

(6.1) 8(z) :=

in other words, where C= {: |{| = 1}. We also assume that the function # is
continuous on C. Relation (6 1\ defines two analvtic functions, one in the

(42 200 2 1\ I 0 AsvagLaal e Aera N CaiGa ) vav aleiiviaUiid, iV 111

disk D= {z: |z]| <1} and one in its exterior {z: |z| > 1}.
We ask first how @ is related to # and its (Fourier) conjugate A.

Lemma 1. Suppose H and H denote the harmonic extensions to D, obtained
through the Poisson integral, of h and h, respectively. Then

6.2) o(z) = —;CD(O) ¥ % [H() +if(z)] (zE€D).
Ifin addition to h, the conjugate N is also continuous on oD, then ® has a
continuous extension to D and

ioy = 1
2 2

Proof. We have (see, for example, Duren [1970, p. 62])

_ t
H@)+ilE)= — i *f neéhdr  (z€D).
"“(l)/
On the other hand,
2m ” [ dr ]
28(z) - B(0 h e
(2) - 2(0) = {( )Le”-z 2J r
1 2n ] eit+z
= —[nE") 5—d
LmJ -
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This establishes (6.2). If both A and R are conﬁﬁubus, it is well known that
H(z) - h(¢®) and H(z) > A(e' ®) for z > ¢ ®, and (6.3) follows.

What can be said if the part of & defined in D vanishes identically?

Lemma 2. a) The function ® defined by (6.1) is analytic in {z: |z| > 1},

and (%) =0. o
b) If h is continuous on oD and if ®(z) = 0 for eachz €D, then ® has a -

continuous extension from {z: |z| > 1} to {z: |z| = 1}; moreover,

(6.4) ®(z)=-h(z) for |z|=1.

Proof. Part a) is obvious. For part b), we consider the relation
2n

®(z) - (2 21\ ;_—1- [hE")P(Ndt  (zED),
m™o

where P denotes the Poisson kemel. Ifz —» AP (0 M tha richt hand cida
x\v;n \.u. Ll & [~ \¢ = W), Uiv liglittiialiu siuv

approaches h(e‘ %), and the assertion follows.

General properties of Cauchy integrals can be found in the book by
Privalov [1956, pp. 136 ff.]. For recent results on the continuity of Cauchy
integrals, see Dynkin [1980].

B. Faber polynomials and Faber expansions

The nolvnomiale introdueced I-“l Faber 119031 nlav an imno ortant role in manv
A AdAWV t’vlJ I.v‘l-l-lm\, ALL VAWMUV WVLL WA ll./v-l_l t".“] AL AARA r 4 WA AAL lllmll

branches of complex analysis. Here we shall provide only the properties
necessary for our approximation theorems. There are survey articles by
Suetin [1964], [1976] and Curtiss [1971] ; see also Smimov and Lebedev
[1968, Chapter 2] . Important properties of Faber polynomials can be found

in the works by Pommerenke [1964], [1965] and Ko6vari and Pommerenke
[1967].

L7V

Suppose C is a Jordan curve in the z-plane, and let

_ €1
z—¢(w)—cw+c0+;)— +... (¢>0)

denote the conformal mapping, normalized at oo, of {w: |[w| > 1} onto ext C.
Suppose ¢ denotes the inverse mapping:

d
w=¢(z)=dz+d0+?‘- t... (cd=1).

One possible way of defining Faber polynomials involves the Laurent series
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cesin _onon , sn-1 5k
[6(2)]" =a"2* + 251 d 2%,

which is valid for large 1z|: its polvnomial part is called th th oo ___
WILIVLL 1D Vd.llu 1 ld lgU <], is puly llal paill 1d vallcu u 1€ 71 ['uU rpuy
nomial F, (n=0,1,2,...). The term of highest degree is d"2", so that F,,
is exactly of degree n. In special cases the F, can be given explicitly (see

Curtiss [1971, p. 582]).

Rv dan1f1nn

(6.5) [6(2)]" = F,(2) + H,(2),

where H, is analytic in ext C and H, (z) = O(1/|z])

(1/1z]) for z > oo, If we change
back to w, we see that

6.6) F,(yw))=w" -H, (Y(W))

=W+ Zp_nb o w o (wi>1).

The b, are the Grunsky coefficients; howew)er, we shall not pursue this (see
Pommerenke [1975, Chapter 3] ). Relation (6.6) leads to the following result.

Lemma 3. For nonnegative values of m and n we have

1 ifm=n,
' 2mi n+1
m ‘] w ? 0 ifm#n.
wl=1

Proof. In (6.7) we can integrate over {w: w| =R > 1}. If we split F, into
w™ and the series according to (6.6), we see that the integral corresponding

to the series vanishes, leaving

——1—.-f whmlgy,
2mi Iw|=R

This establishes (6.7).

Next we shall find a generating function for the Faber polynomials F, .
Suppose Cp = {z: [¢(z)| = R > 1} is a level curve in the exterior of C, and
suppose z €int Cp. Equation (6.5) implies that

Nw . ,' =2 o P §
&L v FA S

CR CR CrR
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The first integral on the right-hand side equals F, (z) while the second integral
vanishes, because H, (§) = O(1/18)) for g| — o=. For z €int Cr (R>1), we
thus see that

F@= L (GO g L[ WV,
i 21rz} -z 21rI xp(w) z
R

~
o)
(¢ <]

~’

If we now write

(6.9) -@%ﬁ—;(—_‘%— =1+p, (2)/w +p, @)W +... (Wl =R, z€int (})

and intagratn +a Fnd +thha
lu uiwvgplae U m Uy LUllll W€ 1iiid tiia

ating function for the Faber polynomials F
Finally, the F, can also be obtained recurs1vely (Curtiss [1971,p.579]).

But this has little practical significance, since the coefficients in the recursion
formula contain the generally unknown numbers Ch-

\} [J\) Ciice \U.]}lba

Now let G =int C and write

A(G) = {F:F analytic in G and continuous in G }.

We define the Faber coefficients of a function FF € A(G) by

(6.10) o= FuwwTlaw (n=0,1,2,...),
"oo2m wi=1

and we call

the formal Faber senes of F. Lemma 3 makes the following statement

obvious: If F(z) =X, . 0%, F,(2) and if the convergence is uniform in G, then
EFrahor /-nafﬁnanﬂ' nf F’

thc un ulC LI;C L wver vuey

In order to identify functlons in A(G), the following theorem is important
Theorem 1. Suppose C is a rectifiable Jordan curve, G =int C, and F € A(G).

If all Faber coefficients of F vanish, then F=0.

Proof. From —— | F(y(w)w"ldw=0(1=0,1,2,...)it follows that
2m |ol=1

E ___1_ n+l -w e 1 Fy(w)) =
n=0 37 HF(W(w))(w/w) dw=w Wlu{l-l e dw =0
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for w € D. Hence the Cauchy integral corresponding to the continuous func-
tion F+y vanishes in D. Thus Lemma 2 guarantees the existence of a function
H continuous in {w: |w| =1}, analyticin {w: |w| > 1}, and such that

We define

This function g is analytic in int C and in ext C, and on the curve C the func-
tion has the common boundary values F(z). Hence g is continuous in all of €,
Since C is rectifiable, the principle of continuity applies, and we conclude

thf a1c an antira fimastinn Ranranica afoo) = N wa ens that o =N jea M mnd Ana
ulat £ 15 all CNuIc iuncuon. oéausc SU77) U, wv sCC ulal..5 v iii Y, ana con-

sequently F=0.

In order to use Faber polynomials for the approximation of a function
F € A(G), more must be assumed about the boundary C = 98G.

C, . Curves of bounded rotation

The notion of a curve of bounded rotation was first introduced by Radon
[1919] . His goal was to apply the method of integral equations to the solu-
tion of the Dirichlet problem for domains with corners. Suppose Cis arecti-
fiable Jordan curve, and let L denote its length. Then the angle 8(s) of the

tangent exists for almost all s € (0, L).

Definition 1. The curve C is of bounded rotation if 0(s) has a continuation to-
[0, L] such that the extended function is of bounded variation.

If C is of bounded rotation, we say that C € BR. In order for C to belong
to the class BR it is sufficient, for example, that C'is made up of finitely
many -convex arcs (corners are permitted). If C € BR, then there are two half-
tangents at each point of C. Further, the inequality

(6.11) [ 1d args - 2)| < [ 1d6(s)! =
C c

holds for each point z € C (Radon [1919, p. 1133]). Here the jump of
urg(t - z) at the point z s equal to the exterior angle of C at z. The quantity
V is called the total rotation of C.
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For our purposes it is important that the mapping z = Y(w) of {w: lw|> 1}
onto ext C can be expressed explicitly in terms of the function

arg(¢ -z) = arg(d/(e”) - w(eie)) =:u(t, 0);

see Paatero [1933] and Pommerenke [1965, p. 425] . For if ¢ = /()
denotes the capacity of C, then

] 2T it
(6.12) log VW) - Wle”) _ 1T [ log /1 € \d Wt 0)  (wl>1).
o T\ w)/ '

cw

wwi(w). —1=127—72“ Keif
Y(w) - ¥(e') mg et

If we compare this with (6.9), we find the fundamental relation

2w

[ &dut, 0)=F,WE%) (r=1,2,...)
0

1
(6.13) —

see Pommerenke [1965, p. 425]. Inequality (6.11) implies that for each fixed
a

0 the variation nfv( ,0)is at most V:

2w
(6.14) [1dv(t, 0) <V
0.
Dn]aﬁnn (6 12 can ha darivad maore diractly (Rllacsntt) nr fivad » € AL
ANwIiIQGUWUULL \U IAJ} WwaAll UV UVvililvYwu 111ViVv uiLlvvLlL \.I_ILI.(I-UU LL} AVl 1LIAV & N UU,
we have from (6.8)
_ 1 wy'(w
F(2)= ¥y W) dw (n=1),

and it is obvious that
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since the integrand is O(lw|?) for large [w|. This gives us

E@)= —— [ w'd,log[y(w)-z]

2m =R
= = l N —_— e - - . 2 ~ -2 -~ 1 n - 1 r e 7 N 1
and0=— [ w"d logly(w)-z] or 0= — | w'ad, loglyw)-z].
2mi Iw|=R 2mi Iw|=R

Subtracting the last relation from F, (z), we obtain
1 n _ R it
F@)==J w'd arg[Y(Ww) - 2] =— [ & d, arg[Y(Re") - z].
T = m
Iw|=R 0
Now we wish tolet R = 1. To do this, we first integrate by parts to get
n 2m

E(2)=2R" -5 [ argly(Re") -] d("),

Here we can let R - 1 since we have (6.11) and therefore arg[xp(ReI "y_z]is
bounded in ¢, uniformly with respect to R. After letting R = 1, we integrate
by parts again, and

127 e it
F (z)= ;r-of e d, arg[Y (') - 2]

follows.

C, . The Faber mapping T
We consider the mapping
T:w"w»F(z) (n=0,1,2,...)

suggested by (6.13) and extend it to arbitrary polynomials by the require-
ment that

(6.15) P(w) = Zh_, qpWF » (TP)(2) = 2% _, 4, F, (2).
This mapping between the polynomials P and 7P is one-to-one and onto; for

if TP = 0, we consider the coefficient of the term of highest degree. Since the
degree of F), is exactly k, we flnd successively thata, =0,a, , =0, . ...
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If Cis rectifiable, both T and its inverse admit an integral representation.
Because of (6.8) we have

f w(r;‘l)’ (‘:) dw=F(z) (z€intC).

IWI 1

s T

and hence

- 1 Pw)y'(w) P(¢(§)) .
(6.16) (TP)() = f Yor-t [ & (Eint0)

for each polynomial P. Furthermore, (6.7) immediately shows that

[y X o

w (w ED);
2m J w-w

fwl=1
thus
P w
(6.17) f ( )(‘1’( ) dw=Pw) (wED)
2mi
for each polynomial P. This gives the desired representation for the inverse
manninog
‘““‘t’t""b _
........... A M a oot Lmd a4l n,._. cima A g ' \ YR |

L\IUW wge C)LI.UIIU 4 LU 4 Illapplilg DCLWCCIL UiC Ddlld bpdbcb \UJ dllu

A((r) As usual, we write
A(K) = {f: f continuous on K and analytic in K* }
and
If = max {If(z)I: z €K}

for each compact subset K C¢. Let Hn denote the subspace of all poly-

1

1
nomials of degree at most n. Then the linear operator T defined by (6.15) is a
one-to-one mapping of I, C A(D) onto I, C AG)(n=0,1,2,...). The
extension of T menuoned above is based on the following result

Theorem 2. If C is a rectifiable Jordan curve of bounded rotation, then the
operator T is bounded on UI1, . For each polynomial P we have

IITPII<(1+-2—V—)IIPII,
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where V is the constant defined in (6.11).
Proof. Equation (6.13) implies for z = y(¢'?) € C that

1 27
F(2)= ?Of dy(t, 0) (n=1,2,...),
and therefore
204 F(2)=a, + — f (zk 4,85 d v (2, 0).

This, together with (6.14), implies that
IZ2_ o Fi I <lay | + (lag | + 127 a,wk Ty - L
k=0%"k 0 0 k=0% T

If we take into account that |g, | = |P(0)| < lIP |l, the assertion follows.

By Theorem 2, we conclude that the domain of T can be exten;d_ed from
UIL, to the closure of UII . Since the polynomials are dense in 4(D), we have
obtalned an operator T from A(D) into A(G) with the property that

(6.18) Izri< (1 + 2y 1F1 for each f€ AD).

Dynkin [1974, p. 270] calls a domain G, on which the operator T is bounded
a Faber domain; see also Dynkin [1977].

We observe that by taking limits, we can extend the integral representa-
tions (6.16) and (6.17): For each f€ A(]D) we have

(6.16") (TF)2) = 21111, f ’;(“f(i)) & (2€06).
It

Conversely, for each function Tf, where f € A(D), we have

N

1 [ @)
J — AW

2mi o=t wW-w

'

(617 fow) =

Using (6.16') we can show: If £ € A(D) is rational and has a pole of order
N at wy (Iwy| > 1), then Tfis also rational and has a pole of the same order
at Y(w,). To see this, we write fas the sum of its principal parts plus a poly-
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nomial P. Since TP is a polynomial, it clearly suffices to consider the case
fw)=1/(w - wo)”+1 for lwy| > 1, n > 0. We then get from (6.16")

1 rf@®) .- 1 )
(TNeE) 2miJ ¢ -z % 2mi [ {-z %
C CR

) g =L [ Y'(w) dw
21ril J (w- wo)'”T[lp(w) -z]’

CR wi=

where 1 <R <|w,|. If this integral is extended over a circle of radius bigger
than jw, |, it will vanish, and therefore the last expression equais

IAON
z - Y(w)

[ =3 -l

1 ¥'(W) dw _1 ¥

Camid [Y(w)-z] (@ -w L al au”

= b
(AJWO

where v is a small circle around w,,.

This is the representation of (Tf)(z) for z € G, and it proves our assertion.
Moreover, it shows that for f(w) = 1/(w - wo)'”“1 with wg|>1 andn=0
we have

(‘IJ '(Wo))n+1
(z - Y(wy))**!

(T) @) = +Zl i -yow,)).

Refore returnine to approximation theory, we exhibit

Y ewalillilip YV &pF Aallll a2 =2 i) s W Fr ey

perty of the operator T.

Theorem 3. If f€ A(D) and f(w) := Z_, a,w" (w ED), then Tf has the
Faber coefficients a,,. '

Proof. If we write f,(w) := f(rw) (0 <r < 1,w €D), then f, >,

and hence Tf, = Tf(r - 1). Thus the absolute value of the difference (T¥), -
(Tj;)n of the corresponding Faber coefficients satisfies

== (@) - (T W) w™ ldw| < ITfF- TEI >0

m |w|=1

IS
)
.
2
=
3
=
"3
"=
(@)

for r— 1. But (Tf), = a,7"; for the relation Zj 4,7 w¥ = f (w) (w €,

n = ) implies that =} akthk(z) = (T£)(2) (z €G, n > ); hence (Tf), =
a,’”" (see the statement following (6.10)). The assertion follows if we let
r=>1.

In particular, Theorem 3 implies:

If Tf =0 for some f€ A(D), then f=0.
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Hence T is a one-to-one mapping of A(D) onto the closed subspace
{F: F = Tf for f € A(D)} of A(G).

D. The quality of approximation inside a curve of bounded rotation

Now we return to our main problem. Throughout Section D we assume tha

CEBR,G =int C, and F € A(G). How well can F be approximated on G by

wmnminla AfAagran 21 nnnd If nnmarnn xrla § mlire nmiinla gchanld ha

PU]._Y'II.UH.H.GJ.D 01 UvcgIive ni a.l.l.\.l i1 appujpuaw Wlllbll PUly ioMmias siiou1a o

used for the approximation?

D, . Preparations; uniform convergence

Suppose F = Tf for some f € A(D). Then we have for arbitrary a,S") that

6.19)IF-22_ dF) = IT(f- =2 _odMwWI <ITI - I -2 a{Pwkl,
k=0 k=0 k=0

where ITI <1+ 2V/n. Our problem is now reduced to the approximation of

fin D. The following two questions arise:
(i) When does F have the form F = Tf for some f € A(D)?
(ii) How is the quality of F reflected in the quality of f?

The next theorem answers question (i).

Theorem 4. The function F € A(G) has the form Tf for some f€ A(D) if and
only if the Cauchy integral

d(w) := ! f h(w) dw withh=Foy
w=-w
lwi=1

belongs to A(D). If this is the case, then T® = F; hence ® = .

Proof. If F = Tf for some f€ A(D), then ® must belong to A(D) by (6.17).
In this case ® = f. Conversely, if ® € A(D) for a given F € A(G), then

dw)=Z, W' T [ (F)(@w™ldo wEeED),
|ew]=1

and Theorem 3 implies that 7® and F have the same Faber coefficients.
Theorem 1, which was included for this purpose, now yields that T® = F;
hence F has the required form.

Using Lemma 1, we can reformulate Theorem 4 as follows.

Corollary. We have F = Tf for sgme fE€ A(ﬁ) if and only if in addition to
h = F+\, its Fourler conjugate h Is also continuous on oD.
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The next result, concerning the uniform convergence of Faber expansions,
follows immediately from (6.19) and Theorem 4.

Theorem 5 (Kovari and Pommerenke [1967]). The Faber expansion of F €
A(G) converges uniformly in G if the corresponding Cauchy integral ® has a

power series expanszon that converges umformly in D. This will be the case if

hnth b rsad l. L e + L' an m s
ootn n ana n nave ulu_[unlu_y (,uuvcrscut I uuucr o€ iC

In order to obtain statements about the quality of approximation, one must
assume more about . First let w_(h, 7) denote the p*M-order modulus of
continuity of the function h(p =1,2, .. .);see Timan [1963, p. 102]. For

example,

and
w,(, )= sup } In(e'?®) - 2n(e"@* D)) + B @+ 2O))): 15 <1, || <.

In the following it is important that the modulus of ccl)ntinuity of 71 can be
estimated by that of /& (Timan [1963, p. 162]). Forif [ w,(h, uyuldu < oo,

then A is continuous, and there exists an absolute constant Cp such that

uP?

t 1
(6.20) wp(h,t)<cp _PT_du+tPf_P__f_du ®=1,2,...).
0

+
1]

This implies the following result.

Theorem 6. If the function h = F+J has a modulus of continuity wp(h, t) on
oD such that

1
[ w, (b wuldu < oo,
0 p

then the Cauchy integral ® corresponding to h is continuous in D and has the
modulus of continuity

teslh 1) 1/ (h 10 |

621) w, (@ N<C, I_w (h, 1)+ fﬁl——d +tP f—l’—n'i’ duJ
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on oD. Here the Cp are certain constants independent of h.

of 7. Representatlon (6 3) for ® (e'?), together with (6.20), establishes the
assertion.

if w,(h, £)<const -t then also <I> S L1p a. See also a correspondmg
theorem for general Cauchy integrals in the book by Privalov [1956, p. 143].
b) If h € Z (the Zygmund class), that is, if w, (A, ) < const * ¢, then also
deZ

D, . The quality of the approximation

Vi Awiiw e

continuity are well known (theorems of “Jackson type’). There
constants C;) such that

For functions ® € 4(

(¢}
&
=]
o
v
C
—
=
—*
(¢}

I|<I>-PnI|<prp(<I>, 1/n) (n=1,2,...)

for certain polynomials £, of degree n. Their images 7P, € II, yield a cor-
responding approximation of T7® = F.,
These P, can be obtained explicitly from the power series expansion

d(w) = Z_,a,w" (w € D) by various methods. Here we point out the
following procedure To a series E, 04 we assign (for fixed p €N) the
transformations
(p) = 1 n P =
T .-——————E._ n+ 1y -j7]a, n=0,1,...).
For 1, these are the Fejér means o, of Eaj. The application of these trans-
formations to ®(w)= X% n_u)] thug vivlde the n'" degree nolvnomials
POMREUUAS RNV T &= gy MRS yERAES M hahd - ol o/
D)= —L_ 3 [+ )P - Plaw

About these it is known (Gaier [1977, p. 4] ) that
I® - 7P| <Cw,(d,1/n) (n=1,2,...).

Their images under the mapping T have the form

(n+ 1)”

(622) T,P(2) o= o 1+ P -PlaF()  (1=0,1,2,...),
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and our results can now be summarized as follows.

P eees smmnns £ sa n wonts whlo Thwdas nssmson AfFhAsisnAdsd wntes ﬁnm ;,

Theorem 7. uu‘yyuoc cisa r:(.u_;;uuu: vOTaan cuirve oj oounaeéa roiaiion
Suppose F is analytic in G = int C, continuous in G, and suppose that for
P € N the function h = F+y has the modulus of continuity W, (h, t), where

f w (h 0t lgt < oo I fwe now use the Faber coefficients 4 of F to con-

Struct the polynomials TU” of degree n according to (6.22), then there exist
absolute constants D such that

IF- T;(f)ll<Dp Vew(®,1/n) (r=1,2,...).

Here W, (@, ?) can be estimated according to (6.21).
We call attention to two special cases. a) he Lip a(0<a< 1)' Then (see

Aarmimct o 327X Tan 4lals Ancn

above) we also have ® € Lip a, that is, wl (®, 1/n) < const - #™®. In this case,
the Fejér means 7(1) of the Faber expansion of F satisfy

IF-TWlI<const - n*  (n=1,2,...).

b)heEZ: Then (see above) we also have ® € Z, that is, w, (®, 1/n) <
const » n'L. In this case, the means T(z) of the Faber expansion of F satisfy
N<consts ! (n=1,2,...)

n — e
WF =17
n

In particular, since Lip 1 C Z, the last inequality is satisfied if » € Lip 1.
The special case where h € Lip o (0 <a < 1)has been treated by Ganelius

F1Q7271 500 a Aiffavnnt fonnmnnnatmintiva) wura Lhe hic vraciiléa Flwast 10791
L1770 lii a aiiferent \uuuuuuauuuuvc) wady. r'Or 1iis u:auu.a, ROVail 1574

uses the de la Vallée-Poussin means, which also appear in Svai’s work [1973];
however, Kovari’s results are more general. Fejer means also have been used
earlier: Sewell [1942], Al’per [1955], and Dincen [1964] In these works

the Jordan curve C is always assumed to be smooth. Brul f10761 allows

AV JVINGI LR Ye & 2o Q2 S QIS miiiV - AN 2 vea

cormers.

If one wishes to estimate | F - T(p) Il directly by means of the modulus of
continuity of F (rather than that of h), one must make further assumptions
about C. We say that

CE€K, ifCisaconvex Jordan curve,

CeK, (0<a<1)ifCisapiecewise convex Jordan curve whose
smallest exterior angle is ma.

IfCEK,, then Y ELipaon oD (0 <a<1); see Kovari [1972].
Theorem 7 now implies the following,.
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Theorem 8. Suppose that CE K, (0<a<1), Fis analytic in G = int C and
continuous in G, and

|F(z,) - F(z,)| < const * |z, -z, P forz,,z, €C,0<B<1.
Then the polynomials of degree n defined by (6.22) satisfy

IF-TVI<01) « i ifaf <1

and
(2 3 -1 y —
| F- T, | <O0()-n" ifaf=1.

Proof. The assumptions imply that # = F+y € Lip of. The special cases men-
tioned after Theorem 7 now establish the assertion. — Recall that the T(l) are
the Fejér means of the Faber expansion of F.

E. Report on additional results

E, . Additional uniform estimates

Here we refer primarily to a paper by Lesley, Vinge, and Warschawski [1974]

The curve ( is reguired to he rectifiahle and to gatisfv a r-.nnnﬂiﬁnﬂ” If
ALV WVWILYV W A0 \l\l].l.vu W/ WUW AVIWVHWALWUJLAY WLANG VW BHHDA

z,, z, are two arbitrary points on C and A(z,, z,) denotes the length of the
shorter arc from z, toz,, then

A(z,,2,)<clz, -z,| forsome fixedc> 1.

With this assumption, it is shown that for the partial sums S, of the Faber
expansion of F the inequalities

IF-S, 1 <[AQogn)* + B]E,(F) (n=1,2,...)

hold, where A and B are constants and E (F)=inf {IF-Pl.PEIl, }
denotes the minimal error in approximating F by polynomials of degree at

most n (I(n\mri and Pommerenke ”QR7] have nnhr]nu 7n on the richt-hand

A% A VALMAIVAIWVIMAZY | LS 418V Vv Vil y Stiviitaia

side if C € BR.) In addition IF-J llis estlmated where the J are the
Jackson sums of the Faber expansion of F. By the way, for each Jordan curve
wehave i F- S | < An“E,(F), where 4 and & €(0.138,0.5) are universal
constants; see Kovarl and Pommerenke [1967, p. 198]. This is obtained by
estimating the “Lebesgue constants”
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L, :=51— f|2 n—’L(-‘FpI(,—)—)HdM n=1,2,...).

E,. Local estimates

) to

]

The nrevious estimates use onlv the I obal modulus of contin ity of Fry

Aliv t"' Uwu o s vewo w ~ Noaily u- G 222V RS VUL P2 AN2

judge the quallty f the approximation. But with the modulus of continuity
of F given, the approximation will be better on smooth parts of C. More de-

"N—

tailed investigations about this have been carried out by a great many Soviet
mathematicians; see the remarks following this section. Here we shall empha-
size a new, especially general result by Belyi [1977].

Qunnnea ic eamaea arhitrary Tardan cuirve and € e a
SUPPOSC L 15 SOMC aroiirary soraan cuive and L p 15 tnc

-y
[
(4]
]
(4]
p—
el
il
-l
Ly ]
<
D

corresponding to R > 1, that is,
It )
=3z: l¢(z)| =R > 1; ,

where ¢ is again the conformal mapping, normalized at oo, of ext C onto
{w: iw| > 1}. Write

dgp(z) =dist(z, Cp) forz€eC.

Furthermore, Cis called a quasiconformal curve if there exists a quasi-
conformal homeomorphism of € onto € that maps éD onto C. Such curves
can be characterized geometrically: For two arbitrary points z,,z, on C we
consider the arc from z, toz, with the smaller diameter; suppose this
diameter d(z,, z,) satisfies d(z,, z,) <k|z, - z, | for some constant k. See,
for example, Lehto and Virtanen [1965, p. 101 ff.]. The curve C need not be
rectifiable. With this notation, Belyi [1977, p. 333] proved the following.

Suppose C is a quasiconformal curve, G = int C, and F € A(G). Let w(F, t)
denote the modulus of continuity of F on G. Then there exist polynomials
p nfn’arrraa " ff\l‘ I"l"l‘l‘l' )

‘-n UJ “Cs’cc 143 .’U' A4 2117 4%
(6.23) |F(z) - P, (2)l <Mw(F, d1+1/n(z)) (z€0),

where the constant M is independent of z and n.

The estimate is better, the closer the level curves C1 +1/n AT€tO
a given point z, € C. If, say, Cis a polygon and z, is a corner with exterior
angle om, then

dp(ze)~ R - 1)%,
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|F(zy) - P, (24)l = O(D)w (F, c/n®)  (n~>oo).

Belyi also proves inverse theorems. Other authors consider | F{" )(z)
P(’ )2)| provided that F) A(G). As a rule, such proofs are technically
extremely complicated.

Remarks about §6

1. We used the boundedness of the operator Tif C € BR. This was already th

basis of Kdvari’s work [1972], and it is pursued further by Andersson
[1975], [1976].

o smnmem 4l am ] Lo IS are COMcCerne .4
4 Ab was Hlt:lltlUllcu bUIUI ly DUVch ul IS ar¢ conce I.Cd WILh

uniform estimates or estimates of the form (6 23).In addition to the older
survey article by Mergelyan [1952, Chapter III] and the already cited litera-
ture, we refer to the following newer articles:

Andersson [1975] [1976] AndraSko [1964] ; Belyi [1965]; Belyi and

LV S| ilraee 11074 104921 [10£22a1 T104£2L1 10441 [10£Q1
xvum_]unuv |_17 I“fj ,UL_]auyn |_17u4] |_17U.Ja] » L117000], |1500], |1500],

[1969], [1972], [1975], [1977] ; Dzjadyk and Alibekov [1968] ; Dzjadyk
and Galan [1965]; Dzjadyk and Svai [1971] ; Kolesnik and Andra¥ko [1971];
Lebedev and Sirokov [1971] ; Lebedev and Tamrazov [1970] ; Sevéuk [1973];
Sirokov [1971], [1972], [1974a], [1974b], [1976] ; Tamrazov [1971],
[1973], [1975].

DijVOGIS, Hogevccu, and Korevaar [170\.}1 give Sii""uy €I p1o oofs of the in-
verse theorems of Lebedev and Tamrazov in the case where the complement
of the compact set K is simply connected. The recently published book by

Dzjadyk [1977, Chapter 9, §6-10] presents his earlier results in detail.

3. In the case where C € K|, we used in the proof of Theorem 8 that § €
Lip 1 on 8. This follows from the boundedness of ¥ '(w) for |w| > 1. And
the latter property can be proved in different ways: If, say, the curve C
has capacity 1, then Lowner [1919, p. 76] already proved the sharp estimate
WWI<1+ IwI' (lw| > 1). Kévari and Pommerenke [1967, p. 195] show
in another way that |/'(w) - 1| < [wl2 (lw| > 1); the integral representation
of log ¥ also yields immediately that ¢’ is bounded (Kovari [1972, p. 370]).
Finally, if C is convex, the function wy/'(w) is schlicht for jw| > 1 and
normalized at o such that wy '‘W)=w+a,/w+.... Hence a distortion-
type theorem (“Verscmebungssatz” — Grotzsch Goluzm [1969, p. 136]) can
be applied, and we find [wy'(w) - w| < jw/’ L thatis, |y'(w) - 1] < w2
(Iwl > 1).

If C satisfies a c-condition (see Section £, ), then Y € Lip a, where

= 7oy ;use Lemma 1 in Warschawski [1961, p.615]. And if Cis a
4

K-quasiconformal curve (the image of dD under a K-quasiconformal mapping
of € onto €), then Y € Lip a, where a = 1/K?. This follows from theorems

aels o Fonms al san ool o an

ﬂbUUL qdnmuu:uuuum iliappingd.




Chapter ||

Next to series expansion, interpolation represents a further important tool

or the approximation of functions; we now turn to this method.

the approximation of functior
As far as literature is concerned, we cite in particular Davis [1963, Chapter
IV], Smimov and Lebedev [1968, Chapter I], and the book by Walsh [1969].

orimuia
A. The interpolating polynomial
If n+ 1 pairs (z, wk} (k=0,1,...,n)of com p X numbers are given,
where the z, are to be distinct for now, then Xists exactly one poly-

nomial P of degree (at most) n such that

(1.1) Piz)=w, (k=0,1,...,n).

One way of obtaining this polynomial is through Lagrange’s formula of
interpolation. To this end, we let

- TN - - OJ(Z) =
w(z)=M_,(z-2;) and [,(2) w'(zk)(z-zk) (k=0,1,...,n).

Each of these basic polynomials I, .is exactly of degree n, and we have

(1 ifj=«,
Ik(z].) =
0 ifj+#«k.
Hence the n'P degree polynomial
(1.2) L (2)= Zk,owklk(z)

satisfies the interpolation requirement (1.1).
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The case where w, = f(z %) With a function f analytic in a domain G and
with interpolation points z, € G, is important for our purposes. Here the
interpolating polynomial can also be represented by a complex integral. Sup-
pose the boundary aG of G consists of finitely many rectifiable Jordan curves

Qallersa ~nan

wu.u PUD].U.VU UllUlll-al-lUll Lclauvc 1O G aud DUPPUBU _[ l.b d.lld.ly le 111 U dll.u COii-
tinuous in G. The interpolation problem is: P(zy) = f(z;), where z, €G
(k=0,1,...,n).Itis solved by the formula

(13) L(2)= L f0@)-w0@) SO 4 ee),

N\

T ) -z w(?)
G

and we have that

(14) fl2)-L,)= L [¢@. O 4 e

ni ) w(t) t-z
oG

To begin with, it is clear that (1.3) represents a polynomial of degree n; (1.4)
follows from (1.3) because f(z) = / 0 dt; and (1.4) implies that

f(2) - L,(2) = w(z) * h(z), where the function 4 is analytic in G. Hence f- L,
vanishes at the points z K

Relation [1 3 ) is the Hermitian representation of the interpolat ing pOljy’-
nomial, and (1.4) is an integral representation of the interpolation error. If
several, say m, of the z k coincide, we have “m-fold interpolation.” This
means that f- L has a zero of order m at the corresponding point. Formulas
(1.3) and (1.4) are also valid in this case. In addition, we have the following

result.

Corollary. Formulas (1.3) and (1.4) remain valid if G = G, U G, U
U Gy, where the domains G; are disjoint and of the form described above.

This corollary is important when we wish to approximate simultaneously
by a single interpolating polynomial analytic functions defined in several
domains.

B. Special cases of Hermite’s formula

We now deal with three spec1a1 cases of (1.3). Suppose first that fis analytic

1 My foe lel @ 1) and tha =0(k=0.1 Than saf2) = ATl . 4
mw*= 'L"l‘l\‘J' ana ulat&k UW=U,1,..., n} 1inlil W2 ) =2 , aiid

the interpolating polynomial is
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1 I;"+1-z"+1 () ¢

£1N .
L\L}(Z - - = e Y \7 Gi
n ) 2mi j t-z ¢
ltl=r
1 [1-@/*! t
= f @y D) 4 0<r<).
2mi 1-(z/t) t
|t]=r
+ +...+ i
ance lnn alvnamial 7 (1) () = S 4] e th nartial cum of the nowaer
dlVilwvwv Lilv l PO VISP PR~NY ‘Jn \H} H] “ o bt 43 ViAW I tlul. ViL UWIiLlL Vi wlVv t’v YV wai
series of f at 0. (This follows also from the fact that f(2) - ] Oa]z’ has a zero

ofordern+1atz=0.) L
Second, suppose that the z,(k =0, 1, .. ., n) are the (n + 1)*" roots of

unity and that f is analytic in G = {z: Iz| <R} and continuous in G for some
R > 1. Now

W) =M oz -2,) = "1,

and the interpolating polynomial has the form

2 1 [;n*'l -Zn+1 f(a*)
LP @)= s | g &t (<R
It1=R

This expression is similar to LE‘D; therefore we consider

1 t”+1 _ntl
LD @) -LW (z)= 5;;'[ I _Zl)(t_z) foydt.
I21=R

This representation is certainly valid for |z] <R; but since both sides are poly-
nomials in z that agree for |z| < R; the representation is actually valid in C.
For |z] = p > R, the right-hand side obviously is

0(1) * (0"/R*™)  (n~> o),

and this tends to zero as long as p < R?. We thus have the following theorem.
Mhananes 1 N7 1.1 T1 n(n -~ 1€ | POPS SR ISR I 1) ___ 1
Theorem 1 (Walsh [1969, p. 153]). The interpolating polynomials ‘ ana

n
Lflz) are equiconvergent on {z: |z| <p} (R <p <R?):

(1.5) LP@)-LD (2)=0  (n>o0;0z| Kp,R<p<R?).
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For the assertion in {z: |z| <p} we have used the maximum principle. For
example, if fis analytic in G, then L(l) (z) = f(z) implies that also L' (z) =
f(2) (z € G, n—> ).
Finally, our third case deals with interpolation on the interval L 1,+1]. As
interpolation points z¢,z,,...,z -] WE use the n zeros of the nt Chebyshev
polynomial

w(x) = HZ;%) (x-z)= E’Tl—f cos(n arc cos x) =: T;,l(x).

For our purposes it is now important to know the behavior of w(z) for comple
values of z. To this end, we verify first that

1 o1 1 1
(1.6) w(z)= o w" +—‘;ﬁ), wherez——z—(w +; ).

For if one substitutes z = %(w + wl) in the polynomial w(z), one obtains a
function of w that is analytic in €C\{0}; the same is true for the right-hand side

of (1.6). For w = ¢’®, both sides equal (cos ng)/2""1 and the identity
theorem implies that (1.6) holds in general.

® /\w ®/"_f\~z\
LN ‘s A
) v N | 5

e el

is the ellinse £, with semiaxes

{w: In X 18 ellip o -
a=%(R +R1)and b =%(R - R'1). Further, (1.6) implies that

_R -2 .
(1.7) |w(z)|——°—n— | 1+weh ifzE€E.

4

Now let G, denote the interior of the ellipse E R » and suppose f is analytic
in G . Let L), denote the interpolating polynomial of degree 7 - 1 corre-
snondinn to the interpolation points z¢, 2y, . . . , 2, ;. For -1 <x < +1, rela-
tions (1.4) and (1.7) immediately imply the estlmate
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1 fw®) | f0)
w() t-x

o 1.2" 1)
=0(D)- \R_} (n ).

The larger the domain surroundmg [-1,+ 1] is in which fis analytic, the
faster the convergence L( ) = f takes place on [-1,+1].

[,
L.

-

‘ﬁte“ﬁ(‘) ation in unnurmly‘ stributed points;

i
Fejér points, Fekete pomts

A. Preparations; rough statement about convergence

Throughout §2, with the exception of the beginning of Part D, we assume
K is a compact subset of Cwhose complement K¢ = C\K is a simply connected
domain. Then there exists a conformal mapping

z=yW)=ewtcyte/wt...  (c>0),

normalized at oo, of {w: [w| > 1} onto K°; here c is called the capacity of
oK. Let ¢ denote its inverse function. Further, let

C,={z:16()I=p} (0>1)

denote the level curves in K€.

Since we wish to in nte’pol te a function fdef‘“ed on K W€ suppose that
for each n(n 0,1,...), there are n + 1 given points of interpolatio ;c) ek

(k=0,1,...,n). All together we have a “node matrix”:
zO
U
o M
20" %1
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of points in K, and we write
w,(2) = M, (z -z;c")) (n=0,1,2,..).

If f is analytic on K, hence also inside and on a suitable rectifiable Jordan
curve C with K C int C, then, according to (1.4), the interpolation error is

in maam Iinn

2.1) diam X =: D, <D, :=dist (X, C),

then lw ()l <D™ (z €K) and |w, (1)1 = D**1 (¢ € C). Therefore we have
.l n\-s 1 \ 7 Ly AN4 z \ 7 ?

in this case,

L,(2)=fz) (n—>=;z€K),
and the convergence is independent of the choice of the nodes z}c”) eK.

Example. If f is analytic inside and on C (see the following figure), then
we have for an arbitrary choice of the nodes on [-1, +1] that

L,()=f(z) (n—>;z€[-1,1]).

Here the constant ““2” is best possible, as one can verify easily.

e N\

N c “~

If the region around K in which fis still analytic is smaller than indicated
by (2.1), then the nodes 22') in K must be distributed more carefully. This
will be done in the following.
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B. General convergence theorem of Kalmar and Walsh

First we define what will be meant by a uniform distribution. To this end
we consider the numbers

M, =max {lw, (2):z€K} (rn=0,1,2,...),

tha mavimunm ic attainad on AK = AKC Tho ineauali
Ul ITiaXiiTiulll 1S aitialiiva U1l On on 1€ IREQUGLY
22) M. > (n=0,1,2

. n n=0,1,2,...)

always holds.

Uris e

To prove the last statement, we consider the auxiliary function

w,(2)
H (2)= - L forz €K°.

VAN
LYY\~ J1

The function H, (z) is analytic in K ¢ and tends to 1 as z > e, According to
the maximum principle, we have that

max {IHn(z)I: z€E Cp }=1 foreachp>1;
hence

max {lw,(2)|: z EC"{J}?(cp)"*"1 >

Since M, is attained on 9K ¢, assertion (2.2) follows if we let p - 1.
This leads to the following definition.

Definition 1. The nodes z,g”) are uniformly distributed on K if

(2.3) n+l M > ()
: c n—>c0),
VM, ( )
RFvamnla Wa ¢talra K = l'=1 4+11 anAd nndaec nAn wa rhnnca tha 7arne AF
Hdmlllllc. YYv Lanv iy l Py ’ v LJ ’ Qll\l 11UNVO Vll IM VWV ViILUUOV LILV 4LVIVD VUl

w, (x)=27"cos[(n + 1) arc cos x], M =271,
and now condition (2.3) for uniform distribution is satisfied, because

Y(w) = %(w + wt) and therefore ¢ = 1.
Condition (2.3) can be expressed differently with the help of the functions

n+l, /Zm' 7)

(24) 6,():=""'VH, (@) =
c4(2)
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These functions are analytic in K¢, since the zeros of w,, are in K. Further,

lim__, 6 (z) =1 for each n, so that the functions 6, are unlformly bounded
on each compact subset of K ¢ and hence form a normal family there.

Lemma 1. Relation (2.3) holds if and only if 6,(z) = 1 (n — °) on each
compact subset of K€.

Proof. a) If 10, ()| = 1 (n >0z € C;) for each p > 1, then

"Vmax {lw, @ 2ECT »ep  (n—),

and the left-hand side exceeds "+1\/ﬁn—. It follows that lim sup **1 VM, <
cp for each p > 1, and considering (2.2) we obtain (2.3).

h) Far each n ﬂnn maximum nrincinle vialde
u, A Vi VKWL fvy LVilY 111QANAL11WLLL l.ll.‘l.ll\./ltl;v JIVLUD

16, <" VM [c for zEKE.

If the right-hand side tends to 1, then each limit function 6 of the normal
family {0, } satisfies the condition |8(z)| < 1 for z € K¢, and also

lim__, 6(2) = 1. It follows that 6(z) = 1 for z € K€; hence 6,=1on each
compact subset of K€.

NaAau ra 411vnn +n tha ~Annna inn lha ween +tha ifn Aie ‘-\ nftha
INOW WCE Lulil LU ulv VULV 1Ul1l UV w Vil Lllc u].ll].ul.lll u‘ol- 14 Ul Vi1 Liiv

nodes and the convergence th orrespondmg interpolation process

mterpolatzon nodes zgc) are uniformly distributed on K.
Later (Theorem 2), we shall make an additional statement about the rate
of convergence.

Proof. a) The uniform distribution of the nodes is necessary. i) For each
zo € K€ the function fy(z) = 1/(z, - 2) is analytic on K; hence, by assumption

Here L, has the representation

L (zf3)= -

z2o-z2  w,(zo)(z4 -2) ’
as one can verify immediately. This implies that
M [lw,(25)l >0  (n—>)

for each fixed z, € K*.
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r=—=—

ii) Now suppose lim sup ™" 1\/Mn > c; that is, there exists an € > 0 such
that

"IYM > (1+€e)c ifn=n, >

In this case we would choose p € (1, 1 + €), select an arbitrary z, on C and

nhtain _ caa () A\
wuLGall DAY \ l]
n+l | n+1
w, (z)l VM + +
|0n(zo)|= L 0) = n > (1 e)c = 1te

clé(zo)| cp cp P

for n = n;_and such indices & for which M”k < Iwnk(zo)l. A convergent sub-
sequence of {Bnk} therefore has a limit function 8 with the property that

1 4
v

16(2) > -

s
C

>1 foreacthC;,

contradicting 6(%°) = 1 (minimum principle!). Note that the functions §, have
no zeros in K€.

b) The umform distribution of the nodes is sufficient. We actually prove
an even stronger statement.

Theorem 2. Suppose p > 1 is the largest number such that f is analytic
KN Py e BN, o/ NS SR DU Iy MU JUy I SRR DY SR S _n) P N
aiue U, 1rne reterpoiatinyg pmynurman .L:n WILLIL rtuuey ék triat are urit-

formly distributed on K then satisfy the condition

(2.5) lim"/max {[fz) - L, @)l: z €K} = 1/p;

that is, the sequence {L,} converges maximally on K to f(see Chapter I,

QA M
ST ).

For each number R < p we thus have
maX,cy 1f(2) - Ln(z)l =O(R™) (n—>x).

This fac needed in Chapte I, §4 for the proof of Theorem 4. However,

foa il a1

points that are uniformly distributed

;e odill cmnand a m dnimnm
W€ Stiu 1i€€d 1o PIUVC LllC CAI.DI.C 1CC O

on K.
Proof of Theorem 2. For each R € (1, p), Lemma 1 implies that

n+l lw, (O] = cR  (tECy;n—>=).

In addition, we have
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t £ Nl o~ ax VAVl )
lw,2)<M, (ZEK;n

VoY | N
0,1,...).

Hermite’s formula (1.4) thus allows us to conclude that

< Y o T AN PN
_ 1 [«x\8) @)
-L = . dt
f2)-L,) 2mi j w, () t-z
(&

R

= . __]!E__ = . cte " . —>» 00
=0(1) R o(1) (CR- ) (z€K;n—> )

for each € > 0; here we have used (2.3). From this, (2.5) follows immediately
with “<” instead of ‘“‘="". We have already seen in Chapter 1, §4, C that strict
inequality is impossible. Otherwise f would have an analytic continuation
beyond C;J . This establishes Theorem 2, and hence also Theorem 1.

We now turn to the problem of obtaining systems of uniformly distributed
points.

C. The system of Fejér points

Concerning the compact set K, we now require that the mapping Y from
{w: lw| > 1} onto K€ has a continuous extension to {w: |w| = 1}; this will be
the case, for example, if 9K is a Jordan curve or a Jordan arc. Then the points

2{) = Y(e2 Iy (k=0,1,...,n)

are called the Fejér points of order n on K. They are the images under ¢ of
the (n + 1)* roots of unity.
Theorem 3 (Fejér 1918). The Fejér points are uniformly distributed on K.

Proof. In view of (2.2) we need to prove only that

L TR AL - .
1111 bup '\/lVln xC

in order to establish (2.3). To this end, suppose R > 1 is fixed, and consider
the function

h(w, ) = log [Y(W) - Y(e€®)| on {w: |wl=R}X [0, 2n].
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It is uniformly continuous there. Consequently, if we write ¢ = 2nk/(n+ 1)
(k=0,1,...,n)and partition [0, 27] into the subintervals i; = [¢;, ¢; . ]
of length 21r/(n + 1), then for each € > 0 the inequalities

h(w,¢k)<min¢eikh(w,¢)+e k=0,1,...,n)

hold for all w such that |w| = R, as soon as n > N(e). Summation with respect
to k yields

*2—17* o W, ¢k)< ) 2= min

h(w, ¢) + 27e,
n+l (v, 9)

¢i

and the first expression on the right-hand side can be regarded as a Riemann
sum of an integral. We transform the left-hand side using z = Y(w) and z(") =
Y(e'?%), and we obtain

2r
2.6) L togle, @< - § i(w, 6)dg + e,
n+l " 2rJ
0
which is valid forall z € G and n >N
The integral in (2.6) equals 27 log (cR). To see this, we write
2r  2nm ® 2n
=/ log v(w) yllzq)(ei ) do+ [ loglw - €%|d¢
w-e
0 0 0

ions, the second

FF

mean-value theorem for harmonic func
1n

lu w| = 2m log R, and the first inte

o
AVE & aaa (8% i ARL &

so that the last integral equals 2i log c.
Thus (2.6) yields
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1
+1

log lw,(2)I<log(cR)+e (z€ Gin>N).

This, in turn, implies the inequality

logM, <log(cR)+e (n>N),

= 41
n v i

that is,
lim sup ”+1\/Mn <efcR.

Since R > 1 and € > 0 were arbitrary, it follows that lim sup ”*1\/Mn <c.
Theorem 3 is therefore established.

Note that for the definition of the Fejer points the exterior mapping ¥
was used. The interior mapping does not give uniformly distributed points in
general, even for simple compact sets K. For example, if K is a disk
{z: 1z +r| <1} for some r (0 <r< 1), the images z,(,c”) of w’(,cn) = g2mik/(n+1)
under the mapping ¢ from ) to K°, with ¢(0) = 0, will not be uniformly
distributed. The reader will find without difficulty that in this case

”"’1\/7[{_”—-) 1 + r(n —> o).

Example. If K = [-1, + 1], then Y(w) = %(w + 1/w) furnishes the mapping
from {w: |w| > 1} onto K¢, and thus the Fejér points of order n are

(2.7) N ()

o) =z”)5 LM =, ..,

and at these points f and f* must be interpolated. Our general results imply:
Suppose Ep denotes the ellipse with semiaxes a = 14(R + 1/R) and
b =%(R - 1/R), where R > 1.If fis analytic inside and on Ey , then

IfGx) - L,(x)I =O(1)R™  (x € [-1,+1];n > ),
where the interpolating polynomials L, are constructed from the Fejér points

(2.7). This same rate of convergence was exhibited by the interpolating poly-
nomials for the Chebyshev points;see §1, B.
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D. The system of Fekete points

Here we become acquainted with another system of uniformly dis-
tributed points that was introduced by Fekete [1926] . We define these

Fekete points for an arbitrary compact set K C € containing infinitely many
A& VIRV L y J t’ AV 9 W b AN 5 AALLALAAL ‘vvl 44 J

points. Forz; €K (k=0, 1, ..., n) we take the product of the distances

P(ZO,ZI,. .« ,Zn)=H]-¢k IZ/-Zkl.

- (LS
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of Feket points of order n. Obv10us1y, all such points are distinct and “as far

as possible apart from each other” on K. The following lemma contains their
most important property.

Lemma 2. For each system of Fekete points zg') we have

©,()

D

(2.8) <l @™ (®=0,1,...,n;z€K);

that is, the corresponding basic polynomials I}c”) satisfy the condition

(2.9) IMeE) <1 (EK).

Proof. In order to show that (2.8) holds, say, for k = 0, we consider the

function

(n) M= " (n)2
According to the definition of Fekete points, F{z) assumes its maximum on K
for z =z Hence

and this is exactly (2.8) for k¥ = 0.
If L, denotes the interpolating polynomial corresponding to the Fekete
points, property (2.9) now allows us to derive an estimate for the expression

If-L, 1= max, plf(z)-L, (),
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@) -1,z N=[f2)-E)]-L,(zf-B),

where
IL, (2 f- B = 12} o [T - B,INID @) < If-P 1 - Z2_ 1P ()

<(r+1)If-2

—because of (2.9). It follows that
(2.10) \f-LI<(n+2)If-2 1.
We now use the Fejér polynomials for such an estimate of If- L, |.

Theorem 4. Suppose K is a compact subset of € and K€ is simply con-
nected, suppose further that f is analytic on K. Then the interpolating poly-
nomials L, corresponding to the Fekete points satisfy the condition

N

L,(2)=f(z) (n—>o;z€EK).
Combining this with the general Theorems 1 and 2, we obtain the follow-
ing corollaries.
Corollary 1. The Fekete points are uniformly distributed on K.
Corollary 2. On K, the L, converge even maximally to f.

Proof of Theorem 4. Since ¥ might not be continuous on {w: |w| =1},
we look for the Fejér points on alevel curve Cp . Here R > 1 is so small that

f is analytic inside and on Cgr- Let P, denote the interpolating polynomials
corfeSponulng to UICSC pOlﬂ[S 111 VleW OI I.IICOI'CIIIS 4 ana J mey SdIlSIy

If2)-P,(2)I<Mq" (n=0,1,...;2€C)

FAr cnma 27 < 1 Tha cama inannality halde in int K and /( N\ nAwr
1Vl oVillv l-l ™~ A AILV OdlllVv 11l U\iua.uty J1VUIUS 111 111L UR ik 4 Qi1 \ } 11LUvYY
gives the desired result.

The Fekete points play an important role in determining and estimating
the capacity of K; see Pommerenke [1975, Chapter 11]. Their distribution
on 3K can be studied fairly closely if 8K is a sufficiently smooth Jordan
curve; see Pommerenke [1967], [1969] and K&vari [1971] . There numerical
experiments to determine the Fekete points are also reported.
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Remarks about §2

1% + fE A Ralrata fuieth + nt
1. Besides the systems of Fejér and Fekete, further systems of point

also important for complex interpolation, conformal mapping, and the
solution of the Dirichlet problem. We mention here the point system of Leja
[1957] that is obtained recursively, the extremal system of Menke [1972],

[1974a], [1974b], [1975], [1976] that works with intermediate points, and
the Curtiss paints [1962], ”QRA] [1066] ”QRQQ] (epp also Siciak ”Qﬁ‘ﬂ

o WA VAU MALLVS g XS Ve ) L7 v [l | L2~ v~ Vv QASU wWaivailas A S

and Menke [1977] ), whxch play a role in the mterpolatlon by harmonlc
polynomials.

Q awn
o alv

2. In the convergence theorems in Sections B and C, the behavior of

"Vlw,(2)| as n— oo was crucial. The sequence {w, (z)} itself is examined
under more detailed assumptions about 9K by Curtiss [1941a], [1941b], who

MM Nra neanicona atatasnmanta alAse thn ~nrererananm~n A Dincan nsnia astaan

UsSEs moie PLOLLOU Statviliviib aUUUL l.uc LCUILVULEULIILC Ul INC1I1allll DUILD.

3. In the theorems of §2, the domain of analyticity of f always contained
the interpolation points in order that Hermite’s formula could be used. If G
is a Jordan domain, f1is analytic in G and continuous in G, and if one inter-
polates on 9G, then there are two possible ways to examine the sequence

i, }
anga’e fAarmiuila £1 M. A Al ~aals
ail 5 8 107G (1.2, UiCh O1ic 108€Ly

the behavior of the basic polynomials llg ™. See, for example, urtlss [1 35]
or Gaier [1954].

b) One stays with Hermite’s formula (1.3) and integrates across the nodes.
Then one needs to interpret the integral in the sense of a principal value; see
Curtiss leﬁQh]

4, For 1nterpolation on the boundary of the domain of analyticity of f, the
relation L (z) = f(z) (n > °°; z € 3G) need not hold; see §4. However, under

suitable assumptions about 3G and f, we may have convergence in the mean:

ﬁf(z) -L,(2)Pldz| >0  (n—> );

0G

n A 110aaq T Ay
a) Une uses apl

G)

mande ¢~ Awr -
1iccas 1o c)&au

see Al’per and Kalinogorskaja [1969] .

5. Under some circumstances it is useful to employ polynomials of degree
somewhat higher than » for the interpolation in n + 1 points. For example,
Kdovari [1968] proves the following. Suppose G is a Jordan domain with suf-
ficiently smooth boundary; suppose fis analytic in G and continuous in G;
and suppose the nodes z( " €3G satisfy

P @I<M  (E€Gk=0,1,...,mn3>1).

L - fad

hen, for n > 0, there exist polynomials P, such that
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a) deg P, <n(1 +n),
\ D7 (n)\ — n_(n)\
VB (2;.7) = 1(z;7),
)B(2)=fz) (n—>=zE€0),

E,
d) B, =P (°, f)is a linear operator in f.

§3. Approximation on more general compact sets;
Runge’s theorem

Up to now we have assumed that the complement of the cothpact set
K, where we are to approximate by interpolation, is a simply con-
nected domain; we have then been able to work conveniently with the con-
formal mapping ¢ from {w: |w| > 1} onto K¢. Now we admit a largely
arbitrary compact set K, interpolate in the Fekete points of K, and prove
independently from §2 the convergence of the interpolating polynomials,
assuming f'is analytic on K. A proof of Runge’s approximation théorem
results as an application.

A. Again: Interpolation in Fekete points

- 4L . O£
U IU.LlUW'

e m Y o S L.

a Green’s function G with pole at °. The latter is characte
ing properties:

Suppose the compact set K C € is such that K¢ = C\K is a domain that has
d by

a) G is harmonic in K€ and is positive there;

b) G(z) - log |z| is bounded for |z| - oo;

¢) G(z) = 0 forz - oK.
The existence of such a Green’s function is assured if and only if K has posi-
tive capacity (see, for example, Goluzin [1969, p. 309]). Sufficient for the

existence of G is that K consists of finitely many components (each of which
contains more than one point).

The set
={z: G(z)=logp} (p>1)

is called a level curve corresponding to the parameter p. For all p # p, it
consists of finitely many analytic Jordan curves % such that
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%N =0, intyNinty =9 (#k),
and
KC Uj int ’yj

Here the p, are at most cmmtah]v manv excentional values with p, =1 for

LA e L\ SAv &5 22228 g 223823 VAARVV R v llse Dawewd VYV awaa A9 Lwa

which C; passes through “cntlcal points” of G, where finitely many 7, meet
(Walsh [1969 p. 67]). The set of exceptional values p; is empty if and only

if K¢ is simply connected; this is the case we have considered so far. For in-
creasing p, the domains bounded by the v; expand monotonically in the

obvious way, and for each point z € K¢ tﬂere exists exactly one p such that
z E (" , namely p = pG(Z)

i188siavay

Now if fis analytic on K (and not an entire function), then there exists a
maximal p with the property that fhas a unique analytic continuation from
K toint C,. Note here that in the various components of K completely differ-
ent analytic functions can be defined, each of which can be continued to the
corresponding part of int C Consequently, C does not necessarily contain a

e1ngnlnr|hr of the nnnhrnmhrm of f' in fa r~f f’ nnpd not contain such a sin-

AlL 1AW

gularity if it contains a critical point Q of G In this case two analytic con-
tinuations meet at Q.

This maximal p now plays a crucial role for the rate of convergence of the
interpolating polynomials.
Theorem 1. Suppose p > 1 is the largest number such that fis analytic
inside C,, and suppose the L, are the interpolating polynomials constructed
with the Fekete points on K. Then

(3.1 lim "v/max {If(z) - L, (z)I: z €K} = 1/p,

that is, the sequence {Ln} converges maximally to fon K.
Note the remark at the end of §3.

Proof. a) First we observe that (3.1) cannot have “<”. If this were the
case, the relation

) - L) <MIR,

nnd 4l I (N < IMIDN (0 2 B\ vrnnild Lald fne +ha e
afa uius |un+1\41 Lay\e)I == oVl \2=h) WOuULd no1G 10T i€ polL

lynor
L, and some R > p. An extension of Bernstein’s lemma (Chapter I, §4) to
the case where K° might be multiply connected then shows

m 1

L4, - L,(2)| < 2MR'(R'[R)"
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for all z inside the level curve Cp.. For p < R’ <R one finds that L, (z)= F(z),
and f would have an analytic continuation F into the interior of Cg.; this con-

b) In order to show that lim < 1/p, we choose R, and R such that
1< R, <R <p;here we assume that R is not an exceptional value p; , so
that Cp consists of finitely many analytic Jordan curves.

Step 1: Suppose d, <|t-zI<d, (z€K,t€ Cr, ); then
3.2) lw, @) w, (N<(n+2)d,/d (n=1,2,...).

To see this, observe that the interpolating polynomial L (z, f,) correspond-
ing to the function f,(z) = 1/(¢ - z) (where t € C,, is fixed) has the form
- i |

w,(2)
z w, (t)(t-2) ’

L f)= —

as already mentioned in §2, B; hence
lw, @)w, O =11+E-1)L,z fI<1+d,-(n+ 1)/d, <(n+2)d,/d,.

Here we have used property (2.9) of the basic polynomials, namely
II;C")(Z)I < 1 (z € K), which is valid when the Fekete points are chosen as
interpolation points.

Step 2: Next we find an estimate for the quotient (3.2) for t € Cp:

w,(2)

w,(?)

(3.3)

d2 Rl n+1
<(n+2)—=(— z€K;t€C,).
( )d1 (R> ( r)

This is valid because (3.2) implies that

d,iw, ()

g Ue ¥ -lu

=:4 (zEK fixed;1€Cq );

hence we have for t €, that
e |

h(t) :=loglw, (O - (n+1)G(t) 2 A -(n+ 1)G(t)=A-(n+1)logR, .

On and outside CR , the function A(?) is harmonic and bounded for ¢ > oo,
so that the minimum principle can be applied:

min {i(t) : t € Cg} > min {n(t) : 1€ Cy };
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consequently

logiw,(Di-(n+1)logR2A-(n+1)logR, (tE€C),

a.d.t_--ms\ 3).
Step 3: Estimate of f- L, . According to Hermite’s formula, we have

f2)-L,(2)= [ n@) RO 4 zEK),

w, (1) t-z

and taking (3.3) into account, we see that
f2)-L,(z2)=0Q1) - (n+2)R,/R)" (zEK;n~>).

Hence

and since R, > 1 and R < p were arbitrary, we have that lim < 1/p.

B. Runge’s approximation theorem

Theorem 1 offers an opportunity to prove the important theorem of
Runge.

Theorem 2 (Runge 1885). Suppose K C € is compact, K ‘= C\K is con-
nected, and f is analytic on K. Then there exist polynomials b, such that

max {|fz)-P,(z)l:z€K}>0 (n—> ).

This theorem marks the beginning of complex approximation theory. It
was published in the same year as the theorem of Weierstrass about the
approximation of continuous functions on intervals. Runge conducts the
proof of Theorem 2 using rational approximation followed by shifting of the

nnlace wa chall ratiirn +n thic acgain in Chantar TTIT 81
BU].\ID, YWV olldail 1viulll LV L1l a5m11 11 \./l.l.ayl-\dl -lll., s P oy

Proof. Since K¢ is a domain, it can be exhausted by a sequence of fini tely
connected domains (quh ”QEQ DD R..Q'l\ this means: There are domains

LilVWw y PP Avaw unv - Saa A L

Gj such that
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N2 c.
) G; € Gy €K

ii) UG, = K¢;
iii) aG; = I‘(l’) U I‘g’) U...U F]({,) with rectifiable Jordan curves I.

Since fis analytic on K, there is an index j such that fis analytic on and
inside the components of aG], we fix this index and let k; denote the closure
of the domalnmtI‘ @(i=1,2,...,N).

N TN N
Gz’ %y \Quyp)

Now f'is analytic on the compact set k := Uiiv{ k; whose complement has a
Green’s function. This allows us to apply Theorem 1, and we conclude that
the interpolating polynomials P, that are constructed for the Fekete points
on k satisfy an estimate

max {|f(z) - (z):2€k}=0(q") (n—>)

for some g < 1. Since k D K, the assertion follows.
Next we analyze the assumptions of Theorem 2.

1. If K€ is not connected, the theorem is false. For if K€ is not connected

and thus has a bounded component g, we choose z, €g, writed =
max {|z -z |:z €K}, and consider the function f(z\- 1/(z - z,), which is
analytic on K If there were a polynomial P such that

IPz) - f2)I<1/d (z€K),

then

|z ~z,I
d

1P(z)(z -z,) - 1I< <1 (z€K).

But gis compact, and the polynomial P(z)(z - z,)) - 1 assumes its maximum
on g at the boundary dg C K. This implies that

PEz-2,)-11<1  (z€g),

which obviously is false forz €.
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2. The requirement that f be analytic on K can, however, be weakened. In
order for the conclusion of Theorem 2 to remain valid, it is sufficient that fis
continuous on K and analytic at the interior points of K (if there are any). It

is considerably more difficult to prove this theorem of Mergelyan; we shall
return to it in Chapter III, §2.

Remark about § 3

In this generality, Theorem 1 was first proved by Walsh and Russell

[1934] . The proof presented here goes back to Shen [1936, pp. 158-159];
see also Walsh {1969, p. 173]. The proof can be adapted to interpolation by
rational functions. To this end, let a,&") (k=0,1,...,n)denote prescribed
poles, which may only have accumulation points in the exterior ot (,;, and
choose the interpolation points z}c”) on K such that

g I - 20V e 1 - o)

becomes a maximum. Instead of polynomials, Shen then allows rational func-
tions of the form

ay ta;z+. .. +a,z"
) ) ¢
-z -a) ... (z-d™)

for the interpolation, and he then proves a theorem that generalizes Theorem
1.

§4. Interpolation in the unit disk

We shall study this special case more closely, because here several more subtl

etatamante can ha mada ahnnt the canvaraence and diveroence nf internnla.-
(] Willwililo Wil U llidAlly AUUuUL Ll VU‘I'VI&VILVV i AN \.uvv:.a\u.l.vv J4i ul‘-vlt’ul“

ting polynomials. In addition, we present a theorem about approximation in
the unit disk by rational functions, where the interpolation points also lie in
the unit disk.

The situation is the clearest, if we choose the interpolation points

4.1) zg‘) = re2mik/(n*1)  (k=0,1,...,m0<r<1).
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Suppose the function f, which is to be approximated, is analytic in

D = {z: |z] <1};let L, denote the nth interpqlating polynomial correspond-
ing to the points z}c"’ and let S, denote the n™ partial sum of the Taylor
series of f at 0. Asin §1, B, Hermlte s interpolation formula now leads to the

1 [ tn+1_z +1
2m} (- ) - "+1)

t1=r

where r <7< 1. For |z| = R > 1 one finds that L (z) - S, (z) = 0(,:1Rn/72n)
(n - =), and since T may be arbitrarily close to 1, we see that

4.2) L, (2)-S,(z)=0 (n->lz| <R)

for each R <1/r. Thus the sequences {L, }and {S, }are equiconvergent in a
disk containing .
We draw the following conclusions from this:

1) In each compact subset of D we have that L (z) = f(z) (n > ).
2) There exists a function fanalytic in I and continuous in D whose

bnviemlatiag nnaliransminla T Anveragmmmndias ¢ Aen mhmivaadad ot » = 1

llll-Cl.PUl.al.llls PU]._Y“.U].IU.CIJ.D Lln UUllCDPUllullls (R} \“" 1} alC uuuuuuucu alL & — 1.
sup, |L, (1) = ; for, as is well known (Fejér, 1910), there exists such an f
with sup, ISn(l)I = oo,

3) On the other hand, also according to Fejer (1904), the arithmetic means
of the S, approach f for |z| = 1, provided fis continuous in I and analytic in
D. For such f we thus have

—_— E L z)=f(z n - o0z €M).
—— Ty L) ( )
Statement (4.2) will now be examined more closely.

First, the domain of validity {z: |z| <R} (R < 1/r) can, in general, not be
enlarged. In particular, if one takes f(z) = 1/(z - 1), then

n+1 n+1
Ln(z)= 1 _ z +1—r
z-1 (A-r""H(E-1)
and
_ntl
S (z) = 1__2___,

z-1
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so that

r 1 -2

L) - 5,)= T S

For z = 1/r, the right-hand side becomes -r/(1 - r) and thus does not tend to
zero.

But it is possible to enlarge the domain of validity by using different poly-
nomials of degree n instead of the partial sums S, of the Taylor series f(z) =
E,, na,,z (z € D). Cavaretta, Sharma, and Varga [1980] have pointed this

out 111_ a recent work. (There everything is in the context of interpolation in

the roots of unity, and fis assumed to be analytic in {z: |z| < p }for some
p > 1.) To see this, we consider the polynomials of degree n

= k : .
Sn,j(Z) o« E’Iz=0 dj(n+1)+k2 (]_0, 1, 2, . .),
obviously, S, ,(2) = S,(2). They have the integral representation

B Rt ot B ()
i ) iz DG

and for the polynomials = /=0 i(z)rf(””) (I=0,1,2,...),also of degree
n, one finds that

(z)r/("+1) 1 tn+1 _Zn+1 (I+1)(n+1) (l+1)(n+1) f(t)dt,
] 0 n, i (tn+1 n+1)t(l+1)(n+1)

t-2z
\t\=r

Hence

L) - )08, WD =

LD (+1) 1 [t -] . f(H)dt
2m t-z ("1 - ]y (FD () 2

lt\=7

which is a generalization of the formula following (4.1) above. For |z| =R >1,

the right-hand side is O(r 1R |7(42)7) (5 - o0), and since 7 may be
arbitrarily close to 1, we obtain

4.2") L,@)-Zl.08, @™ D=0 (112l <R)
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aslongas R<1 /rl+1 For I = 0 this becomes (4.2).
The bound r+1 s again sharp, but (4.2") holds even for |z| < ri-1if fhas

a continuous extension to ID or at least an integrable boundary function. For
details we refer to the cited work by Cavaretta, Sharma, and Varga [1980].
There corresponding theorems about Hermite interpolation and Birkhoff-

Haormita intarnnlatinn ara alen nravad
11V11llile 111 LVLPULGLLUH alv daiov PJ.U AAYAY

B. Interpolation on {z: [z] =1}

If one takes the (n + 1) roots of unity ( ) =2kl (nt1) (g =0 1,...,n)
na $entnrem~ladlem mnlmba A smrviad wafae lhanl- ‘-n T anvam ea’a fAren o Wa lhhawrra
as inierpoiavion poiiiis, Ofic imMust r¢1Cr 0ack 10 LAgrange s 1orimuia. we nave
)
w)=z""1-land W'@Z)=(n+1)" == ifz = zg’);hence
(my,(m
4 4
(43) L (Z)=(1-Zn+1) _1___n_A f(k ) k 2m
n S S

we obtain the result: If fis continuous on {z: |z| = 1}, then

L ()~ — [f(i') dt (n—o;z€ED)
l.luJ;-/..

uniformly on compact subsets of . The result can be extended to (smooth)
Jordan curves;see Curtiss [1935]. In particular, if f€ A4 (i.e., fis continuous
in D and analytic in D), then L, (z) = f(z) (n - =) on each compact subset
of D.
But what is the behavior of {L,} on the boundary of the unit disk? We
now turn to this question. \
We begin with a positive result. The numbers

E, =infmax {If(z)-P(z) |: z€D}

enter into this, where the infimum is taken over all polynomials P of degree n.

Theorem 1. Suppose f € A, that is, fis continuous in D and analytic in D,
and suppose L Is the interpolating polyromial (4.3). Then

(4.4 If@) -L,@) <KME, log(n+1) (n=1,2,...;z€D),
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where M is some absolute constant.
For the proof we need the following lemma.

srnsenn 1T Qhizeze s PURNNGy SYNRPRSPN g | i SR

Lemma 1. Suppose P is a polynomial of degree n = 1, S€
lP(z("))I < 1 for the (n + D™ roots of unity z(”) (k=0,1,...,n). Then
4.5) IP(z)| <3log(n+1) for Iz|<1

l'\'p ‘L\ '; t\‘ L\ fl flﬂ a0 l\ ﬂﬂﬂﬂﬂﬂﬂ l\l F-47-% 21 ‘I\I\Ilnt\
Ul il 1de is best PpOSsioie, €VEn niougii

3 could be replaced by a smaller constant. For this topic see Gronwall [1920]

Proof. Forn =1 we write P as

1+z

P(z) =

1),

which implies that [P(z)| < %[|1 +z| + |1 - z|] <+/2if|z] < 1. Hence (4.5)
holds forn =1.

For n =2, we begin with the representation of P by Lagrange’s formula
(see (4.3)) and obtain

PG < —— 37 L -2""
n+1 k=0 Izkw—zl '

T . In the last sum

We can now assume that |z| =1 and 0 <argz<a := 1
n

each summand is bounded by n + 1, because

1 -zt
»)
7 -

(4.6) =1 + @Yz A @) 4 <n L

We estimate the terms correspondingtok=0Qand k=1 byn+1. For the

rresponding to 0 and
remaining zg’) on each side of the diameter of the unit dlSk that passes
through 0 and z, the arc between z and z(”) has length 2 a, 2¢, 30, . . . , pa,
respectively, where pa < 7. Hence Iz"" zl is at least 2 sin a/2, 2 sin 2a/2,

, 2 sin paf2, and since sin x = (2/1r)x for 0 <x < m/2,itis at least 2a/m,

4a/1r, ..., 2pafn, respectively. For these zg') we thus have that
—Tr—_l -2 is at most —- i T
IZ’?'-ZI a’2a" ’pa
Hence

PEI<2+ —— * 22y ;f--zup S <3+logp<3+log?,
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so that

n+1l

IP(z)| <3 +1log for |z|<1

ight- side is <3 log (n + 1), as asserted in (4.5). And for

n = 2,(4.6) implies that [P(z)| < 3, and therefore (4.5) holds for all n > 1.

Proof of Theorem 1. Suppose P is a polynomial of degree n such that
If- Pll=E,. Then

f@)- L,z N)=[f(2) - P()] -L,(z, f-P),

because L, (z, P) = P(z). From this and (4.5) we get forn > 1:

If-L I<If-Pl+IL (-,f- PI<E, +3E, log(n+1),

since L, (¢, f- P) is a polynomial of degree n whose values at the (n + 1)
roots of unity are bounded in absolute value by E, . This establishes (4.4).

Under the assumptions of Theorem 1, the E, always tend to zero, but
L(z)=fz)(n>=;z€ D) is assured only if even E log(n+1)—>0(n—>)
Th1s is the case, for example if f€ Lip @ on aD for some a > 0; see Chapter
I, §6D. But in general the sequence {L (-1)} can be unbounded, as Fejér
[1916] has shown with a tricky construction.

For the sake of technical simplification we interpolate in the points

= = ,2ni +1 =
wi =z = nikl@*)  (k=0,1,...,n).
We let U, denote the interpolating polynomials. Then the following result
holds.
Theorem 2. There exists a function f, continuous in I_'T) nd analytic in D,

for which the sequence {U, (1, f)} is unbounded.

Proof., Fejér works with the polynomials
1 ZP-1\ P+l P2 22D\
h(z)=(—+ +...4 )-( + +o.t )
p p p-1 1 1 2 p

(p € N), which he introduced earlier. First we need to study U (1, hp) for
various values of p and n.
i) If n is odd, then 1 Is an interpolation point, so that

Un(l.hp)-hp(l) =0 for all odd n.
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ii) If n > 2p, then U, (z, h,) = h_(z), so that

U1, hp) = hp(l) =0 foralln>2p.

iii) Now we study Un(l,hp) forp=n+1,p=3(n+1),...,p=u@n+1),
where » is even and u is odd.

Forp=n+1, we have (w,(c"’)p =(-1Y = -1, so that

(n) m\r-1
hy(wi) = (-1- R/ SN/ Y )

7 \p p-1 1
[w® (02 whwe-1
+ k + \"Ek 7/ + 4 \"k 7 _ _l_ =81(W](cn))s
1 2 p-1 p

1 1 1\ » (1 1),,_1
z2)s(— +1l)z+|{—+ —|2°+... ¥+ — ]z .
& (p-l > (p-z 2) 1 p-1

Hence U, (z, h p) = g,(2), and consequently
U,(1,h,)=g,(1)=2 E;‘=1 1/j forp=n+1, neven.

For p = 3(n + 1), one finds in the same manner that hp(wg’)) =g, (wg‘)),
where

o (4 ) (5 3

Hence
UG, hp) = g,(2), and therefore U, (1, hp) =g,(1),

and the latter obviously is positive. We note that
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n 3
usly one shows that in general
U, hp) >0 forp=u(n+1), neven, uodd.

r a A 1 A Ffis Aa A Lc: o cnrloa A<remmes ol
11U ULsI1ItU J 15 AC1IICA DY a S€rie€s €Xpansion

oo - 3
f(z) := 21k 2 hpk(z), where p; = 3k

This series converges uniformly in D, since |4 (z)I <M forallz€D and
p € N. Hence f€ 4. In addition,

V(1 A= %2717 (1 \
\Jn\l.,"] r J =1'V Un\L,llpk}
. k3
We now write n =3"0 - 1 for some k, € N and decompose U, as follows
rr/i A=E 1—201'/1 h \1_1—201/1 h \*z k—zzjrll n AN
nk ’] k<ko n( ] pk) 0 n( ’ pk ) k>ko n ’ pk)

) PRSP mad au wxra lhasra = o nd -..,.L ....... N Loy 22 Ton 4l
111 UIC 11Id5L dUIIl WO llave [Jk 1 s dU Lilal Calll auuuuauu 1 VU Uy 11). 111 UIv

3 3
last sum, p; = 3k7 = y.3k0 = u(n + 1), where the factor u is odd; hence each
summand is > 0 by iii). But in the middle expression we have p, =n+1,

0

where n is even; hence, by iii), the summand in the middle is
k222 1/i>2k;% log (n+1)=2k;2 - k] log 3.

All together, the sequence {Un(l ,/)} is unbounded; Theorem 2 is established

In order to avoid the phenomenon of divergence expressed in Theorem 2,
one could consider those polynomials H, of degree 2n + 1 that satisfy

HEM =) and HEM)=0 (k=0,1,...,n).

For each continuous function f and for a suitable choice of the interpolation

mwninte thic Harmita intarnnalatinn alwave laade +n a nAanvarcant nracrace in tha
PUIILLD, Lllla LAVIIILLILG llll-\lltlulallull aLvy ayD ivauo U a UUIIVVIEUIL‘- PI.U\.'\IOO 111 Liiv

real case; see, for example, Natanson [1955, p. 397] . However, one can
show here that

H@=01-2""YL () +0(1) (n->=;z€D)
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(Losinsky [1939, p. 320]), so that the unboundedness of {H, (-1)} follows
from that of {L,(-1)} (n even). By the way, this is true also if one requires
more generally that

YRS Y A ! G D
H (M) =fE") and H, ()=o),

C. Approximation by rational functions

From this rich subject we will select only one specific result, which is con-
nected with the interpolation in the unit disk. Moreover, it has a certain
practical significance.

Theorem 3. Suppose fE€ A, and suppose & , ¢, , . . . , o, are pairwise dis-
tinct points in {z: |z| > 1}. For rational functions of the form

n
aytayzt...ta,z

(z-0)(z-0)...(z-a,)

-~
3

N’

@)

7~~~

the expression

J1f@) -G Idz]
oD

is a minimum if and only if r interpolates the given function f at the points

n 1/~ 1 /v
Uy 1&y 5000y 1y,

Proof. Suppose r* is this interpolating rational function of the form (4.7);
it is uniquely determined. We show that

f-r*is orthogonal to the functions 1 and 1/(z -o4) (k=1,2,...,n).

For we have
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[(f-r% =L jazy=1 f(f- r*) =0,
j z- ak 1 bl Olkz
oD BD

because f - r* vanishes at 1/&,.

Now we see that flf— 71*|dz| is a minimum if and only if 7 = r*. The

reason is that o

87

Jif-ntidzi= fI(f-r*+@*-DIF-r®+@* -] "ldz
= fIf-r*2idzl+ fir*-r?|dz| +0;

here we have used that

Ay
lz-ooa,

r*-r= 3"

+A-l
0°

where the 4, are constants. The last statement holds, because r* -ris a
rational function with simple poles at z = a;, which remains bounded for
z - oo, Everything follows from this.

If one takes more and more poles ag'), one obtains a sequence {r, }of
rational functions of best approximation for which the relation

@)=z (n->>z€ED)

holds if f is analytic in D d if the poles do not have a limit point on 9D.

Dr\f dataile can Waleh 1
Wi UV Lalldy OVV YYaloll l

24581
.« LTI,

T

’

Remarks about §4

1. The proof of Theorem 2 could be simplified somewhat by using the

Banach-Steinhaus theorem. Consider the functionals U, (1, f) for even n and

for fin the Banach space A. We saw in iii) that |U, (1, h )I > clog n for
certain polynomials 4, (p =n+ 1) with lIn_| <M. Hence the norms

IU,(1, +)ll are unbounded and the Banach-Steinhaus theorem guarantees the

existence of an f € A with unbounded U, (1, f).

Divergence almost everywhere on |z| = 1 is discussed in a recent paper by

German [1980] .
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2. Interpolation theory in the real domain often depends on summability
processes. For example, if fhas period 27 and is continuous on R, and if

(n)

U,x, )= +Zpo, (a(”) cos kx + b(") sin kx)

is the interpolating polynomial corresponding to f and the points
x}cn) =2nk/(2n+ 1) (k=0,1,.. ., 2n), one writes

U (x A=-2_+3
n,]\’-” 2 k= 1\

~~
Fey
co
-’
=
S
R
<
-
n

for convergence. The general process of this type is defined by
0,06, )=Zr0 (a,(c") cos kx + b,(c") sin kx)?\,(f)

with certain weights R,g"); see, for example, Natanson [1955, p. 406 ff.] and
Zygmund [1959, p. 22 ff.] . Note that in forming these means, only the
values of f at the points x(") for the respective n, are used.

Means of the form =7 _ 2\,2" U, (%, f), such as the C, - means

1
'rn(x, f)= ";'Tl- EZ=0 Uk(x, _f),

are discussed less often. Here interpolating polynomials corresponding to
different systems of interpolation points are averaged. In this context
Marcinkiewicz [1936, p. 5], for example, shows that there exist a con-
tinuous function f with period 2m and a point x such that {7, (x, f)}does
not remain bounded.

These methods could be used to study limits of the polynomials L, (z, f),
which interpolate on [z| = 1; but little has been done. Berman [1971]
applies a process analogous to (4.8) to {L,}, and Gaier [1954] constructs an f
for which not only {Z,(-1)}, but even the Borel means of this sequence are
unbounded.

Quite recently Vértesi [1983] proved the following surprising result:
Given any row-finite summability matrix M, there exists an f € 4 such that
the M-means of the interpolating polynomials, formed for f'and the roots of
unity, are unbounded. In particular, the Cesdro means
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—_ n
4,e0) 2o Ly@ )
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4, | diverge like log n

3.1f fis analytic in D, then L, (z, f) = f(2) (n - *°; z € D) is valid for
mterpolatlon in uniformly d.1str1buted pomts on o). Hlawka [1969] deals
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PART Il

GENERAL APPROXIMATION THEOREMS
IN THE COMPLEX PLANE

In contrast to the treatment up to now, the constructive points of view will

not nlav ench an imnartant role here Inetead we chall nnw daal with
ARV W tIJIAJ DWW \Wwil BAL ullt’vl VWML L AWAV ALiWiWV,e 1L VWAL TYVW WDALWMAL ALV YY NAWUL YYAULLL

questions about the existence of approximating rational, entire, or mero-
morphic functions. At first the set, where the approximation is to take place,
is a compact set K in €;later,in Chapter IV, it is merely a closed set F in an
arbitrary domain G C C.



Chapter lII

APPROXIMATION ON COMPACT SETS

For i b fa gy g X polviomial

more generally, rational functions can be utilized. The situation is simple if f
is dIla.ly l].C on A WHGIeEIS a WCdKCIlll'lg OI tﬂiS assumpuon requ1res a mucn
greater effort. We begin with Runge’s theorem; a weak version of it has
already been proved, but the following proof will make Chapter III inde-

pendent of the preceding chapters.

§1. Runge’s approximation theorem

where P, P are finitely many polynomials (partial fraction decomposition).
Compact sets can be very complicated; an example shall suffice (see also

@@Om
(O e

Barrier reefs

Inner snake
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A. General Cauchy formula

We shall need the following result.

Theorem 1. Suppose K is a compact set in € and U O K is an open set.

Then there exist finitely many horizontal or vertical, oriented line segments
Y15 Ygs- -+ Yy in UNK such that if fis analytic in Uand if T =y, + ...+,
then

f@)= ——ff(‘) & (@EK).

r

Note that I" depends on K and U, but not on f.

Proof. Let & :=dist (K, 0U) > 0. We introduce a square grid of mesh % in
the plane, where #v/2 <8&. All closed squares of the grid that intersect K get

numbered: @,,0,,..., Qp. Then
Kcugcu

The inclusion on the left is obvious, and if z, € Q N K, then the entire disk
about z | with radius § is in U, and with it also the square Q of diameter

W2 < 8.
Now suppose the boundary of each Q] has positive orientation. If two
squares Q., O, have a common side v, we discard it. Let VisYose oo s Wy

ares L 1AvE 4 COmmon 32 discdral

denote the remaining oriented sides of the Q No 7; meets K; otherwise Y
would belong to two adjacent squares. Hence

Qunnoce now that fic analvticin Nand 72 &€ K co that 7 € 0. for at leagt
wut’t’vuv ARNS VY Ile.“‘vJ A l‘-ll“l.J VAN AAL W RALNL v ll’ VW WAV & z]o ANWEL WY AV WYL
one j,. If in addition z € ]° , the formula of Theorem 1 is valid:
(1]
1 [r¢ 1. (¢
@)= — _Qd§=__.zi (—)d§
2mi -z 2mi -z
%9 O;
_ 1 1@ 4
2mi -z
r

Andifz € an , then z belongs to two adjacent squares and thus lies on a

discarded side; comequontly z ¢T. A continuity argument shows that the
formula Is also valid in this case.
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B. Runge’s theorem

We continue to write K¢ = C\K.

Theorem 2 (Runge 1885). Suppose K is compact in € and fis analytic on K;
further, let € > 0. Then there exists a rational function R with poles in K¢

such that

| y.ya o

2)-R@)I<e (€1

\_,3

Proof. We use Theorem 1 and approximate the integral by Riemann sums.
Since fm analytic on K, there exists an open set U D K in which fis analytic.

an AW a3 GR2GL ) = VAl 2Ly sAav R =2 S22 <)

Suppose I is deterrmned and consider
fEIE-2) for(§,z)ET x K.

that for each € > 0 there exists a& > 0 such that

| 70 - )| v whene

|§ - , wheneverz€ K and ¢
z -zl

AR @iy

We partluon I' into subintervais T, of lengtn < & and choose g e1I;. Then

J A |
ff(f) d - ffmdr‘ <— Tl ek,
2m z 2mi
Ly Ly

and summing over j, we find that
1) - R@)| < 56; Nl EK).

Here R is the rational function

R()————EI-?—S:% ds,
Ty

which has simple poles at the points §; €T, C K©. €. If we choose €' = 2me/|T,
the assertion of Theorem 2 follows.
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choose a smaller €, the ¢, become more dense on I'" but do not move closer to
K. The next section also is concerned with the location of the poles.

In this method, which also goes back to Runge [1885, p. 236], a rational
function R, is approximated on K by another rational function R, whose

fR (2)dz - (R,(z)dz= [[R,(z)-R,(2)]dz,
K K K

since the left-hand side equals 2mi, while the absolute value of the right-hand
side would be less than 2.

In view of the application in Chapter IV, §2, we now replace K by a
general set M.

Theorem 3. Suppose M is an arbitrary set in € and vy is a Jordan arc such
that y "M = ¢. Let z, and z, denote the endpoints of vy. Then, for every
polynomial P and € > 0, there exists a polynomial Q such that

o () o)

Proof. Our assumption implies that dist (v, z) = 6§ > 0 for all z € M. Sup-
pose z, = $00815855 -8y =2, are points on vy such that |§]. - §i+1| <6 )
¢=0,1,...,N-1).58ince (z~-z,) ~ isanalyticin {z: |z~ | =0} U {oo},
there exists, for n > 0, a polynomial p such that

<e (zeM).

1 _p( 1 ‘X <n for {z:lz-¢ |>8}.

z-2, z-¢

In particular, the last inequality holds for z € M. Consequently we can find a
polynomial P, such that

| < £ forzem.
| N
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forzeM,

and finally

1 €
! ( s \ N ~ )|<N—'- forzeM.

\Z ~5y-1/ \Z~ 2%/
Thus (1.1) holds with Q = Py;.

Now we apply Theorem 3 with M = K to Runge’s theorem. There
R(2)= E] c,/(z - §) The poles { lie on I, but according to Theorem 3, they
can be sh1fted to pomts $¥, as long as §' and §* lie in the same component of
KC

| ¢;
i _o.
z-§; I\z

\ 1 3 ) )
—\|<e2? @en
-§ I

with certain polynomials Q].. The rational function R*(z) = E]- Q,. ( ——l—t—*)
AR O
\“ "3/
then satisfies | f(z) - R*(z)| < 2e (z €K), and its poles are located at the
points §]3".

Corollary 1 to Runge’s theorem: If one selects a point z, in each com-

ponent of K€, then R can be chosen such that its poles occur at the points z.
Clearly one component of K€ is unbounded. Suppose the pole correspond-

ing to it occurs atz, =m + 1, where m := max {|z|: z € K}. Its contribution

to R is of the form P(1/(z - z,)),which is analytic for |z| < m. Hence there

exists a polynomial Q such that

P(1/(z -

Lol N

z N =02 < e
J) 7

2\

orlzl<m

2o

and thus forz €K.

Corollary 2 to Runge’s theorem: For the unbounded component of K¢
one can choose the point at = as the location of the corresponding pole.

In the special case where K€ consists of the unbounded component only,
one obtains a result that we have proved earlier in Chapter II, §3, B (Runge’s
little theorem).

Theorem 4. Suppose K is compact in € and K€ is connected; suppose
further that f is analytic on K. Then, for each € > 0, there exists a polynomial
P such that

1f(z)-P(2)I<e (z€K).
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Our goal is now to weaken the requirement in Theorems 2 and 4 that f be

Ivtic on K and instead require only that £} . K and analvt

at the interior points of K. First we deal with polynomial approximation,

e i mmam s o \ P | al Lacam Ak oo
re we conii I ue to btuuy \ul 83} thc dPPIU)LI.IIldLlUIl Uy Idl.lUIl.d.l 1 lbt.lUIlb

.

o Lo
DC1

8§2. Mergelyan’s theorem

This great theorem, proved by Mergelyan in 1951, completes a long chain of
theorems about approximation by polynomials; the names Runge, Walsh,
Keldysh, and Lavrentiev are connected with it. (Literature: Mergelyan
[1951] and [1952, Chapter I], Rudin [1974, Chapter 20] , Walsh [1969,
Appendix 1]. These works use tools from classical analysis, whereas Carleson
[1964] gives a functional-theoretic proof; Bishop [1960] as well as

cksberg and Wermer sho e cited as forerunners of it. We
follow the classical route.)

A. Formulation of the result; special cases; consequences

Theorem 1 (Mergelyan 1951). Suppose K is compact in € and K€ is con-
nected, suppose further f is continuous on K and analytic in K°. Then, for
€ > 0, there exists a polynomial P such that

(2.1) 1f(2) - P2)l <e (z EK).

Concerning the strength of the hypotheses we can say that f must neces-
sarily be continuous on K and analytic in K* in order for a sequence {P, }of
polynomials to exist with P, (z) = f(z) (z € K). The connectedness of Ke is
also necessary, as we have alreadv seen earlier; see Chapter II, §3, B.

11l v WL2l8Y

The following special cases are included in Theorem 1: K is a closed

v AASW LB sty Wi - - v-u— Ai A AAW NSANAAA Ko AR

interval [a, b] (We1erstrass) K = {z: |zl < 1} (Fejér polynomials, arithmetic
means of the partial sums of the power series of f at 0); K = G, where G is a
Jordan domain and thus 8G is a Jordan curve (Walsh 1926); K =T, where T’
is a Jordan arc (Walsh 1926). Incidentally, the last special case would be false
in € (Rudin [1956]) Also included are the special cases K° = ¢ (Lavrentiev
1934) and K = K° (Keldysh 1945).

Further we mention three consequences of Theorem 1.
a) If T is a Jordan curve 0 E int I, and f is continuous on T, then for e >0
there exists a P(z) = E ,aﬁz such that |f(z) - P(2)| <e (z €Y.
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For the proof we use a conformal mapping g of int I" onto
D= {w:wl <1} here we assume g(0) = 0. It has a continuous extension to

intT,justash:= g~ 1 has a continuous extension to I. Since fo hiscon-
tinuous on oID, there exists a trigonometric polynomial T such that

LRIV WAl A SRl LALSLS € Lilpveseaivsast ~ag siwaiialia waa waal

If(h(w)) - T(¢)I <el2(w= e"”) Now T can be written as a polynomial in w

—and 1/w, so that

If(h(w)) - M __ A Wh<el2  (wl=1)

or
If) -2 A, @)™ I<ef2  (z€ET).

According to Theorem 1. each function (ol Y (1 > n\ can he annravimated
nvv\llmllb W A LAWNAWVA l W . AWVLANW WAL \b \H}} \”b | I Wwetil UV utltll.\ll\ullul-vu
L ]

on I arbitrarily closely by polynomials, and for (g(2))" = (g(2)/z)" + z™
(m < 0) this is true at least for the first factor. Our assertion a) follows from
this.

b) If T is a rectifiable Jordan curve, G = int T, and f is continuous on G
and analytic in G, then the generalized Cauchy integral theorem holds:

f f(2)dz =
For each polynomial P we have that f = f(f- P)+ f P. The second

o

r r r
summand vanishes, and the first one can be made arbitrarily small by

Theorem 1.

c) Using Theorem 1, one can prove the following generalization. There
exists a fixed power series that converges for |z| < 1 and whose partial sums
s,,(2) have the following property:

For each compact set K with K N {z: |z| < 1} = ¢ and with connected K€,
and for each function f continuous on K and analytic in K°, there exists a
sequence {n; } of indices such that

5, @)= f@)  @EK; ko).

The result is due to Chui and Parnes [1971] ; Luh has extended it to
matrix transformations [1974], [1976].

We gather some auxiliary results. Later, Parts B, and B, will be used
repeatedly.
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B1 . Tietze’s extension theorem

Suppose X is a locally compact Hausdorff space, K is a compact subset of
X, and f: K » C is continuous on K. Then there exists a function F: X » C,

continuous on X and with compact support, such that F(x) = f(x) forx €K
(of (of 2 ’ ) TINT v sk

The extension F can be determined in such a way that

-

max {|[F(x)|:x € X} =max {|f(x)|: x €EK};

see, for example, Rudin [1974, p. 422] . For X we shall mostly use C.

B,. A representation formula

In the proof of Mergelyan’s theorem nonanalytic functions occur, which
are to be represented by an integral formula with the Cauchy kernel. Suppose
now that G is an open setin R? and f: G » C is continuously differentiable
in G. We introduce two differential operators:

or=3(aiy) ¥ealdd)

They also map G into C. If we write f=u + iv, then

0f=0 © u, =V, U, =V, <« fanalyticin G.
If this is the case, then f'(z) = (3/)(2).

The following representation formula is sometimes called the Pompeiu
formula. :

T~ inction f: R 2 LMD i mnstisiiiniicly Aifforontinhle
1neorem <. ouppu.)e the Juru.u nj. ¥ IS COontinuousty aijjéreriiiao.é
n R? and has compact support. The

)
22) fe)=- // CNQ) 4y,
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Hence the right-hand side of (2.2) is the limit (¢ > 0) of

- L[ [E+1F)asar
0 A

Since F, as a function of ¢, has period 2m, it follows that f F ¢d¢ = (0. Hence
the right-hand side of (2.2) eq

27
1

€0 2
¢=0

because F(e, )= f(z) (e~ 0).

Let S denote the class of functions f that are univalent in D = {z: |z| <1}
and have an expansion of the form f(z) =z +a,z* +...atz=0.

Koebe’s theorem. in D each f € S assumes each value w with jw| < 1/4.
In other words, the range of fin ID covers the disk {w: |w] <¥}.

The number % is best possible, as the function f(z) =z +2z2 +3z3 +...=

z/(1 - z)? shows. See, for example, Pommerenke [1975, p. 22].

“’n ﬂl nnnnnnnnnn I\I\iﬁl\l‘ﬂﬂ'
LA IR chuuc a COiduary:

Corollary Suppose the function f is a conformal mapping of {z: |z]| > 1}
; £

s () voith oo C I" atannnos tho »
J Y [ [

0 (‘1/\"
VeLit 77 N U,y UL UDL LIT CJ\ ' e re Uy

f@)=azta +alz+....

the proof we assume that f omits the values ¢ and ¢’ for z in {z: |z] > 1}.
Consider

S waidaNa a

F(z) = _ 2 forz€D;
f(l/z)-¢

clearly F € S and F does not assume the value a/(c’ - ¢) in D, so that
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la/(c' - ¢)l > 1/4 by the %-theorem; that is, Ic' - c| < 4lal. The assertion
follows from this.
Incidentally, the diameter of aG is always = la|.

B,. Mergelyan’s lemma

This is a technical lemma whose significance will become clear only in the
course of the proof. Suppose K is our compact set and

D={TIE=¢,1<7}

is a disk. The problem is to approximate the Cauchy kernel 1/(z - {) forz €K
and { € D by polynomiais. In general, such an approximation is not possibie,
for example when K = {z: |z - { | = 2r}; an additional topological condition
is needed.

M l‘rnn’n I "l q’l““nﬂ fll », - 2% y
mergeiyan § :ISmia. suppose i

that T' N K = ¢. Then there exist a polynomial
following property. If one wrztes

and a constant b with the

b

’:\ \FJ ’
then
(2.3) IP(z)l <100/r (zEK;}{€ED),
(2.4) 1P(2) - 1/(z - ) < 10007%/1z-¢1®  (z€K;¢t €D).

Note that the polynomial PS’ in z and ¢ depends on ¢ in a particularly clear
way. Note further that (2.4) follows from (2.3)if z€ K, { €D, and
Iz - ¢l < 2r:

lt' | <83 - —192+4r2 < 100072,

Z - r
A S !

iz~ ¢ IP@) -

For small |z - ¢| one uses (2.3), and for large |z - {| one uses (2.4).
The proof of the lemma is in two steps. 1% step: First we define an analytic
function ¢ (not a polynomial) such that

(M |\ N (»\ =
\«v) Wels) .
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has properties analogous to (2.3) and (2.4). To this end let y denote the part
of I" from fo to the first point of intersection of T" with aD, and let v© = €\y.

avas VLS

N
/ \ @

—~
@/0 "\
F
(/\) -
Y
\/\/ ‘\/

a [~ ]
Fwy=—+ X c,wn".
w n=90

Suppose F is the normalized conformal mapping of {w: lw| <1}onto
v€ U {ee}such that 0 » oo and a > 0. We write

Fl@) -
(2.6) q(z) = 2 (z€v") and b=
a

1 [ ,
— [ zq(z)dz
21ri/ q(z)

)

-
(4]

and define Q,(z) for z €€ and ¢ € D according to (2.5).
Then we have the following properties:
a) The corollary in B, yields 7 < diam vy < 4a; hence a > r/4.
b) This implies first that

lg)I<1/a<4/r (zE€7°).

Further, g has the expansion g(z) = 1/z + .. . at o, s0 that [ q(z)dz = 2mi,
and therefore ) )

2GSV VvEIVE

. Y 4 - P
i i 4
b - = ———/z— 2)dz| < — re —  2nr=4r.

23" 0,@)I< % +5r+ (42 =84)r (zE+C:tED)

as the analogous property to (2.3). In order to find the statement analogous
to (2.4), we expand q into a Laurent series about the fixed point { € D:

1 +A(I)

= T G-py
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The first coefficient is 1, since zq(z) > 1 (z = =0), and the series converges in
any case for |z - {| > 2r. Moreover,

4,0)= E%Z(z-r)q(z)dﬁb-r-l,

where the integration is over a large circle k. For the fixed { €D andz € o
we now consider the auxiliary function

HE) = [0,0) - —

L Z-

1 -0

I
d

B $_ L
=| =2 + 27" +decreasing powersJ (z-¢)°.

EGECEGE

It follows that H is analytic at oo, so the maximum principle can be applied:

|H(z)| S max {|H(z) |: z €Ev}<

Haprer-66r ey
r

1 /A AN -

2™ step. In order to arrive at (2.3) and (2.4), we approximate q by a
polynomial. Since q is analytic in ¥€, it is also analytic inside and on each
level curve I‘ﬁ of T.
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If p is sufficiently close to 1, then L, encloses the compact set K, which is
disjoint from I". According to Runge’s little theorem, there exists for

€ >0 a polynomial p such that

Wa(z2 )2 — (n(DNV2 | < ¢ (z €
1 J) JJ 1 >

If we form P(z) = p(z) + § - b)(p(z))? with this p, then

P,(2) - 0, < Ip(@) - a(@)I + [ - bl I(p2))? - (@@)?| <&+ 5re

£ Lo — N
Z <R,y <)
Now (2.3') and (2.4") imply
1P.(z)l < 84 +e(1+5r)< 100 (z€K;¢€D)
3 r r
whenever € <€, and
1 700r? 100072
P.(z) - —— +e(1+5r)< (z€K;¢€D)
2= 23 2 - ¢1°

whenever € < €, . Note that |z - {] has a fixed upper bound for these values of
7 &

Consequently (2.3) and (2.4) are valid for the polynomial p chosen for a
suitable € > 0.

C. Proof of Mergelyan’s theorem
According to Tietze’s theorem, f can be extended to a function that is con-
tinuous in € and has compact support. We assume such an extension has

already taken place; the resulting function is again denoted by f. As usual, we
let

w(®) =sup {If(z,)-f(z) |: |z, - 2,1 <8} (8>0).

Since f'is uniformly continuous in €, it follows that w(6) = 0 (6 - 0).

We show. For each prescribed § > O there exists a polynomial P such that

f(z) - P(2)] <10 000 w(8) (z €K);
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(1): Construction of a nonanalytic function ® that is close to fon C;
(2): Construction of a polynomial P that is close to ® on K.

1% step (application of a smoothing operation). First we define

G = {z€K: dist(z, 0K) > }.

This is an open set containing all points of K° that are ‘“far inside” K ; it is
possible that G is empty.

Next we construct a function ® that is continuously differentiable in €,
has compact support, and possesses the following properties:

@) If)-2@) <w(®) z€0),
@.7) ®) 1B <2w(®)/s z€0),
© 2(2) = 1) €0).
To this end we start with
)2 0< ) 1
7
) 1r62 a(r)
a(r) =
0 r=9,
0 ey

write 4(z) = a(Jz|) (z € €), and note that

(2.8) //A—l //aA 0//|aA| Ea§<—

The first and last relation can be verified by introducing polar coordinates; and

f f (4, +i4 y)dx dy vanishes, because 4 has compact support. With this func-
Rz

I A o A_L
uon A we acine

rr
@9 %@ = [ffe-0aun, = [ffoac-an, <o),
R? R?

a convolution of f with the smoothing function 4. Note that because
A(z-¢)=0for |z~ > 8, we have

®@)=  ff  f®A@E-Hdm, €0).
{t: 1t-z1<8}
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('Qnsgm_lgnﬂv _(z\ = (. if the distance from 7 to the cunnort af Fice>8 In
-1 J =/ 9 42 WAV AL VilaAiVY daw o VN VALV vurr\.u.!- Wi 105 U, a1k

marticonlar B 1o £ lhao Anemnnd crsse b

paiivulial ¥, 1IN j, 1lad LULLIPavl SUuppolt

Now we prove (2.7). Concering (a): We have

%) -16)= [ - 5) - e 4ym,
R’

= ff -0 -fE)1AC)dm,.
§

[e: 1p1< 8]

Now (2.8) implies (a).

The derivatives @, and @, necessary for (b) can be obtained by differenti-
ating under the integral (2.9). For & > 0 we have, for example,

&(z + h) - B(z) I,I,f(f) AZ+h-0-A(z-9)
h JJ/ h
Rz

dm,.
9

For z,{ €C and h > 0 the integrand has a fixed upper bound, and the limit
(h = 0)is f(£)4,.(z - §). Since we integrate over a compact set, the Lebesgue
Bounded Convergence Theorem applies:

@2)(2) = J[1()(@A)(z - §)dm, = [[f(z - $)(04)()dm,
'ii 'l{a

= // [f@ - §) - €)1 @A) ) dm,.,
RZ
by (2.8). The third relation in (2.8) now yields (2.7) (b).

In order to establish (2.7) (c), let z € G, so that fis analytic in the closed
8-neighborhood of z. The mean-value property implies

27

/ 1@ - pé®)dg=2mf@) (0 <B).
o=0
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Hence

@)= ff  f®AGE-)dm,
{&: |r—z|<a}

(2]

// f(z pe"”)a(p)p dop d¢ = 21rf(z)/ a(p)o dp
= = p= 0

rr
= @) [[4Q)dm,=1(2),
Rz
by (2.8). This proves (2.7) completely.

Refore in the sec
Betore egin the secor

we begi econd step, we draw a ¢
apply the integral formula (2.2) to ® and obtain

53 = - /’ @)

my | Bl
")/ S
Rz

On the open set G C K° the function ® = f is analytic, hence 3% = 0, and
integration over G is not necessary:
The function ® with the properties (2.7) has the representation

(2.10) 8(z) = -% (?I_’)ZG) dm, (z€C),

where
X = {support of ®} N G°
is a compact set.

209 grep, Finally, in order to approximate ® by a polynomial P, we
approximate the kernel 1/(§ - z) in (2.10) by a function R g(z), which
is piecewise & polynomial.

First we partition X into finitely many disjoint subsets X] such that
UX, =X, as follows. For ¢{ € X we have ¢ € G°, hence dist($, K€) <§ . This

implies that the compact set X can be covered by finitely many open disks
n - with radius 78 whose centers M, lie in ,(C Rv aeenmnhnn

& WA W VAANWWY WWALLWAW LATAJ AAW ALA AR o wea

K l' is connected so that there exist Jordan arcs I‘j that connect Mj with oo
without meeting K.
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X, =XND,X; =XND\(X,UX,U...UX; ) (=2,...,N);

these sets X - D] are disjoint, and UX, = ; X.

Suppose the construction in Mergelyan’s lemma has been carried out for
each disk D, (r = 28); this yields polynomials P, w1th the properties (2.3)
and (2.4). ’Il he function R, mentioned above is now pieced together from the
P, ;:

bl

D(o\ =P (2 for tEY
R(z) =P {(z) for §€

.l

}’

this defines Rg(z) for { € X and z € C. The function Rg satisfies

(2.11) |R§(Z)| <50/6 (z€K;{€EX),
2
(212) R(2)- —— 1< ekex,
z-§ |z - ¢
ac ran ha caan fram 9 D and (9 AN
av vadll UV owvwvil 11Vl \h J, Qaliul \‘. -r}
Finally, we define the desired polynomial P by

P@) = }1" // @O))R,()dm, = % 2, //(5¢)(§)P§J.(z)dm§.
X X.
J

Here each summand is a polynomial in z, hence P is a polynomial.
It remains to estimate |P(z) - ®(z)| for z €K. Using (2.10) and (2.7) (b),
we obtain

P) - 2@ =1 — // [R,(2) - ?I‘E ] (32)Q)dm,]
/)

2w(a) //le() dm, 2w(6) // //

$40

where, for fixed z €K,
xM = gex:|¢-21 <45},
@ .= teXx:|t-z1>45).

We estimate the integral over X1) by (2.11):
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| ffi< 530 - m(48)% + 27 * (45) = 808 78,
(1)

and we estimate the integral over X® by (2.12):

, 2
| ff1<2n /400208 dp =2000 75.
X(2) p£46 P

— Altogether we have

2w(8)

- 2808 78 <6000 w(5) (z €K).

If one combines this with (2.7) (a), the assertion at the beginning of Section
C follows.

Remark about §2

Only recently Arakeljan and Martirosjan [1977] have investigated under
which assumptions about the compact set K and the index set E each func-
tion f that is continuous on K and analytic in K~ can be approximated

arbitrarily closely by lacunary polynomials P(z) = Z; _ a; z* . Here it is
assumed that F contains the index zero and has dens sity 1, also that K€ is

connected. In case 0 €K°, it is necessary that £ = N U {0} butif 0 & K or
if 0 € 0K (with additional conditions), it suffices that £ has density 1.
For this area see also the recent results by Korevaar and Dixon [1977],

[1978] on lacunary approximation.

§3. Approximation by rational functions

We take up anew the topic of rational approximation begun in § 1, though
under the weaker assumption that fis continuous on the compact set K and
analytic in X°. The counterpart to Mergelyan’s theorem is Vitushkin’s
theorem (1966); we can only report about it here. But we shall treat in detail
several instructive examples, Bishop’s localization theorem, and some of its
applications.

To simplify the notation we introduce four function spaces:

A(K) = {f€C(K): / analytic in K°},
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P(K) = {f € A(K): for each e > 0 there exists a polynomial P such that

If-Pl<e},

R(K) = {f € A(K): for each € > O there exists a rational function R such that
If -RI<e}.

The poles of R are then automatically outside K. All spaces are algebras
with the “uniform norm” lf|l. This point of view is prevalent in Gamelin
[1969] . Obviously

P(K) CR(K) C A(K) CC(K),

and by Mergelyan’s theorem, P(K) = A(K) if and only if K¢ is connected.
Analogously we now ask: When is R(K) = A(K), or, more modestly: When
does f € R(K) follow from f € A(K)?

A. Swiss cheese

By this we understand compact sets K with infinitely many holes, so that
K€ consists of infinitely many components. For these sets (and only for
these, see Section C,) it is possible that R(K) # A(K).

A Alinn
ﬂ.["LI.I.C

The Swiss mathematician Alice Roth [1938, p. 96] constructed the first

Swiss cheese as follows. Suppose D= {z:|z]|<1},and let A ={z:|z- ajl <rj}
where A C D, denote countably many open disks with the followmg

propertles

a) The K] are pairwise disjoint;

WY O » 21
U}H’j\l,

c) B \ U4, contains no disk.
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W/

Y

Such disks A, can be chosen in many dif ferent ways. The remaining set

Swiss cheese

TETTT TS

(3.1 K =E\Uj A]-

is Roth’s Swiss cheese. Clearly K is compact, K contains, for example, all
circles 34, as well as oD, K° = ¢, and

K¢ = (UAI) U {z: |z >1}

consists of countably many components. Incidentally, the two-dimensional
Lebesgue measure of K can be arbitrarily close to m, if the r, are chosen suf-

r-u:n tlv emall
WAV AL l-LJ [ SN P Y

If the rational function R belongs to R(K) and if 0ID and aA have positive

orientation, then
/ R(z)dz= / R(z) dz;

oD aA]

on the right-hand side only finitely many summands do not vanish. Therefore,
if f € R(K), then

l/f(z)dz - Z; /f(z)dz =
ob BA]-

<Ilf-RIQnr+2 21rr}.)

Jvre-renez-3; [ire)- R@)le:|
oD aA].

can be made arbitrarily small, so that

(3.2) ’/f(z)dz -Z J/f(z)dz forall f€R(K).
) ) EA/
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Now we assume that, say, 0 ¢ K and consider
f@)=lzllz=€® for z=re’® €K.

Then f € C(K) = A(K), because K° = ¢. Further, the left-hand side of (3.2)
equals 277, while the right-hand side has absolute value < = 2mr; <2m. Con-
sequently f ¢ R(K):

By varying Roth’s idea, one can construct further compact sets, which
have additional properties and allow further conclusions.

First suppose I' is a Jordan arc with positive two-dimensional Lebesgue

measure u(I"), and assume I lies inside ID with the exception of one endpoint
(7 = ﬂ Suppose the A.. where A. C D, are countably many open disks with

TASS untab
radu r and w1th the properties:

a) The A, are pairwise disjoint;
b) Z r; <oo;
c) Z. N I'is a point P;;

) @ ; N\
e P
d) Each point of T' is an accumulation / % Z=1

point of {A’ 3.

As in Roth’s example, we set

r
D
K:=D \U; A, \_/

The set K is compact and K€ has infinitely many components, but K° is
not empty: Here Kisa simply connected domain whose closure is K.

Asin Section A one shows now that for each f € R(K) the equation

(3.2) / f(2)dz = / f(z)dz

aA,

must necessarily hold. But because K° #+ ¢, we must consider a different func-
tion f, such as

f@)= / ?1"? dm,  (z€C).
r



§ 3. Approximation by rational functions 113

This function is continuous in € and even analytic outside I', so that certainly
f € A(K); note that I C 9K, by d). Integration overy = {z: |z| = 2} yields

I/f(Z)dz =I[/ (J/;_IZZ)dmg = -2mi « w(T") #0;
v I\

conseauentlv also € f(2)dz #+ 0. whereas all integrals ££(2z)dz vanish. This
ob A

violates (3.2), and f ¢ R(K).

It follows again that R(K) # A(K), even though K° # ¢ and K° was topo-
logically very simple.

A,. Swiss cheese with two components

We modify the example in Section A, in such a way that both endpoints
of the Jordon arc I" lie on aD, say at +1; the “stitched disk’ results. Here
again R(K) # A(K). But K° now divides into two simply connected dornains:
K°= G, U G,. To judge rational approximation on the compact sets K|
G , K, G we use the following criterion.

Criterion. If'a compact set K has the property that each point z € 0K is
boundary point of a component of K€, then R(K) = A(K).

This is a consequence of Vitushkin’s theorem (Gamelin [1969, p. 219];
Zalcman [1968, p. 108] ); for our situation it leads to the observation:

In this case R(K]-) =A(K].) G=1,2),but RKK, VK,)#AK, UK)).

A,. Accumulation of holes along the diameter of D

In this example we line up the domains A; along the diameter [-1,+1];
. ]
suppose the boundaries v, of Aj are Jordan curves. We assume:
a) The A; are pairwise disjoint;
b) diam 7; > 0 (j > *);
c) Z] N [-1,+1] is a point P,

D
K:=D\U,; 4 \ /

be our compact set. In this case one can show that for each function f € A(K)
and each e > 0 there exists a function g, such that Iif- gl <e, where g,

Again we let
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also belongs to A(K) and is, in addition, analytic on [-1,+1] (Gamelin [1969,
P. 235]) The corollary to Theorem 4 (see Part C) can be apphed to this func-

e

Hence we have for each such compact set K that R(K) = A(K).

Now suppose & is a homeomorphism from € to € such that 4(z) =z for
2| = 1 and such that the arc T from the example in A is mapped onto
[-1, +1]. Then the compact set in A, is tranformed into a compact set K of

tha farm ahave Concidarino = h™1 wa caa-
ulC 10T a00Ve, LONSIGCIIng § =1 —, wo 588!

—Thereare cases where R(K) = A(K), but R(gK))y #4@K)).
The property R(K) = A(K) is not invariant under topological mappings of
the plane.

All compact sets in Section A have the property that K€ consists of infin-
itely many components. Our next goal is the theorem that R(K) = A(K) if
K¢ has only finitely many components. This will be accomplished with the
help of the important localization theorem by Bishop, preparations for which
will be found in the next section.

B. Preparations for Bishop’s theorem

B,. An integral transform

In the proof of Bishop’s theorem, as was the case with Mergelyan’s
theorem, nonanalytic functions occur, which are represented by an integral
—with Cauchy kernel.

Tha 1 Cunmnop D2 .~ PR Sy NP 1 PR
llICUICIII 1. uuyyuat:_/ h) Luuuuuuuo Ht N Uuri q uuuuuuuu jj creriLigol

in R? and with compact support tg, let

T ll

33) £,) = /f“) 1@ Gg)yim,  (ER?).

Then

a) fg admits the representation

= 11 & :
(3.4) £,(2) =£(2)g(z) + g {[ C-z Qg)®)dm, (ZER?);

b) £, is continuous in R?, and fg(z) - 0 for z = oo;

c) j; is analytic in tg",
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d) if fis analytic in G, then so is fg ;

e) if the support tg of q has diameter <6, then

If, g2 <28 w(8) 13 Il gs .

Proof. a) This follows from the representation formula (2.2) in §2, applied
tog.

b) If we wnte § =2z -uin (3.4), then the second term becomes
[IF(z - u)u dm , where F is continuous in R? and has compact support.

rom conmu'yo g' ows; (3.4) implies that f (z) >0 as
Z —> 0o,
_ Q) ~ : .
c) Forz ¢ t, we have fg(z) = — —{—— (0g)(§)dm ¢» Where the integral is
T -z
over ¢ . It follows that £ “is analytic in 7. Because of b), f, is even analytic
at oo,

d) For this part one forms [f (z + k) - f (z)] /h and evaluates the limit as
h -0 (h €C;z €G). Lebesgue’s theorem needs to be applied.

e) Considering c), b), and the maximum principle, one sees that | f I g2 i
assumed for some z, € t But then (3.3) implies

lf(z )< = wf(6)llag||R,// (s |

)
)

S~

and the integral ({ =z + re“’) is bounded in magnitude by drd¢ =2md
B,. Partition of unity

This device also plays an important role in local theorems in topology and

functional analysis. We proceed in two steps.

Lemma 1. Suppose K is a compact set in € and U O K is open. Then there
exists a function H € C~ (R?) such that 0< H(z) <1 (z € R*) and \

Hz)=1 (z€K), H()=0 (z¢ V).

Proof. For each { € K we choose disks S Uy, U§ such that g C Ug CU,and

we chooge functions A [~Xouls ¥ Y such th ~+ 0< h (2)K] l'7 Flz\nnd
Vil VOV Lwiiwiaw g. ~ s joulnt iriar ~ g,\ul = aw j Qaia

hr(z)=1 (zEu‘,), hg(z)=0 (z¢ Us,).

Suppose the disks uhj (/=1,2,...,m)cover K. Then the function
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B @) (ER)

H(z) =1- -1

i
(o=

has the desired properties.
We proceed with the partition of unity; we need it in the following form.

Theorem 2. Suppose we have finitely many pairs of disks uj, Uj (u C Uj)
about points §,. Then there exist functions ¢ €C” (R?) such that
0<¢z)<1(z e R?)and

¢2)=0 (¢ U) and Z;¢,(z)=1 (z€ Vu,).

On Uy,, the function that i

s AL e A WAiW VAL u i /i

posed into the functions ¢l'

Proof. First we construct the hgj from above, and then we determine disks
u; D u, such that i, (z) > 1/2 for z €u,. Then we use
7 J .,] J

Tr oy 1 Y ’
in Lemma 1 and determine the function H there.
Finally, we let

4(@)=HR[Zh )71y () CER).

Each ¢, belongs to C~ (R?), since in a neighborhood of U the sum Ej is
greater than 1/4 and since H(z) = 0 for z ¢ U. The other properties of ¢; men-
tioned in Theorem 2 follow immediately ; for example, ;9 (2)=H(z)=1if
zE qu' CK.

C. Bishop’s localization theorem'and applications

Alane dlond 4ln Al.avantard 4+inm f aat
1 ovi

The examples in Section A made it clear that the char cterization o
for which R(K) = A(K) would be difficult. Nevertheless one can show
without much effort that the property R(K) = A(K) is a “local property” of
the compact set K.

C . The localization theorem

Theorem 3 (Bishop). Suppose K is a compact set in € and f is continuous
in C. Suppose each z € K has a neighborhood U, such that f| K, €R(K,) for
the compact set K, = K N U Then f € R(K).
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Note that even though initially fis only required to be continuous on K

(or on (II) the additional assumption that f|,. € R(K ) for each z €K
Z

f £ A\ Thar raral ﬂr nfe nf Thanram ? Tha fallauwring

100 a aAra QAat
aAvo at j hJ'.|.\l\.] Allviv dlv osvywvial UU].O Vil Allvuiwvill J, 111V l.uu.uvvul.a

proof is d ue to Garnett, and in §4 we shall give another proof that uses Roth’s
lemma.

Proof. 1% step. First we partition f additively on K. For z € K we deter-
mine the neighborhood U, according to the hypothesis of the theorem; obvi-
ously U, can be chosen as a disk with center at z. Suppose u, is the disk
about z with half the radius: u, C U, . Finitely many of these disks cover X;
we denote them by uj (j=1,2,...,n)and construct the functions ¢, cor-

’
tn 12. and ff coenrdino t0 Thearam " Thece finctione catiefu
A2 GAi\L j’ V\J\.I \AdA 6 VW AAAVVULVIALL due ALAVUOV LWBALWLVLIVALY \’uul"]

2,0;(z)=1 for zEV:=U;, where V° DK,
and ¢j(z) 0forz ¢ U, Fma]ly, we let
1(3¢; )(i’)l
C := max. max 7 < oo
et ,/] c-z1 %
Rz

In order to get the desired partition of f, we write

= 1 [ 1) 2
(3.5) J;(Z) -"f(Z)(bj(Z) + ;!;/E_:—Z_ (5¢/)(§)dm§ (z€R?),

so that f] = f,, in the notation of (3.4). For z € V we find that Eff].(z) =
]
f(2) + ®(z), where

o)=L [[1€) Goyeyam, - // /6) L @ocyam,,
g -z >

R’ \V
....... =1~ I/ s ki B ~arda 1 conV 7° Laman
UUdebU (P L(P =101vrv. l.llc IUIlbllUll W CClidl y S ainai b 1V ,LHCIILC
also on K. Thus we can apply Runge’s theorem to ¢ and btam ® € R(K).

Therefore it is sufficient to show that f €ERK)(j=1,2,...,n).

2™ gtep. Next we approximate the functions ]; To this end f will be
approximated by a function g which is generated like f;. First we refer back
to the local approximating functions: We write K = K N U,, and for a given
€ > 0 we consider a rational function n €R(K ) with

f-rl, <e = —S .
I < Tye
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Next we find open sets V, W, (K, C V,, 7,. C W) such that also |f-r,lm <e,
7 v L 7 ' s J "]i

and we construct the C”-functions H] corresponding to —17] W]-, according to
Lemma 1. Then the function

is continuous in €, we have

If - st|¢ < "f"j"u_/j<61'

Using these S5 which are close to f, we construct analogously to (3.5)
3.6 (2) = s,(2)¢ ’z‘+1 ”—L——S"G) (39,)(§)dm ER?)
(3.6) 9,-(2)- S,-( )¢j() ;” ¢ -z (0¢;)(§)am, (2 =R7).

R2
It follows that

00,
lg;- £l < 1= s,lg + If- sl + + max, g f 1)

T

<(1+CQ)e, =e.

Moreover, by Theorem 1 ¢) and d), thé function g; is analytic outside 7, ,
]

that is, in U7 . It is also analytic in V, since $; = r; is analytic in V. But we

have KC V, U ch,forifzeKandqu Uf,theanKn U;.=l(jC V; Hence

]
g; is analytic on K, and Runge’s theorem guarantees a rational function
R:E€R(K) such that lg; - R.ll,, <€, and therefore II_];, ~ Rl <2e. Now each

function ]; belongs to Ié(K),J and the proof of Theorem 3 s complete.

C,. Applications of Bishop’s theorem

With the help of Theorem 3 it is fairly straightforward to derive two suffi-
clent criteria for R(K) = A(K), which can easily be checked geometrically.
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Theorem 4 (Mergelyan 1952). Suppose the compact set K C C is such that
the diameter of the components of K€ is > & > 0. Then R(K) = A(K).

This result is due to Mergelyan [1952, p. 317]. Gamett [1968, p. 463]
observed that by means of the localization theorem it can be reduced to
Mergelyan’s theorem on polynomial approximation.

Proof. For an arbitrary point z € K we choose as U, the disk with center
at z and radius §/2, we write K, =K' N U and cons1der

K.=K°UU;.

This set contains all point U . Moreover, if { € Kc and { € U , then
{EK hence ¢isin one of th mponents of K¢ with diameter > 5. This
component must contain points outside U that is, in K¢ C K, ¢ one can
connect ¢ with a point outside Uz Hence I(‘Z' is connected, ana by Theorem

1in §2 we have f|,, €P(K,) CR(K,). Since this holds for all z €K, it

o1 L a4 L nlr}z\ o Ml a1 nnlimndlmen ¢lan nvncen

Tolows that j € K{n ), DY DISNOp 'S 10CaliZation wic€orei.
Theorem 4 has the following consequence.

)

Corollary. We have R(K) = A(K) if K¢ has only finitely many components.

This corollary is our starting point for the second sufficient criterion. If
eachz€ K hasa neighborhood U, such that U, meets only finitely many

aimnmimmatmnde AL PC il I f\ FT 2a.a1 ao a mrnieneal e nad -t 4Ll

bUIllPUIlCIlLb vl n , UIClLl Az = A [ UZ u.wu Ildb a CUIIPICINICIIL Az wilil
finitely many components. It follows that R(K,) = A(K,) for all z €K, and
thus R(K) = A(K) by Bishop’s theorem. Question: What can be said if there
exist z € K for which each neighborhood U, meets infinitely many com-
ponents of K¢?

Let M := {z €K: each neighborhood U, meets infinitely many components
of K¢} # ¢; obviously M is a closed subset of K

Ml nncase & (i ndd TELEAL 20 nnooonto AL DN\
1neorem J \Udlllcl-l-} 1_] JVI lb cuuruamc lﬂ(fll l\\l\} Ii\l\}

For the proof we mainly need Bishop’s theorem, but we also require the
following result, which is interesting in its own right.

Lemma 2. Suppose fis continuous in € and analytic in an open set G, let
z, € C. Then there exist functions f, (n=1,2,...) such that:

a) f,, is continuous in C;
b) f, isanalyticin G U {z};
¢) fy(2) = f(z) (n > =z €C).

Proof. We may assume z,, = 0; we choose auxiliary functions g, € C* (R?)
such that
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(1 for lz| < 1/n,

g9,(2) =
0 for|z|=2/n

and
139, )2)I<2n (z ER?),

and we form the integral transforms (3.3):

1 [ -f(2) ~ .
=== (3g,)®)dm,  zZER’).

All G are continuous in € and analytic in G, and by Theorem 1, €) we have
(n - oo).

16, s < 2 - f e 2 max {If(¢) - F(0) |: [¢] < 2/n}s 2n 0

Now the functions f, :=f - G, satisfy the conditions of the lemma, because

by (3.4),

where the integration need only be carried out for {§: 1/n <|[§] <2/n}
Hence the functions f, are analyticin U, = {z: [zi <1 /n}.

Proof of Theorem §. Let
:= {z €EK: there exists a nelghborhood U, such that f| K, €R(K,) for

Then N contains the “normal” points of K; note that the choice of U, is to be

independent of f. If N = K, then the assertion follows from Bishop’s theorem

WesetS=K \A’ and show that S = ¢l

i) S is closed in €: Obviously NV is open in K, hence S is closed in K and

therefore also in C;

3\ C ic né +
ii) o 18 4t 1mMost countia

latter was assumed to be countabl
iii) S has no isolated points.
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If we can show that iii) holds, we would be done, because a perfect set is
uncountable or empty.
Suppose z,, were an isolated point of S. Then there would exist a neighbor-

hood U such that Uns-= {z, }; all other points of K that lie in U would
then hnlnna to N. We will ¢ ohnu, If fC AR\ the f'l — = R(K Lf\

AWLIL UWai 4V rr vy ll\“}’ Fll\/ll.’ K U h‘\\“ L

This would 1rnply z,€EN,a contradlctlon toz, €S.

To carry out our plan, we assume f has been extended continuously from
K to €, apply Lemma 2, and determine f,, such that lf - f, Il g, <e. This
function f, belongs to A(K) and is, in addition, analytic at z_. Hence the

and tha nninte | da¥ii
XY

bo’ (-l-ll.\l. Liiv PU O ] F 3

rational function R ER(K U) su If, - :
If - Rl 7 < 2€, so that fl 7 ERK ﬂ U), and this was to be shown.

D. Vitushkin’s theorem; a report

This theorem gives a necessary and sufficient condition for R(K) = A(K),
where K is a compact set; hence it is analogous in the realm of rational
approximation to Mergelyan’s theorem. The preparations for the proof and
the proof itself require considerable effort, which we must forgo in this
introduction. The reader can find detailed presentations in Zalcman [1968]
and Gamelin [1969, Chapter 8] .

To formulate the result we need the notion of the AC-capacity of a set
M C C. Let 8(M) denote the class of functions f that are continuous in €,
satisfy f(z) >0 (z > o) and |If II¢< 1, and are analytic in the complement of
a compact subset of M. Consequently, at oo each f € &(M) has an expansion

of the form

f(z) = ¢,(f)/z + decreasing powers.
Then
o) := sup{lc, (/) |: f € R))

is called the AC-capacity of M. 1t was introduced by Dolzhenko in 1962 to
study rational approximation. Connections with other types of capacity are
treated in the literature cited above.

Now we can state Vitushkin’s theorem:
Theorem 6 Nit 1966). We have R(K) = A(K) if and only if

ot T ' \"=/ Il

3.7) aK°ND)=a(K°°ND), thatis, a(D\K)=a(D\K")
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for each open disk D.

Other criteria, which also use the AC-capacity, are possible, too. Roughly,
(3.7) means that the complements of K and of K° must be equally “thick” in
the vicinity of each point, as measured by the AC-capacity a.

In the special case where K° is empty, (3.7) becomes a(D \ K) = a(D); but
the somewhat simpler analytic capacity <y can be used here instead of

(i i40hl2a [106010)
\VITUSIKIN 1705 ).

Remarks about §3

1. From the last-cited result by Vitushkin one can derive without difficulty
the theorem of Hartogs and Rosenthal [1931] If the compact set K C € has

| Y ¢

4+l n
LCUWD&UU HICadule ’4\[\) = U, U.I.Cll l\\l\.} b\l\}

2. It is also worth mentioning that R(K) = A(K) always implies R(9K) =
C(9K); this also is a criterion for rational approximation on sets without in-
terior points. See Zalcman [1968, p. 74] .

3. Note further that our Lemma 2 is only a special case of a more general
result. For it is possible to choose the functions f, in such a way that instead
of satisfving b), the f are analyticon GUT, where I is a prescribed, twice

S vada y vaiV S8 GRIC2J >V a2 Al L 2o & AWl IUGCUL

contmuously d1fferent1ab1e arc. The result is due to Vltushkm see Gamehn
[1969, Chapter 8.13].

4. Instead of 4(K) one can consider the subalgebra A%(K) = {f€A(K) :
fE€LipaonK} (0 <a<1)and ask for conditions on K, under which each
function f € 4%(K) can be approximated by rational functions. Such condi-
tions are known and use the notion of the analytic a-capacity of a
set. See the survey article by Melnikov and Sinanjan [1976, §1 and §14].

84. Roth’s fusion lemma

This section also deals with anproximation on compact sets. However. the

A SRAD UV W . --vv MV RLAS Vrivii KU l.llwuvll. . PRV GVLo. LA Ywiy viiv

fusion lemma by Roth [1976] serves mainly as a stepping stone to the study
of approximation on noncompact sets, which will be taken up in the next
chapter. In Part B we use the fusion lemma to prove Bishop’s localization
theorem anew.
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A. The fusion lemma

Suppose two rational functions 7, r, are close together on a compact set
k. The problem is to “connect” r, and r, in their further course by a single
approximating rational function r; see the sketch above.

Theorem 1 (Roth 1976). Suppose K ., K, , k are compact sets in the
extended complex plane C such that K, N K, = ¢. Then there exists a con-
stant A, depending only on K, and K,,, with the following property. If r, r,
are rational functions such that

Ir,z)-r,(2)I<e (z€k),
then there exists a third rational function r such that
Irz) -r,(2)| <Ae (zE€EK, Vk)
and
Ir(z) -r,(z)l <Ae (z€K, Vk).

Note that nothing has been assumed about the location of the poles.
Note also that Theorem 1 follows immediately from Runge’s theorem in
the case where K Nk=¢ork, N k = ¢. Suppose, for example, that
Kl Nk = ¢; we write
[r@ Gek),
f(z) =
r,(2) (€K, Uk),
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let H, denote the sum of the principal parts of 7, on K, and let H, denote
the sum of the principal parts of r, on K, U k. Then - H, - H, is analytic
onK UK, Uk, and Runge’s theorem furnishes a rational function R such
that

If(z)-H,(2) -H,(z) -R(z)I<e (€K, VK, Uk).

Thus the assertion of the theorem holds withr=H, + H, +R and 4 = 2.
Consequently, in Theorem 1 only the case where K, Nk #¢and K, Nk # ¢
is interesting.

Proof of Theorem 1. 1%/ step. Preparations. a) It is enough to deal with the
case r, = 0. For in the general case we let p, =7, -7,,p, =0, and there
exists a rational function p such that

lo-p,1<A4e onK Uk and lp|<Ae onK, Uk;

that is,
l(p+r,)-r|<Ae onK Uk

and

letr,)-r|<Ae onK, Uk,

b) In addition, we can assume that « €K , and we choose neighborhoods
U, U, of K, , K, such that U N U =¢ and , U, are bounded by finitely
many J ordan curves. The dlagram below shows a typlcal situation.

.~

bE—

?Q/ & O
) )

)

Weset £ :=(U, VU, )¢, which is a compact set in €, Then ({ =z + re”’)

// //drd¢<2ﬂdiaml' (z€0).
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¢) Finally, we determine a function H € C* (R?*)with 0 <H(z) <1 (z €C)
in such a way that

—_— —

= p z)= rz s

compare Lemma 1 in §3, B,. For z € € we obviously have

aniff 1 e 3H) (¢) | dm, <max, |((GH) ()| * ~ 27 diam E <A -2,
nIEI_ I - z| T

where the constant 4 depends only on K, X, .

ond step: Construction of a function F meromorphic on U, U U, U U,
For the proof, we refer back to the integral transform in §3, B,, but with a
function f that is piecewise continuous in the plane except for poles. 1t is de-
fined as follows.

By assumption, there exists a neighborhood U D k such that |r, ()| <e
forz € U. We set f= r, on U N E and extend this function contmuously to all
of E. Here |f(2)| <€ (z € E) is preserved (Tietze’s theorem). On E€ = U, v,
we setf=r .If P= {poles of r, in U, v, }, then f'is piecewise contmuous
in C\P.

With this function f we define
F@) = L 191D Gy gyam,
T II (-2
4.2)

_1 //f(i) -1() @H)(§)dm, (ZEC\P).

HE)= - — / —— @H))dm,

1 ff 1 -
-2 { L @@, e

one finds that

Fz)=f(z)H(z) +g(z) (z€C\DP),
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where

6= L 18 @y@ym, <o)
5§

(4.1) we hve

lgiz)I <e(d-2) (z€0).

Hence the function F defined in (4.2) has the following properties:

H(z)=1forz €U, ;hence F=f+g=r, +g is meromorphic in U, with
the same poles as T

H(z) =0 forz € U, ;hence F = g is analytic in U, ;

asmale Lon = Anazian
1

) P ale-ala - =TT Lin~- ey 122 T oo lnacen dland £a oo 2
r 1> dlldlyuv 11Ul £ © U, DCLaldt 111 U WU 1lavl lat j =7

without poles; hence (4.2) is analytic in U.

Result: Except for finitely many poles in U, , the function F is analytic in
U, ul,uU.

3 step: Estimates of F. For z €K, wehave F-r =(H-1)r +g=g,s0
that |F-r | <e(4 -2)(z €K,);and for z €Ek we have |F -r |<|r | + gl
<€+ €A - 2). Consequently
(4.3) IF(z)-r,(2)I<e(d-1) (z€K, Uk).

Analogously we have F = g for z €K, , so that |[F(z)| <e(4 - 2) (z €K,), and

Lo e 1 ¥V __ LYY . o . TT s a4l 4 I N\t . L4 AN __ 74 14\
forzEkwehaver =fd+g=r+g,sothat F(z)I<ete(d-2)=ed-1)

(z €k). It follows that
44) IFz)l <e(4 -1) (z€K, Vk).

4% step: Construction of r. Since K, UK, UkiscompactinU VU, VU
and F is analytic there except for finitely many poles, we can apply Runge’s
theorem to F - Z (where Z contains the principal parts of Fon U,). As a
result we obtain a rational function 7 such that

IF(z) -r(z)l <e (z€K, UK, Uk).
By (4.3) and (4.4), this function r satisfies

Irz) -r,(2)| <Ae (z€K, Vk)
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and

Irz)i<Ade (z€K, Vk),

ac Thenrem 1 accarte fo
“o A v \J L BUIOWVLI LD AW

1

. ]
]

=

Remark. One can ask whether the following stronger form of the fusion

lemma is true. Suppose K, K, are two compact sets in € withk =K, NK, #

Assume that two rational functlons r,, r, are given with Ir, (z) -7 (z)I <e on
thcnihc&exwt&aianonaliuncnmsuchihat

Ir(z) -r].(z)l <Ae forz EK]. (G=1,2),

where 4 depends only on K, and X, .

This version would imply Roth’s lemma; however, it is false in general.
This was shown nﬂgﬂm"v h\r Gauthier nunu the “stitched disk” from RQ A

N\JAAE i

The set k on which K and K2 meetisal ordan arc of positive Lebesgue
measure. A simpler construction was given by Gaier [1983], where K, and
K, are two squares with one common edge. Also studied in this paper are
some cases in which the more general form of the fusion lemma s true.

3°

B. A new proof of Bishop’s theorem

As a fir plication of the fusion lemma we present, as indicated by Roth

first ap or

[1976, p. 108], an elementary proof of 1shop s localization theorem.
Suppose K is compact in €, and suppose for each z € K there exists a disk

U, about z such that

fle €R(K,), where K, := (72 NK.

We claim that f € R(K);i.e., f can be approximated uniformly on K by ra-
tional functions (with poles on K°).

Forz€K,let u, denote the disk about z whose radius is half that of U

Finitely many u, cover K,say Uy Uy 5ol 2y ;let p denote their smallest

radius.
We now cover the plane with a grid of mesh 4 < p/3; only finitely many
squares meet K. Our choice of & implies: If a closed square Q with sides of

length 2k (hence with diameter /8 & < 3h < p) contains a point P €K, then
P lies in one of the u, ; hence Q C Uzj for this j. Consequently rational ap-

proximation is possible in each square Q with sides of length 2h:

flxng ERK N Q).
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To make approximation on larger rectangles possible, we use the fusion
lemma. Suppose rational approximation is possible in a (closed) rectangle
with sides of length, say, mh and 2k (m = 2).

!
i

a———mh ——

Let
R, denote the rectangle with sides of length (m - 1)h, 2h,
R the adjoining rectangle with sides of length A, 2k, and
R, the rectangle with sides of length 4, 2h adjoining R.
By assumption there exists for each € > 0 a rational function r, such that

1f)-r,(2) <e forz€(R, UR)NK.
In addition, rational approximation is possible in the square R UR,:

1f(2) -1,(2)| <e forzERUR,)NK.
Now we apply the fusion lemma with

K, =R NK, K,=R,NK, k=RNK;
note that
Ir,(2) -r,(2)| <2¢ forz€k.

The fusion lemma yields the existence of a rational function r such that

s

Ir(z) -r,(2)I <A+ 2¢ forz€(R, UR)N

K
and
Inz)-r,(z2)| <A + 2¢ forz€(R, UR)NK.
. wling 1 £72) wlmM A~ (VYA L N\ e w=—f(D 11 DI 1D M LYo nmd adaann
This NpLEs |J\Z) = TZ)I < (2A T 1)€ 1U1‘C\1‘1 UN VR }l ' K; and since

€ > 0 was arbitrary, rational approximation is possible in the rectangle with
sides of length (m + 1)k, 2h. After finitely many steps we thus obtain

flgars ERKKNRY)

for each rectangle R™ of height 2h.
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Finally, in a similar way, we apply the fusion lemma vertically and obtain

il -2 L= DT

that f € R(K).

Remark about §4

Al¢hh nvenls w2ra lhawra
tul.uuuyl WV l1lavyve

o
in this book, we point out that there exists a result for harmonic functions
analogous to Roth’s lemma; see Gauthier, Goldstein, and Ow [1980] for this

hha o om o

aAd 4 n Arisn ndd e
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-ra

and its consequences for the approximation of harmonic functions on closed
sets.



Chapter IV

o oamalls A AS B

Functions analytic or meromorphic in G will serve as approximating functions.
In the special case where G = €, one obtains approximation by entire func-
tions. Here the rate of approximation (as z > <°) also plays a role. Several of
these theorems can be used to construct analytic functions with complicated

boundary behavior; we deal with these questions at the end of the chapter, in
!&
s e

81. Uniform approximation by meromorphic functions

Our first goal is the uniform approximation of functions on closed sets F by
functions that are analytic in a domain G O F (§2). The treatment becomes
especially clear through the insertion of approximation by meromorphic
functions. Roth [1938], [1973], [1976] and Nersesjan [1972] both deal

with this topic.

A. Statement of the problem

Suppose G C C is an arbitrary domain and F is a relatively closed subset of
G. Let M(G) denote the set of functions meromorphic in G. They will be used
for the uniform approximation of functions f on F.

It is easy to see that one can approximate more functions with functions
in M(G) than with rational functions. If, say, G = {z: |z| <1} and F = U‘;’kn,
where k, = {z: |z -a,|=r,},a,=1-1/n,r, =c[n* (c >0 such that the k,
are disjoint), then
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z-a,)f(2)-(@z-a)r@I<r, (zEKk).

If 7 has no pole inside k,, then the inequality holds also inside &, ; and for

z=a, we arrive at the contradiction

c/n? <r, = c/n?.

Hence r has a pole inside each circle k£, , and r is not rational.

B. Roth’s approximation theorem

The following theorem reduces the problem of approximating f on F by
meromorphic functions to the problem of approximating functions on
compact sets by rational functions.

Theorem 1 (Roth 1976). A function f can be uniformly approximated on
F by functions in M(G) without poles in F if and only if

(1.1) flg € R(K) for each compact subset K C F.

Remark. The following proof will show that the full condition (1.1) is not
needed in order that f can be approximated on F' by meromorphic func-
tions. Rather, it is sufficient to assume that

(1.2) fl¢ERK) forK=FNG, (n=1,2,...),

where {G, } is some exhausting sequence of G with bounded domains
~ .7 A L1 = Hare 7 Aametoc tha alociiea ~f (3 i @
Un! Un (. Un+1, U(Jn = U. nere (Jn aenoties e Closure o1 Un ime.

Proof of Theorem 1. First, it is clear that (1.1) is necessary if f can be ap-
proximated on F by functions m € M(G) without poles in F. For each such m
is analytic on K and, by Runge’s theorem, can be approximated on K by
rational functions. Hence f|, € R(K).

Now suppose (1.1) is satisfied. Suppose the G, are bounded domains such
that G, C G, ., and UG, =G;then F, :=FN G, are compact subsets of F.
Suppose further € > 0 and a monotone null sequence {e,} such that ¥ e, < €/
are given.

Foreachn=1,2,... we now apply the fusion lemma frem Chapter III,
§4, with

&

\ & andk=F .
n+1: n

Let 4, denote the constant 4 in the fusion lemma; we can assume 1 <4, 1.
As the two ratlonal functions we use g, and q,, +17 where
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13) /() -a,G) <€, /24, (ZEF),

and by assumption this condition can be satisfied by rational functions q,
(without poles on F, ). [Note that (1.1) is used only for the sets F, .] Hence

lg,(2) -4, <e /4, (zEF).

By the fusion lemma there exists a rational function r, such that

(1.4 Ir,() -q,()<e, forz€G,UF,
and
(1.5) Ir,(2) -4,.,.,)I<e, forzE((E\G 1) Yy

With these rational functions r, we write
m(z) =q,(z) + 23 _1[r () - 4, (2)].

Now (1.4) implies that for fixed n and z € G, the function r, - g, is analytic

inG assoon ask =2 n. and since (1 A\ mmrnnfppe the uniform convereence of

ALE S WD U wil WU TV oy QAL Daiive 4 PWRLEUILVVO VLV WilaiVialas VVILT ViRViiVY Ul

Zis n(rk qk) in G,,, we see that m is analytic in G, with the exception of
finitely many poles. Hence m is meromorphic in G.
Finally, we show that f is approximated by m on F. First we have for
ZEF,
1

m(z) - F@I <14,) - F@)I + 27 I (@) - @I < == +Z7¢, <,

1

by (1.3) and (1.4). For z EF, \ F, _; (whichisin €\ G, fork=1,2,...,n),
we have

@) -q;,,@1<¢g (*k=1,2,...,n-1)

o
g
~~

p—n

Jl

S),andforz€F, DF \F we have
¥ K n ‘- n-l°

|rk(z) - qk(Z)l <g (k=n)

by (1.4). If we now write

3

-f= R0 O - Qe ) + @y - )+ Zpay O - 1),
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Im(z) - f(2)| < Z 2-11 € +

=y & <€
n

forz €F, \ F,_,. All together we have |m(z) - f(z)| <e (z € F), and since
(1.1) implies that f necessarily belongs to A(F'), the function m also cannot
have poles on F.

C. Special cases of the approximation theorem

We now deal with three sufficient criteria for (1.1) or (1.2) to be satisfied.
The third criterion uses some topological considerations, which we shall take
up first.

C,. The one-point compactification G* of G; connectedness of G* \ F
The one-point compactification G * of a domain G C € is the extension of

G, by the addition of an ideal point “ec”, to a topological space G* =G U {eo}

¢+ (7% ic ~rnllad nnan if
u S AJ

L2 D 0 valilvlu UPUI.]. 11

E is an open subset of G or if
E =G*\K for some compact subset K of G.

With this topology, G * is a compact space; see, for example, Taylor [1958,
p. 67].

We now deal with the condition, which will come up again in §2, that the
space S = G*\ F is connected.

Tho ongre S =%\ K je pronne
. 1N€ ace s = \I'IisC

rtod 1F and only if oor
wivievL LW IJ Witkw Ui ‘J {9

= {z: Rez>o€}=and @ | ///

F={z:|z|=1,Rez>0}
U{z=x:x>1} .. -

Here S = G*\ F is connected.

Proof. Suppose S is connected, and suppose there exists a bounded com-
ponent Z of G\ Fsuch that Z’ N3G =¢. ThenZ = Z U Z' is a compact
subset of G; consequently T := G*\ Z is open in G*, s0 that § N T is open in
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S. In addition, Z is open in G, hence open in G*, and therefore Z NS =Z is
open in S. Finally, we write

G\F=ZU (G\F)N(G\2),
so that after addition of the ideal point o we have

S=zUENTy;

this represents S as the union of two disjoint, nonempty, open subsets of S —

contradiction.

For the converse, suppose S = X U Y, where X and Y are disjoint, non-
empty, open subsets of S; suppose € X and y € Y. Then Y is bounded: We
can write X =S N T, where T is open in G* with o € T, that is, T= G*\ K
for some compact subset K of G. Consequently,

Y=S\X=S\(SNT)=S\TCG*\T=K,

that is, Y C K. We now consider the component Z of G \ F that contains y.
Our assumption assures us that Z N T # ¢, so that also Z N X # ¢, and now

Z=(ZNX)uEZNnY)

represents Z as the union of two disjoint, nonempty, open subsets of S. But
then Z would not be connected.

Remark. In the general case, S decomposes into a component Z_, which
contains oo, and additional components Z that are compact in G. Here

Z_ =(Ug) U {eo}, where the union is taken over the components g of G \ F
that have an accumulation point on 8G or are unbounded.

C,. Three sufficient criteria for meromorphic approximation

The situation is particularly simple if much is required of f.
Case 1: fis analytic on F.

By Runge’s theorem, (1.1) is satisfied; hence f can be approximated on F
uniformly by functions in M(G). This case represents the extension of Runge’s
theorem to closed, not necessarily compact sets, and for G = C it dates back
to Roth [1938, p. 105].

The next case represents an additional manageable and easily checked
criterion for meromorphic approximation.
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Case 2: f € A(F) (f continuous on F and analytic in F ), and for each
z €F there exists a disk U, about z such ttat (U, N F)° is connected,

According to the remark following Theorem 1, it is enough to verify the
assumptions of Bishop’s theorem for the compact sets

F =FNG.

Here we take an exhausting sequence {G, } of G, where 3G, consists of
finitely many Jordan curves. Thus for eachz ¢ G there exrsts a Jordan arc
v, in the complement of G , starting at z, such that diamy, 26 >0;6 =6

oh diclr I/ ah + T +L
Now suppose z € F, , s0 that z € F. We thoose a disk V_ about z such that

V, C U, and diam ¥, <§, and we assert that the open set (V N F, )¢ is con-
nected Here itis enough to considerz, €7 andz, ¢ F,. Hence z, ¢ For
z, ¢ G In the first case z, can, by assumptron be connected wrth oU,
w1thout meeting F; hence z can be connected with a9V, without meetrng
F' .And 1f7 & (" , there eywtq a Jordan arc v, - (" ¢ wrfh diameter = §,
whrch therefore meets oV,.Hence z, cante connected with ¥, without
meeting G that is, wrthout meetmgF Hence (V N F )¢ is connected, and
by Mergelyan s theorem, approximation by polynomrals is possible on
V,NF,.

The condition on F mentioned in Case ! is satisfied in the following two
exambles

Vinaidpatie

Example 1: G=C Example 2: G= {z: |z2| <1}
F

Finally, our third criterion uses the onepoint compactification G* of G.

Case 3: f € A(F),and G*\ F is connectzd.

Now the condition in Case 2 is satisfied Because if for z € F we choose
the disk U, such that U, C G, then each pdint z, € U, (z, ¢ F) in the com-

ponent of U \Y & that contarns Zl can be cmnectea wn;n a pOlIl[ outside U
(Lemma). Hence (U, N F)° is connected in C.

In Case 3 also, f can be approximated o1 F by meromorphic functions.
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D. Characterization of the sets, where meromorphic
approximation is possible

In Theorem 1, F was an arbitrary closed set in G, and the functions f were
characterized that admit meromorphic approximation on . Now we wish to
characterize the sets 7 on which every function f € A(F) admits meromorphic
approximation; as always, A(F) = {f: f continuous on F and analytic in F°}.

Theorem 2. 4 relatively closed subset F of G has the property that every
function f € A(F) can be uniformly approximated by functions in M(G) if

and only if
(1.6) R(FNg)=A(FNYg)

for each domain g such that g C G.

By Bishop’s localization theorem it is enough to require (1.6) only for
each disk k such that k C G.

Proof. Condition (1.6) is sufficient. For if f € A(F) is given, so that
fEA(F Ng), then, by (1.6), f can be approximated by rational functions on
F Ng, for each domain g such that g C G. Hence (1.2) is satisfied.

To prove the necessity of (1.6), one must refer back to Vitushkin’s
theorem (Chapter III, §3). One shows for the AC-capacity a that

ok \F)=a(k \F°)

for each disk k. This can be established by using the definition of & and by
using meromorphic approximation for a function f € A(F) that occurs there;
the latter is possible by assumption. For details, see Nersesjan [1972, p. 406],
and for the method of reasoning, see Zalcman [1968, p. 104] .

Remark. In our theorems we have always required that the meromorphic
functions m that approximate on F should not have poles on F. Analogous
theorems are valid if the functions m are allowed to have poles on F; see Roth
[1976,p. 110].

§2. Uniform approximation by analytic functions

Sunnose acain that G C € ig an arbitrary domain and F'is a relativelv closed

Uut’l‘vﬂ 6 l. CALGAL \J N W AJ WAL Ui VL J AACRAilL LVA\D\UQV"AJ WAN IV

subset of G. Our problem is the following: Under what assumptions about F'
and G can each function f € A(F) be uniformly approximated on F by func-
tions g € Hol(G)? Here
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€ I11rs corem in S direction 1§ du€ 10 Larleman

137

and concerns

the special case G = €, F = R; in other words, f is uniformly approximated
on R by entire functions g. But Carleman even obtains “tangential ap-
proximation”; for this reason we postpone the theorem and a simple, direct

proof to §3.

A. Moving the poles of meromorphic functions

With Runge’s theorem we have already seen that it can be advantageous to
relocate the poles of the approximating rational functions without affecting
the approximation itself. Now it is important for us that an analogous result

holds for meromorphic functions.

Theorem 1. Suppose G C C is a domain, F is closed in G, and z

z, liein

1’ 72

the same component of G \ F. Then for each function m meromorphic in G
and with pole at z, and for each € > 0, there exists a function m* mero-
morphic in G that is analytic at 2., has a pole at z,, has no other poles except

those of m, and for which

(2.1) Im(z) -m*(z)| <e (z€F).

Proof. We refer to the corresponding result for rational functions; see
Theorem 3 in Chapter III, §1. The points z_, z, can be connected by a

Jordan arc v in G \ F;hence y N F = ¢ . We write

where P is a polynomial and H is analytic at z, . According to the theorem just

cited, there exists a polynomial Q such that

If we now let
m*(z) = Q(1/(z - z,)) + H(z),

then m* satisfies the conditions of the theorem.

The theorem implies that for the approximation of functions on F by
functions in M((7) we can in any case combine finitely many poles in a com-

ponent of (7 \ F.
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B. Preliminary topological remarks

A topological space S is called locally connected at a € S if for each neigh-
borhood u of a there exists a connected set Z C u that contains ¢ as an
interior point. See, for example, Newman [1951, p. 84 ff.].

Wa chall annly, I-Iq Aafinitinn +n C = F*\ L anAd a=-o° sshara 7% 360 tha
wv allw PP y m UVLILILLLVIVIL VWV W \4" alluu ’ wll‘ll\l \V 4 10 LIV

one-point compactification of G introduced in §1, C, . We say that a con-
tinuous arc vy C G starting at z, € G connects z, with > in G if for any given
compact set K C G there is a point on 7 after which y does not meet K any
more.

The following 1 a characterizes the local connectedness of G*\ F at oo
U_Y ]_JJ.UPU]. U.UB u.l L uv sauuu.cu. 11VUIll \J, 11V1V U ailv llUls.llUUlll UuUd Ul
oo in G¥*,

Tamma Tho onars Q= 1%\ K 30 lnrallvy nnvnvontod nt oo 1 nnd nnly if tho

AARLRALEGL. L TET DULL WD T N4 D RUVLULL)y LUl ivuw ul- 7 ) ullu iy &) i

following holds: For every neighborhood U of <° there exists a neighborhood
V C U of oo with the property thar each point z € V \ F, z ¥ oo, can be con-
nected with < in G by a continuous arc Yy CU\F.

Roughly, this means: Each point of G \ F located sufficiently “far away”
can be connected with o0 in G \ F such that the arc does not have to come
“far inward”. If one considers the two examples in §1, C, , one sees that
G*\ F is locally connected at e in Example 1, but not in Example 2.

Proof of the lemma. a) Suppose the condition of the lemma is satisfied,

and u is a neighborhood of e in S, that is,u =U N S = U \ F for some
neighborhood U of e in G*. We use the neighborhood ¥V C U of e from the
condition in the lemma and write

Z=U {7z:z€V\F,Z#=°°}U {eo};

hence Z is a connected setin S, and Z C U\ F =u. Further, ZD V\F=V NS
and the latter is a neighborhood of e in S.

b) Now suppose S is locally connected at o and U is a neighborhood of e
in G*. It is sufficient to show:

There exists a neighborhood ¥ C U of o0 such that each point z, # oo
(*) { in V' \ F can be connected in U \ F with a point that is arbitrarily close
to oo,

For then we construct {U, } such that U ., C U, and NU, = oo} (exhaustion
of (’H and the onrreqnnndmg V such that V C V .and in h ‘obvious way

G228 adt LRSS S22 Al , SA2W2 2% LIRS

we connect countably many arcs to constitute 7, wh1ch lies in U\ F and
connects z, in G with oo,

In order to show (*), we let u = U N S and choose a subset Z C u that is
connected in S and that contains the open set v with o € v:
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vCZ, v=VNS=V\F.

For this neighborhood ¥ C U of < condition (*) holds. We choose z, € V'\ F,

7z oo, and let g denote the component containinez_ of thein G nnnn ot

u Gasa AW VALWVY WLV VWAL WiaLVALY wiasiiiaiais o ~ o WA WALV 4iL U VP VIL Owe

(G \F) N U. We show that g has o as an accumulation point; this will

—establish (*).

But we have

G\

Q

FNU=
where R is open in G (possibly R = ¢) and where no point of R can be an
accumulation point of g. We now include o°:

U\F=gUR', R'=RU {o}+#0¢;

the left-hand side is U N S = u, and g is open in G, thus also open in G*, and
therefore open in S. The intersection with Z C u yields

Z=(gNZ)UR' NZ)=A4UB,

where sed in

Z. Hence B contams an accumulatlon pomt of A and therefore g has an ac-
cumulation point on R' = R U {ee}. This accumulatmn point cannot be in

R (see above); hence o is an accumulation point of g.

C. Arakeljan’s approximation theorem

Our goal is now to approximate f € A(F) by functions g € Hol(G) uni-
formly on F. Here the following two properties of F relative to G play a role:

(K,) G*\Fisconnected,
(K,) G*\Fislocally connected at e

(K ) alreadv anneared in 81 F and was discussed there. Bv the way

\Ehy ) GrivEuy KppvRivu i § 4 ~r BLANA VY WU VAU W B UUW U \u.l.vl.v- Ary WALV YV Y 4

G* \ F obviously is always loca]ly connected at each point g # oe.
The approximation of f will be achieved in the following way:

fe A(F) given function
V(K)
m € M(G) approximates f (§1, C,, Case 3)

V(X))
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r+ g approximates m (Theorem 2 below).
Here g € Hol(G), r rational, poles & F

v (K)+(K)

g approximates m.

C,. Approximation of meromorphic functions by analytic functions

Here, obviously, a relocation of infinitely many poies is required, w
possible by assumption (K, ).

1 '_
Cﬂ 1S

Theorem 2. If m € M(G) has no poles on F and if F satisfies condition

(K \ then for each € > 0 there exist a rational function r with poles outside

LG (41243 PIVLT & LUVEDE W T WYY (A5 2 AV [45 4 4

F and a g € Hol(G) such that
Im(z) - (r(z) +8(2))| <e (zEPF).

If in addition (K, ) holds, one can choose r = 0.
The special case G = € was already treated by Roth [1938, p. 110].

Proof. First two preliminary remarks. a) The poles of m do not accumulate
in G. By (K,), all poles of m, with finitely many exceptions, can be con-

nected with o in G \ F. To begin with we assume:

(2.2) All poles of m can be connected with % in G \ F;
anarificrally ciinnnce the nnle 7. ie rnannantad with co hv A
DPVULJLVH.LI.] ’ Dutltl\ln)v Wwiv t’U"V "k 10 LVUILLLIVU LWL YViull UJ ’k.

By (K,), the v, can be chosen in such a way that each compact subset of
G meets only finitely many of them. To achieve this, we determine a
sequence {U, } of neighborhoods of eo with NU, = {ee} such that we can
choose U=U, and V'=U, ,, in the preceding lemma (n=1,2,...). We con-
nect the ﬁmtely many z; E U, \U, pwitheeinU \F by Y > now all the
Y are specified and have the c1ted property.

b) Suppose G, are bounded domains such that G CG,,,andUG, =G.
Each G meets only finitely many 1, .

Finally, we choose €, > 0 such that T ¢, <e:

Step 1. Only finitely many v, meet G, . The poles of m on these 7, are
ushed outside F a]nno Yk Rv 'T‘henrem 1 there exists an m (= M((‘\ su

s WSS Amaly WS

that

4

Im(@) -m, (2)| <e, (zEPF).
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Result: All poles of m, lie on arcs v, or on their terminal segments that lie
outside G, and therefore do not meet G, U F.

Step 2. Only finitely many v, meet u2 The poles of m, on these v, are
pushed outside G along v, . By Theorem 1 there exists an m EM(G) such
that

Im,(z) -m, ()l <e, (zEFUG)).

Result: All poles of m, lie on arcs v, or on their terminal segments that lie
outside G, and therefore do not meet G, U F.

Step n. Analogously there exists an m, € M(G) such that
(2.3) Im,_1(z)-m,(2)I<e, (zEFUG, ),

and all poles of m, can be connected with o without meeting @n UF.

8(2) =1im,_, m,(2) = my(2) + Z,_ 5 [m, ,,(2) -m,(2)].

Because n 2> N, the m, are analytic in G, and by (2.3) the series converges
uniformly in GN Hence gE Hol(GN) for each N, and therefore g € Hol(G).
By (2.3), we have for z € F that

lg(z) - m(2)| = Im(2) - m(z)+2= [m, (@) -m(2)]1<e +Z°_,¢, <e.

n

With this, Theorem 2 is proved with 7 = 0, provided (2.2) holds. This will be
the case if F satisfies condition (K| ) in addition to (X, ); see the lemma in

§1,C
If only (K, ) is satisfied, we combine the principal parts of the finitely

many exceptional poles (which cannot be connected with 0 in G \ F) of m to
form a function r, and we consider m - r, for which (2.2) is valid. This com-
pletes the proof of Theorem 2.

We now discuss two examples.

Example 1: G = {z: |z]| <1} Example 2: G = {z: |z| <1}

F F{—
( 0 1 ( 0%1
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In Example 1, both conditions (K ) and (K, ) are satisfied; in Example 2 ,(K)
is satisfied, but (K,) is not.

In the proof of Theorem 2, we used both conditions (K ) and (K, ) for the
step 7 + g = g. Whether (K ) alone would be enough must remain open here.
It would certainly be the case if for each point in G \ F there exists an arc
v C G\ F, which from some point on lies outside each compact subset of G.

Fvamnla 2 chnwe that thic ic nnt alwave the cace avan if (K ) ic caticfiad
unm‘lt’lv dw DALV YV D LILGL VILLAD AD 11V LV WA YY “J o Vilwv v““v WVYWwWili A4 \‘lll A D LVAIJLAWVL,.

C,. Arakeljan’s theorem

We now give a complete answer to the question posed at the beginning of

an Wa mala nea nf tha follawino dafinition
Oon. v maxke use O1 Uil iduldwing GCiinmuon.

Definition. Suppose the set F is closed in G. Then F is called a Weierstrass

set in G if each function f< A(EF) can be anproximated bv functions in
MOy Iy N IIJ Uu\z'l’JW'l’Ub.V'l’J l.l\.l. ’ Ty w‘-"v" A4 A LR 2 g UJ J“'.’\-’“E\I'.’U v
Hol(G) uniformly on F.
With this definition we have the following result.
Theorem 3 (Arakeljan 1968). The set F is a Weierstrass set in G if and only
if the conditions
Pal AU ~ R
\l\l) U™ \[ IS conneciea

and

Py

(X,) G*\ F is locally connected at o

are satisfied.

The case G = C was already dealt with by Roth in 1938, although with dif-
ferent terminology and only for sets F of two-dimensional measure 0. Works
by Keldysh and Lavrentiev (1939) and Keldysh (1945) followed, in which F
was a continuum such that F° = ¢; and there was Mergelyan’s report (1952).
In these works (K, ) and (K, ) are often combined into one condition K, (or
K); K for Keldysh. Finally Arakeljan completely settled the case G = € in
1964 and the case of a general G in 1968. A careful exposition of the case
G = C can be found in Fuchs [1968, pp. 9-34].

The approach used here — via meromorphic approximation — was indi-
cated by Roth [1973], [1976] . It shows that in the final analysis, Theorem 3
can be derived from Mergelyan’s theorem.

Proof of Theorem 3. In Theorem 2 in C, and in Case 3in §1,C, we
already proved that conditions (K, ) and (K, ) are sufficient.
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now show ,) Is necessary. , ) were not satisfied,

would have a component Z that would be compact in G (lemma in §1, C,);
in particular, 8Z C G, and therefore 8Z C F. Let d denote the diameter of Z,
choose z, €Z, and cons1der f(2)=2d/(z - z, ), which is a function in A(F).

By assumpt1on there exists ag € Hol(G') such that If(Z) g(z)l <1 (z € F’)

24 - (z-2)e@)I<d  (z €02).

By the maximum principle, this inequality also holds for z € Z, and for
z =z, we obtain a contradiction.
In order to show that (K,) also is necessary, we observe first that (K, ) is

equivalent to the following:
or each neighborhood U of oo there exist

AAAW WA W viiw A

™ uch that each point z, # o of V'\ F ca
1th a point that is arbitrarily close to o°.

'

1eighborhood V C U of

b(ﬂ

Compare this with the reasoning in the proof of the lemma. If (*) does not
hold, there exist a neighborhood U= G \ K (K compact in G) of ° and a
sequence of points z, € G\F, z, >, that cannot be connected in U\ F
with points arbitrarily close to . Consequently the components g, of

(G\ F) N U that contain z, are compact in G.

The g, can be assumed to be pairwise disjoint; let d, = diam g, . Clearly,
og, CFUK.

Using the Mittag-Leffler theorem, we now construct a function f mero-
morphic in G, which has simple poles at the points z, with residues nd, .
Then f € A(F), and by assumption there exists a g € Hol(G) such that
|/(z) - g(2)I < 1 (z € F). In addition we have, of course, that |f(z) - g(z)I
< M (z € K) for some constant M.

Hence

£(@) - 8(z)| <max (1,M) forz € ag,,,

and after muitiplication by z - z, we have
Iz-2,)f(2)-(z-2,)8()I<d, - max (1,M) forz € ag,.

Since f has only the pole at z, in g,, the maximum principle can be applied

again, and for z =z, we find that nd, <d, * max (1, M), which is false for
large n. This completes the proof of Theorem 3.
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Remarks about §2

A valralin.a’s ram s n lom mpmcmalalon o1 .o o e

AraKkeijan's theorem can be combined as follows. We say a closed set FC T
satisfies condition K if there exists a function r(¢) that is defined on [0, =)
such that 0 <r(t) - o for t = o0 and that has the following property:

Each point z € F¢ can be connected with o in F¢ by a Jordan arc v, that

liesin {: IS =7 (lz])}.

Thic conditinn neenre fircet in K T avran tiner 1
A 210 WWILUIVIVIL VUVWLY 1110U 111 .L\ uyo. l. all IAvVIVIILIVY ll

the case G = C, it is equivalent to ( )+ K.

2. We also wish to point out newer developments that are based on
Arakeljan’s theorem. Above all, see the works by Stray [1974], [1977a] ,

[1977b], [1978], [1980].

First, let B,(F) C A(F) denote the Banach algebra of functions bounded
on F that admit uniform approximation on F by functions g € Hol(G);
further, let

A, (F) = {f€ A(F) : fis uniformly continuous on F} C A(F).

(i) If conditions (K, ) and (K, ) in Arakeljan’s theorem are not both
satisfied, then A(F) decomposes into two subsets 4 ,(F) and N: The
functions in A G(F ) can be uniformly approximated on F by functions in
Hol(G), and the functions in V cannot. Stray shows: N even contains
bounded functions, and he makes assertions about the functions in 4, (F)
and B (F).

(i) In addition, Stray proves a theorem for the class 4, (F) that is
analogous to Arakeljan’s theorem. Each f € 4, (F') can be uniformly approxi-
mated by functions ¢ € Hol(G) whose restriction g, belongs to 4, (F) if and
only if G* \ F'is path-connected.

(iii) In [1977b], Stray generalizes the statement in (ii). Suppose E is a
subset of G N OF, and write

Ag(F) := {f: f continyous on E U F, analytic in F°}.

If E= ¢, then A(F)= A(F), and if E = 3G N 9F, one obtains 4, (F) from
above. Question: When can each function f € 4 ;(F) be uniformly approxi-
mated on F by functions g € Hol(G) whose restriction gl belongs to 4 .(F)?
This is the case if and only if G* \ F is path-connected and the set F, of
“difficult to reach” boundary points of G \ F is contained in E.

(iv) A generalization of Arakeljan’s theorem to vector-valued analytic func-
tions is discussed by Brown, Gauthier, and Seidel [1974].
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83. Approximation with given error functions

The theorems in the last two sections dealt with the uniform approximation
of a function f on a closed set F C G by functions m € M(G) or g € Hol(G).
Since in general F is not compact in G, the question arises whether additional
assertions can be made about the behavior of |f(z) - m(z)| or |f(z) - g(z)| for
z €F, z > oo, where o is the ideal point of G*.

The leading theorem here is due to Carleman (1927); we shali deal with it
in an elementary way in Section A. Carleman already recognized the im-
portance of his result for the study of the boundary behavior of analytic

functions. Mainly for this reason the theory was further developed by Roth,

Keldysh, Arakeljan, and Nersesjan.

A. The problem; Carleman’s theorem
A, . Tangential approximation; e-approximation

First we define our problem. We assume G is an arbitrary domain and F is

a wala ad ant 302 7
ar lauvcly blUbCu STL 111 U7,

Definition 1. A function e(z) that is defined on F and is positive and continu-
ous there is called an error function. We say that f € A( F'\ admits e-approxi-

mation on F by functions in M(G) or Hol(G) if
If2) -m@2) <ez) (zE€EF)or
11(2) -8(2)| <e(z) (z€EF)

(3.1)

for some m € M(G) or g € Hol(G), respectively.

Definition 2. We say that f € A(F) admits tangential approximation on F if
for every error function €(z) there exists an m € M(G) ora
g € Hol(G), for which (3.1) holds.

e PR

Definition 3. We say that F is a Carleman set in G if every function f € A(F)
admits tangential approximation on F by functions in Hol(G).

The corresponding notion for approximation by functions in M(G) is not
introduced. — Suppose a set F and a function f € A(F) are given; our task then
consists of deciding whether e-approximation or even tangential approxima-
tion is possible. First we turn to the special case G = €, F = R, which can be
treated with elementary means, and later we admit general domains G and
closed subsets F.
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A, . Two lemmas

We begin our preparation for Carleman’s theorem with two lemmas.
Lemma 1. SupposeGk(a) -¢\{z atiy:yl=1/k} @€ERk=1,2,..)).
Then there exist functions H, 2, @) and H} (z, a) that are analytic (and
univalent) in G, (a) and have the properties:

(2) ite, N\l 1

a HI\Z, &) N 1 and |H7 (z "\i
\4) k\ ) k

P
and for each compact subset K, C {z: Rez <a} we have

k\“ k ’ 1 ’
whereas for each compact subset K, C {z: Re z>a} we have
(c) H;:(z, a)=1 and H; (z,a)=0 forz€K,, k>

We call H; , Hy the “constriction functions” corresponding to the
abscissa a. If one closes the shutter 3G, , then the H, always provide a better
approximation of the functions 0 and 1 on K, and K, , respectively, and
the H are uniformly bounded in G,.

Proof. We assume 2 = 0 and start with the mapping z = 2w/(1 - w?). Its
inverse w = hi(z) maps €\ {z =iy: [y| = 1} conformally onto {w: jw| <1}.
Here 0, +i are fixed points and 4'(0) > 0. Obviously, A(z) > 1 for z > e in
Re z >0, and A(z) > -1 for z > o0 in Re z < 0.

Consequently, the functions 4, (z) := h(kz) map the domains G, (0) =
C\ {z=iy: |yl = 1/k} conformally onto {w: [w| <1}, and we have

h,(z)= -1 fork oo, providedz €K ,
and
h (z)=+1 fork oo, providedz €K, .

Here K, and K, are compact subsets of {z: Re z <0} and {z: Re z >0},
respectively. The functions .

Hy=%(1+h,) and Hg=%(1-h,)
thus have the properties mentioned in the lemma.

Lemma 1 is used in the proof of the following lemma.

Lemma 2. Let M, denote the set {z: |z| <n}VU {z=x:nK|x|<n+ 1}
(ne N fixed), and suppose the function h is continuous on M, and analytic

in M = {z: |zl <n}. Then for each € > 0 there exists a potynomtal P such
that
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() -P@)I<e (z€M,).

Of course, the assertion could be deduced immediately from Mergelyan’s
theorem, but we wish to give an elementary proof of this special case.

Proof. We write M :=M_ and show: There exists a function H analytic on

M such that |h(z) - H(z)| < €/2 (z € M). Then Runge’s theorem can be applied
to H, which yields |H(2) - P(z)| < €/2 (z € M), and the assertion follows.
We write M=K UI U, , where
K:={z:lzl<n}, I ={z=x:n<x<n+l},

I, ={z=x:-n-1<x<-n}.

h - L for some suitable linear unctlonL Now w hoos € > 0 and deter-
mine polynomials P , P,, P, such that

! ! .
P, -hl<e on/ P, -hl<e onl, (Weierstrass)

1’

and

IP, -l <€ onK (Fejér polynomials).

Then we determine the intervals
i = {z=x:n<x<n+8} and i,={z=x:-n-8§<x<-n}
such that

lh(x)| <€ and |P,(x)| <2¢ forx€i Ui,.
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Suppose a, and 4, are the midpoints of i, and i, , respectively. Next we fix
5 >0andsetc —max {IP (x)I sz },c : max {LP (x)I x€i, }

Lemma 1,is crucial. Spec1ﬁca11y, let Hy P correspond to the absclssa a, and
Hp to the abscissa a, . With these two functions we construct

®, =P H, +P,Hy +P,(1-H)(1-Hy) (k=1,2,...).

We observe:

H,:'=> land Hy =0on/, \i ;hence® =P onl \i,
Hy =0and Hy =1onl,\i,;hence ® =P, onl,\i,,

H;’—‘*O andH,; =0 on K ; hence <I>k=*P3 onKk.

Due to the approximation properties of P , P,, P, we have altogether that

|®,(2) - h(2)| < 2¢' forz€M\(i, Vi,),

——assoon as k is sufficiently large:

But on i, we have
1@, - Al < |1| + B <€ +IP |+ 1+P,|« [H1+IP,] - 4
for all k, where
IP1<2€,IP|<c,,IP,| <2, and |H;|<€c,,
as soon as k is sufficiently large; hence
1®,(2) - h(z)l < 126 forze i

for sufficiently large k. A correspondmg inequality holds on i,

If originally one chooses e = €/24, then for sufficiently ]arge k the func-

..... 1EI5Y i

tion &, now ylelds a function H analytlc on M, for which

lh(z) -H(2)| <e/2 (zE€EM).
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A;. Carleman’s theorem

Next we deal with tangential approximation in the special case G = €,
F=R.

Theorem 1 (Carleman 1927). For every function f continuous on R and
every error function €(x) (x € R) there exists an entire function g such that

If(x) -e(x)I <e(x) (xER).

......

......

cussed later. Carleman {1927] aiready generalized this theorem by replacing
R by more general curves and systems of curves. See also the remarks at the
end of §3. _

For the proof it would seem reasonable to exhaust R by intervals
I = [-n,+n] and to start with polynomials P, for which max {|P, (x) -
fOl:x €1 }is small. Then we would have P, (x) = f(x) (n - =) on each
compact subset of R. But P, (x) = f(x) (n > =) is possible on all of R only if
[fitself is a polynomial; the idea for the proof of Theorem 1 must be refined.
We follow the proof given by Kaplan [1955, pp. 43-44] , who attributes it

to Brelot.

Proof of Theorem 1. First we choose a null sequence {Sn} such that
0<6,,,<6,, §,<max {e(x):n<IxI<n+1} (rn=0,1,2,..),

and we write

-5

€ =5 (n=0,1,2,...) and €_ :=0.

n+1 n+2

In the O™ step we approximate f on [-1,+1] by a polynomial P, within

€
1P, (x) - f(x)] <e, for x| <1.
In the 1% step we start by writing
[P, (2) ({z: 12| <1}

hy(2)={f(x)+2-x)[P,(1)-f(1)] for {{x:1<x<2}

fG)+@+x) [P-1) -f(-1)] | fx:-2<x<-1)

Then A, is continuous on M, , analytic in M{, and Lemma 2 yields a poly-
nomial P, such that |P, (z) - h,(z)| <e, (z €M, ); hence in particular
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IP,(z) - Py(z)| <€, foriz|<1

and [P, (x) - h,(x)| <e, forl<|x|<2.Itfollows that |P,(x) - f(x)| <€,
forx = £2, and |P, (x) - f(x)| <€, +¢, for 1 < x| <2.
Analogously, in the 2™ step we start with

P, (2) {z: Iz €2}

b

hy(2)= {f(x)+ (G -x)[P,(2)-f(2)] for {{x:2<x<3}

fx) + @ +x)[P,(-2) - f(-2)] {x: -3<x<-2},

IP,(z) - P,(2)| <e, forlz]<2

as well as |P, (x) - f(x)| <e, for x =%3 and |P, (x) - f(x)| <€, +¢,
Ix| < 3.
In the n step we obtain a polynomial P, such that

for2 <
P (2)-P,_,(2)I <e, forlzl<n
and
P (x) -f(x)I<e, forx=%(n+1) and
IPn(x) -f)I< e, e, forn<|x|<n+l.

The last two inequalities also hold for n = 0 (because €_; = 0).
If we now write

it follows that g is an entire function, because the series of polynomials con-
verges uniformly on compact subsets of C.
If x €R and therefore n < |x| <n + 1, we have in addition that

g(x) - f(x) = [g(x) - P, (x)] + [B,(x) - f(x)],

where |P, (x) - f(x)| <e, +¢€,_, and

18Cx) - PO = 1245, [Ppyy ) = BN < Ty g
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Altogether we obtain

) forn >0,

n
Ig(x) 'f(x)l < Ek=n-lek =
6, <6, forn=0;

hence lg(x) - f(x)| <&, <e(x) for each x ER.

B. The special case where F is nowhere dense

We now turn to general domains G and closed subsets F'; here the case
F° = ¢ is narﬁcular]v easy to dispatch. We rely on a method of proof that

seems to be due to Arakeljan [1964b] ;it is also useful in the case F® # ¢ .

B, . Sufficient conditions for e-approximation

Q nnnnnn E' 1 1“ f" ﬂﬂA f‘f\ f nnnnnn " E’ k(l p!lv\
UUPPUD\/ 4 J.D ULUOVU 111 \J allul L1l a-l- ul&l_’ Ul lllv aytuUAuuauuu Ul.l. £, Uy lull\t

tions in Hol(G) or M(G), is always possible; initially we do not require that
F° = ¢ . We show: For certain error functions e-approximation is even
possible.

Lemma 3. Suppose F is a Weierstrass set in G and y € A(F). Then every
function f € A(F) admits e-approximation by functions in Hol(G) for e(z) =

W fz),
Iev \"II'
Proof. Since F is a Weierstrass set, there ex1sts a g, € Hol(G) such that
W(z)-2,@)I<1(zEF).Weleth= 1 € Hol(G), consider f/h € A(F),

nd datarminag a e AN aiioh that
allu u\ll\llllllllc a 52 N— I.J.UL\U} SuULVil Lllatl

I(f/n)z) -£,(2)I<1 (zEF).
It follows that

If(z) - h(z)g, (2)I <n(z)l =exp {Reg,(z) - 1}
<exp {Re ¥(2)} =le¥ @] zE€F),

as was asserted.
Even easier is the proof of the following remark, which will be used later.

Remark. Suppose F is a Welerstrass set in G and
(3.2) suppose there exists H € HolkG) such that 0< |H(Z)| < e(z) (z EF)



152 Approximation on Closed Sets

Then every function f € A(F) admits e-approximation by functions in Hol(G).

To see this, one simply considers f/H and applies the Weierstrass property
of F (once!).

The result is even smoother than Lemma 3 if one studies e-approximation
by meromorphic functions.

Lemma 4. Suppose F is such that every function f € A(F) admits uniform

approximation on F by functions in M(G). Suppose h € A(F) with
0 <|h(z)| <1 (z EF). Then every function f € A(F) admits e-approximation
by functions in M(G) for e(z) = |h(2)I.

Proof (Nersesjan [1972, p. 411], Roth [1976, p. 109]). First we approxi-
mate 2/h € A(F) uniformly by functions in M(G):

2
Ih—$(z -m,(@)I<1 (€F)
for m, € M(G). This implies

2 _4>_1 1 .
m, @)l > o 1> T that e <Ih(@) (zEF);

in particular, m, has no zero on F.
Further, m, f € A(F) can be uniformly approximated by functions in M(G)

Im,(2)f(z) -m,(2)I<1 (2 €E€F)
for m, €M(G). Letting m = m, m, € M(G), we obtain from this
@) -m@I< im, DI <H@| ¢ EP),
as was asserted.

In Section B, we shall apply these lemmas to sets with F° = ¢. First we
present two theorems where G = € but where F° = ¢ is not required.

Theorem 2. Suppose F C C is such that every function f € A(F) admits uni-
form approximation by functions in M(C). Suppose further that f € A(F),
€ >0, and n € N are given. Then there exists a meromorphic function

m € M(C) such that
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(3.3) Ifz)-m(z)I<e (z€E€F)
and
(34) If@) - m(2)l =0(z2I™")  (zEF,z~>).

In other words, in addition to uniform approximation one can achieve ap-
proximation at the rate given by (3.4) without additional restrictions on F.

Proof (Roth [1976, p. 109]). F theorem is trivial. Thus we can

€
hosen such that |7_7 |n >mn for

v W Ava

or
assume thatz_ € \ F'and that n

/oS waraY walaw ...0 “— N \ 4 $Rai

z €F. We apply Lemma 4 with
h(z)=en(z -z,)™"

and immediately obtain (3.3) and (3.4).

Note that the meromorphic function m depends on . In general, (3.4)
does not hold for all n € N and fixed m € M(C). For example, if F = {z: |z| =
then (3.4) holds for fixed fand m and all n € N only if f itself is meromorphic
in C; thus (3.4) does not hold for f(z) = ellz g A(F), say.

The following result concerning approximation on Weierstrass sets by
entire functions can be obtained by elementary methods.

Theorem 2'. Suppose F is a Weierstrass set in €, f € A(F), and € > 0. Then
there exists an entire function g such that

1f(2) -8(2)| <e and |f(z)-g(2)I<1/lzl (z€E€F).

With stronger auxiliary results it is possible to improve this theorem signifi-
cantly (see §4, A), but the present version is sufficient for our later applica-
tions. For example, it allows us immediately to construct entire functions g
that are bounded outside “small sets.”

AN
@ )
. /
\l | \
\ o ——
>
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Suppose we take. f(z) = 1/(z - i), say. Then, in the example sketched above,
one immediately obtains an entire function g such that

limr_’wg(rew) =0 forall ¢ € [0,2n].

Proof. For F = C the statement is trivial. Therefore, suppose F # € and k is a
closed disk in F¢ with center z,,. We write

f onF,
F*=FUk, f*=
0 onk.

Then F* is again a Weierstrass set and f* € A(F*). Thus, for arbitrary a >0,
there exists an entire function g* such that

| Z—;—% *@) -g*@)I<1  (z€F®.

In particular, we have |g*(z,)| <1 and therefore

| Z;Zo *2) - @* @) -2*E, )| <2 (zEF™®);

consequently
) - EOEL) | < B erm)
— OnF we then have
1) -0) < 2 <mim (e, /D,

P 4

"’O

assuming a was chosen sufficiently small.

Ramaslr Tn al tha ie noc analag tA Th ' rw inrefr ass epf
1 K9 L ICToIass oo

A a 7 fA
nemark. in generai, neré 1s no anaiog e & I0or We

in other domains G. For example,if G = {z: |z]|<1}and F=GN {z: Rez =20
then F is a Weierstrass set in G, but the relation |f(z) - g(z)| = O for

lz| = 1 (z € F) can hold for f EA(F), £ € Hol(G) only if f = g. — Conditions on
F under which |f(z) - g(z)| = O for |z| > 1 (z € F) can be achieved are given

by Brown, Gauthier, and Seidel [1975, p. 4] . For example, it is sufficient

that F N 3G has linear measure 0, but “noodles” are also permitted [1975,

p. 5].
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B, . Tangential approximation if F° = ¢

If F° = ¢, Lemmas 3 and 4 allow us to reduce the problem of tangential

approximation to that of uniform approximation; the latter was completely
solved in 81 and S')

Theorem 3. Suppose F is closed in G and F° = ¢

a) F is a Carleman set in G if and only if F is a Weierstrass set in G.

b) Every function f € A(F) admits tangential approximation on F by func-
mation on K by funstio
s e /ie Vi & UJ J [ A4

For G =€ and F° = ¢, the characterization of Carleman sets is due to
Mergelyan [1952, pp. 327-329] who improved a method of proof first em-
ployed by Keldysh and Lavrentiev (1939 there F is a continuum) by using

his main theorem. (Mergelvan requires the nmnertv ‘F a continuum” but

does not need it.) For general G and F°=¢, the characterization is due to
Arakeljan [1968]. Statement b) was proved by Nersesjan [1972] and Roth
[1973].

The proof of Theorem 3 is obvious. If €(z) is an arbitrary error function,
we apply Lemma 3 with Y(2) = log €(z) and Lemma 4 with h(z) = min(e(z),
1 /7\ (this can be done because F° = nﬂ Hence everv fE_A(F'\ admits

vaasd el UL LAY LRV ERSVv 2 eVl WY VayJ SmasaatS

tangent1a1 approximation if every f € A(F) admits uniform approximation.

Remark. The proof remains valid even for F° # ¢ if we limit ourselves to
e-approximations whose error functions have the property

(3.5) €(z) is constant on each component of F°.

This type of error function plays a role in the work by Brown and Gauthier
[1973].

C. Nersesjan’s theorem

We now deal with tangential approximation on sets F' that do not satisfy
F° =¢ . No general theorem is known for approximation by functions in
M(G), in contrast to approximation by analytic functions.

C, . Condition (4); a lemma o

_

Tangential approximation on F will be possible only with an additional
assumption.
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Definition 4. We say F satisfies condition (A) if for every compact subset
K C G there exists a neighborhood V of * in G * such that no component of
F° intersects both K and V.

This condition was first introduced for G = {z: [zl <R} (0 <R < =) by
Gauthier [1969] . If (4) is satisfied, then all components of F° lie necessarily
compact in G; but this condition is not sufficient (Example 2).

amp E Example 3
G=C G=C G={z:z2I <1}
Lengths
I , /‘ N
l ;F F\é& :
/F 2
0B EER G S A AP P

(4) satisfied (4) violated (4) violated

Roughly speaking, (4) requires that “long islands’ of F must move out to ee.
In Section C, we need the following lemma.

further that there exists a sequence of Jordan arcs 7n that connect {z: |z| = r}
with {z: |z| = r } and on which

h(z)l<e, (€w,),

21211l anwesneran e nen L.
Cii eyucrice. 1 nemnn = U

M =max{lf(z)l: lz]|=r} < 1.

Let a,(z) denote the harmonic measure of v, with respect to {z: lz| <r}\ v,
we consider a, (z) on the disk k = {z: |z| < r'/2}. Then

a,(2)2a>0 (z€k;n=1,2,..),
and by the “two-constants theorem,”

h@)I < &n@® Mo <2 e (z€k; n=1,2,..).
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Hence =0 in k, and therefore A =0in {z: |z] <r}.

15
N2/

C, . Nersesjan’s theorem

~ TXr

lVOW W€ answer me que ion: When is a Cl 0S€ d set [
See Definition 3 in A, . We exclude the trivial case F = G .

manse A MTavonala n 107 s 2emen ~Oa

Theorem 4 \ncmcajcu 177 ) Suppuac Fis aclosed proper sub
F is a Carleman set in G if and only if F satisfies conditions (K ,), (K, ), and
(A).

A stronger, sufficient condition for /' to be a Carleman set in G was given
earlier by Gauthier (1969).

Proof. a) Conditions (K, ), (K,), and (4) are necessary.

For (K, ) and (K, ) the necessity is obvious, since one obtains uniform ap-
proximation for e(z) = € > 0. Thus we need to show that (4) is necessary
(Gauthier [1969, pp. 320-321]), and we assume (4) is not satisfied.

i) Geometric preparations. Suppose {G, } is an exhaustion of G by bounded
domains G, ; that is G CG,,1,YG, =G.If (4) is not satisfied, then for
eachn > 2 there ex1sts al ordan arc b C F° that connects a point P & G
W].Lh a PULIIL Un E K HCLU K isS a fiAGd, 1c1auvc1y bUlllPabL Dubbcl— Uf G aud
we can assume K C G, . Suppose g, C F © is a Jordan domain containing the
arc b, , and let y, denote a subarc of b, that connects 3G, with 3G, .

Fma]ly, let I‘ denote a subarc of ag in G 1 Oy Its harmomc measure
with respect to g satisfies

a,(z)=a, >0 forz€y,,
because v, is compacting, .
|
ii) Step 1: We prove the following intereéﬁng intermediate result:

If (A) is not satisfied, there exists an error function e(z) defined
(3.6) on F and with the property: If h €Hol(G) and |h(2)| < e(z)
(ZEF),thenh=0in (.
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To establish this, we choose constants ¢, such that 0 <¢, ., <c, and

cn<l/n (n=1,2,..),

and then we determine an error function e(z) (z € F) such that

€z)<1 forz€F and e(z)<c, forzEFﬂ(Gn+1\G)

(Since we can assume that 3G, is a union of Jordan curves, this is easy to
achieve.)

If now h € Hol(G) and |h(2)| < €(z) (z € F), and therefore in particular
h@)I<c, (€T,) and h(@)I<1 (z€ 9, CF),
then the “two-constants theorem’ implies

h@)I<c®n @D <cPn<1/n  (z€y;n=2,3,..).
Here the v, are in the compact subset 52 of G, and because they connect
0G, with an , they have diameters d, = d > 0. Hence an application of
Lemma 5 immediately yields that h = 0 in a neighborhood of a point of G, ;
therefore n=0in G.

iii) Step 2: We show: F i Carl H fistinguis .
Case 1: If h € A(F) and |h(z)| < €(2) (z € F) with the error function from
above, thenh=0onF.

Case 2: There exists an # € A(F) such that |h(z)| < e(z) (z € F) with the error
function from above, but k(z,) # 0 for some z, € F.

Note: In (3.6) we require & € Hol(G), not only h € A(F).

Concerning Case 1: If F were a Carleman set, then for each f € A(F) there
would exist a g € Hol(G) such that |f(2) - g(z)| < &(2) (z € F). Since we are
dealing with Case 1, we must have f= g on F. But this would mean that every
function f € A(F) has an analytic continuation to G. Since F is a proper
subset of G, this is not possible. For | then there exists a segment s C G\ F,
and the conformal mapping f from @ \ s onto {w: [w| < 1} belongs to A(F)
but is not analytic in G.

Concerning Case 2: Now we choose a new error function e, (z); suppose it
satisfies €, (z) <€(z) - |n(z)| (z € F) as well as €,(z,) < |h(z,)I. If F were a
Carleman set, then for the 4 above there would exist a g € Hol(G) such that
|h(z) - g(z)| <€,(2) (z EF); that is,
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le@)| < r(2)l + |n(2) - 82)I < |h(2)| + €,(z) <e(z) (zEPF).

: - ’ ) 0 1(Zo); 1
contradiction to the construction of €, (z).
In both cases F fails to be a Carleman set when (A4) is not satisfied.

b) Conditions (K, ), (K, ), and (4) are sufficient.

Here we must refer the reader to the ongrnal work by Nersesran The method

further by Mergelyan in 195 2 is used again, and the des1red functron

g € Hol(G) is represented as g = Z R, , where the R are rational functions. Of
central importance is a lemma the origin of which goes back to Lavrentiev
[1936, p. 25] ; similar lemmas can be found in Roth [1938].

Lemma. Suppose F is compact in €, that C \ F consists of finitely many com-
ponents, and that G is an open subset of F with 8G C oF. Then, for each
€ > 0, there exists a rational function R(z, G, €) such that

IR(z, G, )l <e forz €G\(3G),,

IR(z, G, e)-11<e forz€F\G_,

IR(z, G, €)I|<C forz €F.

U,... M 2r oreen elonndectn mnnsnntrasnt ssnd A Ansanton tho A ssntealhbhnmlinand AL ¢l ané

LICIeC U D artaoyviule corwiaret, urtu IVe QENIULCD LILE c-ricixrioorrnioovu j Lric sei
or pr

are used.

Remarks about §3

Without aspiring to completeness, we point out several works that are con-
ected with Carleman’s theorem.

s vas WwRaaVaiadtal O wAawWiIaa

1) Hoischen [1967] gives an interesting, largely constructive proof of Carle-
man’s theorem. His work is based on the Gauss transform

F,(2) = \/5‘1? afb N (Dt (€ CA>0)

of a function f continuous on [a, b]. The “hump” property of the kernel is
important; it implies that F, (x) = f(x) (¢ <x <b) and F, (x) >0 (x <@, x > b
as A - oo, In another work, Hoischen [1970] investigates the approximation
of f€ C(R) by entire Dirichlet series.
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2) Numerous authors consider approximation with interpolation or approxi-
mation of a function f and its derivatives. In this context we cite works by
Gauthier and Hengartner [1977], Hoischen [1975] , Kaplan [1955], Nersesjan
[1973], [1978], [1980], Rubel and Venkateswaran [1976], and Sinclair
[1965)] . We mention a result due to Nersesjan:

Suppose G = {z: |z <R} (0 <R < ), and let y, denote countably many
Jordan arcs such that each v liesin {z: r, <|z| <R}, where r, >R (k > o).
We set L = Uy, and require that f is n-times continuously differentiable on L.
Finally, suppose e(x) is continuous and positive in (0, R). Then there exists a
function g € Hol(G) such that

1r®2) -g® ) <e(lz) (€L;k=0,1,2,...,n).

3) Carleman’s theorem admits the following extension to R” (Scheinberg
[1976]). For f € C(R™) and a positive error function e € C(R") there exists a
g € Hol(€") such that

If(x) - 8(x)| < e(x) forx €R".

Here x is the real part of z € C”.

84. Approximation with certain error functions

In this section we deal with several additional questions in connection with
the special case G = C; that is, we have approximation on a closed set F C €
by entire functions g. We attain tangential approximation if F satisfies condi-
tions (K, ), (K,), and (4). Unfortunately, important sets F do not satisfy con-
dition (4), for example, angular sectors and parallel strips. Hence the follow-

ino aguestions arige:

B - Viid QiiSV.

1) For which error functions €(z) is e-approximation possible on F, if F satis-
fies (k’ \ and (I( \ but not (,4\‘7 We alreadv became acauainted with initial

LR A T SEL -2 Ve 22VS ¥ EAAVENL) VIEVRILLY VWLV WaASAL Al E

results in this dlrectlon in §3 B1

2) Can anything be said about the growth of the approximating entire func-
tion? In 1945, Keldysh took up these questions for the first time in a short
but significant work. The work contains no proofs; but these are presented
fully in Mergelyan’s report. Later works concerning these problems are due to
Arakeljan [1959, 1961, 1962, 1964] and Ter-Israeljan [1971].

The proofs of the following theorems are all technically quite complicated.
Since they are carefully carried out by Mergelyan [1952, pp. 333-363] and
especially by Fuchs [1968, pp. 41-73], we limit ourselves to an enumeration
of the most important results.
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A. e-approximation without condition (4)

First, Carleman’s formula (see Boas [1954, p. 2]) implies: If F denotes the
half-plane {z: Rez=20} and h € A(F), h # 0, then

B Gy >0 (z=x+iy);
j T4y? ¥ ( )

“'l\ﬂ" iq 011\“" "L\n |Mnmnnﬂl awva l‘ nnnnn + +ﬂﬂlq t marn ton pﬂnf unﬂnn p
uiat 15y aivVll UiV uilagliialy aAalo 7t LAalllivi Wwiiu U 4VviU WUV 1adt. 1L1viivy, 1l
fEA(F) allows e-approximation on F by an entire function g

If(2) -2 <e(z) (zEF),

then the condition

(41) / ..lg.g_e___(zy) y>_oo

1+v

must be satisfied, except in the trivial case where f itself is entire. For exam-
ple, e(z) = e'?! is not an admissible error function for the set F above.

) g

A ____ _11 DI Y % L. SRy SUSRI 5 B, S ranrso — ~ANTN 1 _ .
A SInail vdaridiion o1 uls redasoning (SeC r'uciis {1706, p. 57] ) siOws. 11

F={z:Re/z =1}

Lmsdhm o L e mal 1N &l A 4l o 104t .
(CALCII0T Ol d PdIaDOla), LICIL LIC CO1UlILIOIN
oo
(4.2) [ log G(t) dt > - o0
\*.2) j t3/2
1

must be satisfied if e(z) = e(]z]) is to be an admissible error function for this
set F.

Arakeljan ([1959], [1961], and [1964a] ) shows that in the general case,
(4.2) is also sufficient.

Y o~ LS d

Theorem 1. Suppose the closed set F C T satisfies conditions (K, ) and (K,)
from §2, and suppose e(t) is continuous and positive for t 2 0 and satisfies

(4.2) / =312 1og e(f) dt > - oo
{
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Then every function f € A(F) allows e-approximation on F with €(z) =
€(1z]) (z € F). The statement does not remain valid for every F if (4.2) is
violated.

This theorem sharpens Theorem 3 in §2; (K,) and (K, ) guarantee not
only uniform approximation, but even e-approximation for certain error
functions.

Examples: e(t) = exp (- /\ s not satisfv (4.2). but e(?) = exp (-2
daimples. €¢) p-t7)d 108 S4SLy (F.4), DUt &¢) = €Xp R~ 7
does for every n > 0.

The proof of Theorem 1 depends on Lemma 3 in §3. Solving a suitable

Dirichlet problem in a simply connected domain g O F, we construct a func-
tion u harmonic in g such that u(z) <log e(|z|) (z € F). If v is a conjugate of
u, an gpplication of Lemma 3 to ¢ = u + iv yields the result.

Corollary. If F lies in a sector

W ={z:largz|<af2} (0<a<2n)
o U 1“5 ~ I N 4

with opening o, then condition (4.2) in Theorem 1 can be replaced by the
weaker condition

oo

(4.2 ﬁ-(wlw-l log e(¢) dt > - o=
1

In this case, even €(z) = exp ( -!z!("/“)'") is an admissible error function for
every nn > 0. There are corresponding theorems if F is contained in a parallel
strip.

B. Growth of the approximating function

Often it is important to have some information about the growth of the
approximating entire function g. However, now the approximation is measured
only on a subset of F. We let the following specific result suffice.

Theorem 2. Suppose fE A(W,) (0 <a < m) and
f@I<K " zew),

where p = /(2w - a) (so that % < p < 1); suppose further that €¢ > 0and § >0
are given. Then there exists an entire function g such that

If@) -g2) <ee '’ (zew )
=71 A S a_al

and
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P
le(z)] < C ef'?! (z€ )
for certain constants ¢ and C.
For a = 7 it follows that p = 1, and the approximating function is of expo-
nential type. Keldysh {1945b, p. 240} and Mergelyan {1952, p. 353] allow
more general growth of f. Corresponding theorems hold for functions in

parallel strips.

C. The special

seF=R

Suppose f is continuous on R. If one wants a uniform approximation of
fon R by an entire function g, that is, |f(x) - g(x)] < € (x € K), then g will
in general have strong growth in the plane, even if f'is bounded on R. For if
[/ oscillates strongly on R, then Re g also oscillates strongly, so that
i (Re g(x)) must assume large values on a dense sequence of points; but this
dx

means that g’ must assume large values and hence also g, at any rate in C.
But Keldysh discovered that the growth of g can be limited, provided

assumptions are made about the growth of fand f'. The following is a re-
finamant nf hic reannlt hv Aralelian 10421

d11liVviliViiL Ul 1110 LAVUOWLLV UJ lll“l\vl i J. /UJJ

Theorem 3. Suppose f € C* (R), and set

M(r) = max {|[f(O)|: Ix| <r},
u(r) == max{|f'Ge)l: x| <r

Then, for € > 0, there exists an entire function g such that

If(x) -g(x)| <e (xER)

and

le(2) <exp[A(lz] + 1) - B(z)] (2 €C),

where A is a constant and

B(jz]) = max {— u(®) logl—— c(NHME) p@)]:0<t<2z[+1}.
Here c(f) is positive and depends only on f.
In particular, if fand 1’ are bounded on R, then g can be chosen to be of
exponential type; and if u(r) = O(r*) (r - o°) for some a > 0, then g cah still

be chosen to be of order a + 1, possibly of maximal type. This result also
originated with Keldysh.



164 Approximation on Closed Sets

85. Some applications of the approximation theorems

It was recognized early that theorems about the approximation of func-
tions on noncompact sets allow the construction of analytic functions with
prescribed boundary behavior. For example, if one chooses in Carleman’s
theorem the function f continuous on R such that f(R) = € (Peano curve),
then the theorem immediately yields an entire function g, for which g(R) is
dense in € (Kaplan).

In the following we present some important applications of the approxi-
mation theorems: applications to the boundary behavior of entire functions
(Part A) and to the boundary behavior of functions in the unit disk (Part B).
In Part C we discuss the connection between uniqueness theorems and ap-
proximation, and Part D contains various smaller contributions. We shall not
take up applications in the Nevanlinna theory; but see the remarks at the end
of §5.

A. Radial boundary values of entire functions

In this section, we consider the boundary behavior of entire functions f,
for which

(5.1) lim, , . f(re™®) =: F(e®®)

exists for all ¢ as a finite or infinite limit; hence f(z) = (sin z)/z is allowed, but
f(z) =sin z is not. The problem consists of characterizing the possible func-
tions F. A. Roth called F the “radial limit function” (Strahlengrenzwertfunk-
tion) and characterized it by its properties. Her work [1938] represents the
first important example of how approximation theorems can be used to study
the boundary behavior of analytic functions.

We begin with an auxiliary consideration before we investigate F. Let W
and W' denote open sectors with vertex at 0, such as W= {z: a <argz <f}.

Lemma 1. For every sector W there exists a subsector W' with the following
property: Either fis bounded in W', or 1/f is bounded in W' for z - e,

Proof. Suppose fis unbounded and 1/f is unbounded for z = oo in every sub-
sector W' of W. Then we construct a sequence {/ k} of closed ¢-intervals and
corresponding sectors

W,={z:argz €1}

as follows.
We choose z, € W such that |f(z,)| > 1 and choose I, © arg z, such that

Ll s 1 Ll mle | nen e =T Ter L wra flnd ! atinh that ! 1S |y | and
IJ\Z)| ~ L 10T 2] = ||, 8l ¢ <4 ;. 11 Py WO ILIU ¢4 aulil Uial j&y |~ j&g ] aliv

I7(z})| < 1; therefore |f(z)| <1 for |z| = |2}, arg z €r,ClI,.



§5. Some applications of the approximation theorems 165

Next we choose z, such thatargz, €7 Iﬂz2 )| > 2;hence |f(z)| > 2 for

|z| = |z,|,argz €1, CI}. And in W, we ﬁnd z;, such that |z, | > |z, | and
1£(25) < %; hence |f(Z)I < % for |z| = |z}, arg z er,Cl,.
And so on. If we now let ¢, Eﬂlk ﬂlk and re = |Zk| rk = |Z;c|, then
!

k k ?
flye®) > (k=>=)  fre®)>0  (k>).
This contradicts our overall assumption (5.1), and the lemma is proved.

Now we proceed to derive properties of the function F defined on

C:={z:|z2|=1}.
Theorem 1. a) On C, the function F is of Baire class 0 or 1.
h) There exicte an onen cet M = U™ h. on (' with the followine nronerticc
Ul A Tvei w [ 3 “wie vtl b OV ATA vk=1 uk I e 'VE"'D L A1 J‘-’"U'Vi"b tl'v’/‘i' e v

i)Mis everywhere dense on C;
i) F (ei"’) = ¢, for e b x> Where the ¢, are constants from € U {eo};

iii) For each closed subarc 8 C b, we have

m,_, f(re*®) = ¢, uniformly for € €.

Here the b, are the countably many components of M, in this case, open
arcs on C.

Proof. a) This statement follows immediately from the representation
F(é%) = lim, f(ne'®);

F is the limit function of a sequence of continuous functions.

b) Suppose W' is a sector of the type mentioned in the lemma, and let
b=w'nNCc.

b
£ A car
1dl l y l.l. VV 5 anda L bCLl

uence converges omn tne radial segment

If f is boundedl W', then the functions f,): f(nz) form a normal
e con

f' (7\ - F'(pl‘bo\ (n 00z € c\ By Vitali’s theorem (sec-

bach [1934 p. 168]) we thus havef (2) > F(e® ) (n—> o,z € '), qniformly
in compact subsets of W'. But this means f(re’ ) ->F(e’¢°) (r > ; ® €b),
uniformly in compact subsets of b, and in particular,

F(e'®) = F(e'®0), ife' €b.
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If 1/fis bounded in W' for z - o, it follows analogously that 1/f(re’®) -
1/F(e%0) ( r > o0; ¢i® € b), unlformlv in compact subsets of b, and in particu-

1 , have that E(?i¢) E(g’d’n) if gl‘l’ epb.
Result: On each such circular arc b the function F is constant (possibly ).
Now suppose M is the union of all such open circular arcs . Then M is
open and dense on {z: |z|=1},and M = U‘;:l bk, where the bk are countably
many disjoint open circular arcs.
Then F is constant on each circular arc b, .
The last statement holds, because each closed subarc § C b can be covered
by finitely many open arcs b, on each of which F is constant. Hence F(£%) =
¢, fore i¢ e b,. And by our statement above concerning uniformity, we see tha

1.. 0. r ld) L

Y [ NN SRR G S nre
J(re’™) = ¢; (r > =), uniformly f €pCo.
This completes the proof of Theorem 1.

We now show that the properties cited in Theorem 1 are characteristic for
F.

Theorem 2. Suppose an open set M = U;=1 b, on C'is given, where the b, are
disjoint, open subarcs of C, and suppose M is everywhere dense on C. Suppose
further that F is of Baire class 0 or 1 on C and that

F(£®) = ¢, for et e by.

Then there exists an entire function g with the properties:
i) lim,_, g(ré'®) = F(e'®) for each ¢;
ii) This holds uniformly on every closed subarcf C b, .

Proof. a) First we produce a function h continuous on € and with property
i). For this we use that F is at most of Baire class 1; that is, F(¢!?) =
lim, A« (e"”) where the 4, are continuous functlons Now we define

honlzl=n by h(neé®) := hn(ei"’) n=1,2,..),
and we use linear interpolation between the points ne'® and (n + 1)e®

(n=0,1,2,...);we set h(0) equal to 0. This function 4 is defined and con-
tinuous in €, and we have
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b) To apply an approximation theorem, we need a closed set F C € and a
function f € A(F).

S = §e® . r>0,6% ¢ M},

S is also closed in €, because M is open in C. Finally, we let F := WU S. This
set is closed in €, and in addition it satisfies conditions (K, ) and (K,) for a

4 ¢ NI & « N 2\
WCICISLIASS 3CL (g <).

On F we now define
(h onsS,
f=i ¢, on Wy, ifck$°°,

z onW,, ifck = oo,

This function is continuous on F and analytic in F°, because S has no interior
points; recall that M is dense on C.

By Arakeljan’s approximation theorem and Theorem 2’ in §3, B, there
exists an entire function g such that

(5.2) 17(2) -g(2)I < 1/|z| forz€EF.

This function g has the desired properties i) and ii): For if e'® & M, that is,
re’® €S, then (5.2) implies

f(ré®) - g(re'®) > 0, so that h(re'®) - g(ré'®) >0 (r - o).
The last statement shows that

lim,_, 8(re’®) = lim _, _h(re’®) = F('%).

r—> oo

If ® € M, 80 that e b, for some k € N, then re!® € W, for sufficiently
large 7; consequently
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g(re'®) - ¢, >0 or g(reé'®) - ref® >0 (r = ).

Thus i) holds for all ¢.

Finally, if € €8 C by, then re!® € W, for r >r,, independent of ¢; by
(S \ ve thus have
\ } "V blluﬂ pyley

lg(re’®) - ql<1/r or g(ré'®) -ré®| < 1fr (> 7o)

Hence ii) also holds, and this completes the proof of Theorem 2.

Remarks. 1) Ot the prescribed entire function we basically required that the
limit (5.1) should exist for all ¢. If it only exists for ¢ in some interval (as is

the case for f(z) = sin z), then theorems analogous to Theorems 1 and 2 hold
in thigs interval

A1L CARAVD ALLUWV

2) We point out the following detail. The set M in Theorem 1 is not uniquely
determined by f; for example, removal of a point results in a new set, for
which the theorem holds. In the proof, however, M was constructed in a
unique way as the set Ub, with well defined arcs b. We denote this set Ub by
M(f).

An easy modification of the construction above now yields a result sharper
than Theorem 2, namely an entire function g for which Theorem 2 holds and
for which, in addition, M(g) = M, where M is the prescribed set; see Roth
[1938, p. 119]. This result is interesting, because M(g) is closely connected
with the Julia directions of g; see Section D, .

B. Boundary behavior of functions analytic in the unit disk

Arakeljan’s approximation theorems are also eminently suited for the con-
struction of functions that are analytic in the unit disk ID and exhibit a
certain boundary behavior.

B, . A general approximation theorem

Theorem 3. Suppose we have countably many sets E, on {z:1z2|=1} (n=
1,2,...), where each E, is closed and nowhere dense and a function f con-
tinuous in D. Then there exists a function g analytic in D such that

(5.3) g(re®) - f(ré®) >0 asr—>1"

for each P cE= UE, .

Remarks. The theorem says that on the radii leading to E, each function con-
tinuous in I can be imitated by a function § € Hol(D). — A set E of the form
mentioned is called an F_-set of first category. If we choose for £, Cantor

\A

sets of measure 2m - l/n then £ has measure 27, Statement \.) 3) then holds
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for almost all ¢ € (0, 2m). — Bagemihl and Seide , P- state this
theorem for more general systems of “monotone boundary arcs’’; the follow-
ing proof can be adapted for this. (For analogous theorems in more general

domains see Bagemihl and Seidel [1955].)

Proof. We apply Arakeljan’s approximation theorems to the following situa-

+inn
LiVll. 1

Suppose G =D and F=U;_, F,,where F, := {reé®: 1 -

<r<l,
n+l
= E,}(n=1,2,...). Eachset F, is closed in D with F,’ = ¢ , and their

union F is also closed in P with F° = ¢

Theorem 3 in §3, B, implies that F'is a Carleman set in D provided Fis a
Weierstrass set in . According to Theorem 3 in §2, C,, we thus need to
verify that D* \ F is connected, and that it is locally connected at the ideal
point o= € D*. The first condition is satisfied, because D\ F is connected and
has an accumulation point on {z: |z| = 1}. The second condition is satisfied,
because for every point z, € D \ F one can find a path { = {(¢), ¢ € [0, 1),
such that £(0) =z, and [{(#)| * 1 as¢ 1 1. Here one uses that the £, are
nowhere dense on {z: |z| =1}.

Since F has no interior points, it follows that f € A(F), and thus, for every
error function e(r), there exists a function g € Hol(D) such that

(54) If(2) -g(@)|<e(lz]) (z€E€F).

B t radius leadi it of Fisin F .  thi
implies (5.3).

vy nannantad writh Thanra Q 1n + £ +1,
J L1

Iﬂ 1 en o~
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1e
between the uniform boundedness of an a alytlc function g on a set of radii
and the existence of radial limits of g.

Theorem 4. Suppose M is a set of radii in D. In order that there exists a func-
tion g € Hol(D) that is uniformly bounded on the radii of M but does not have
a limit on any radius of D it is necessary and sufficient that M is nowhere
dense.

Remark. If one chooses M such that the set of end points of the radii of M is
nowhere dense on D and has measure 27 - § (§ > 0), then g can be uniformly
bounded on the radii of M without possessing a radial limit anywhere For

L N 4lia 30 AL nnstecn ;i m~oailels ofnnn 1.20 ~hnca o PR

O=vu uua 1S O1 COUTSC Nnot PUbblUlC SLIICC lll I.IUb Case g lb UUU!]UUU lIl l’ dllu
therefore, by Fatou’s theorem, possesses radial limits almost everywhere.

Proof. The condition is necessary. For if M is not nowhere dense, then M
must be dense in some sector S of D. Every function g that is uniformly
bounded on M is therefore bounded in S and consequently has limits along
the radii in S.



170 Approximation on Closed Sets

Conversely, suppose M #* ¢ is a nowhere dense set of radii in D. We con-
struct a function g € Hol(D) that is uniformly bounded on the radii of M but
has no radial limits. We can assume that M is closed, for otherwise we would

consider M.
Here again A

F = {z=rei¢ cr=1-1/n;dist(z, M)=1/n} (n=1,2,...);

n

these are closed sets of circular arcs on {z : |z] =1 - 1/n}. Then we consider

F MU(U F).
n=1"n’

This set is closed in D and without interior points, and it satisfies the condi-
tions for a Weierstrass set; the latter can be checked as above. It follows that
f(2) = cos (n/(1 - |z|)) € A(F) can be approximated by a g € Hol(D) with the
error function e(r):

1f(2) -g(2)I<e(lzl) (zEF).
The function g thus has no limits on the radii of M. But by the construction
of F, ,every other radius meets F, forn >n,, and hence we have on these
radii
f(ré®) -g(ré®) >0 forr=1-1/n, n->oe

It follows that

8- ) )= (1 +o(1) (1o,

Result: The function g does not have a limit on any radius of D, even though
g is uniformly bounded on F and therefore on the radii of M.

B, . The Dirichlet problem for radial limits

We use the approximation theorem of Bagemihl and Seidel to prove the
existence of a solution to the general Dirichlet problem for radial limits.

Theorem S. Suppose u and v are two real-valued, measurable functions in

Lon ssmlesna deon maer 1 ad TV nie #lensen o T e o rea

\U 4“), l’lC vaiues = uare uuuwcu 1riert ricre C.Lln)h) (Jjullbllu’l P4 ulu’h_yuo lll

D with the property that

(5.5) lim,_, - g(re'®) = u(@) + iv(9)
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Remarks. This theorem was proved simultaneously by Bagemihl and Seidel
[1955] and byLehto [1955]. In addition, Lehto represents g by an integral
of Poisson type provrded the boundary values are finite almost everywhere

is known (Prlvalov [1956 p. 225]) The real part of g solves the analogous
Dirichlet problem for harmonic functions, if the radial limits u are given as a
measurable function (Kaplan [1955, p. 49]). — Finally, it is noteworthy that
one can require the function g in Theorem 5 to satisfy lg(z)| < u(|z[), where u
is a function tending to e arbitrarily slowly (Kegejan [1966]).

Proof. Step 1: Construction of a function f continuous in D and with radial
11m1ts utiv. Itis enough to find a functlon f continuous in D such that

1/(1 - |z|) and if u(¢) =-o03.e., We choose f(z) -1/(1 - |z|). Hence we can
assume that u < +o0 and u > -°° on two sets of positive measure. For the
bounded, measurable function U(¢) = arc tan u(¢) we find the corresponding
Poisson integral ®(z), which, by our assumption, satisfies |®(z)| <7/2 (z € D).
It has the boundary values llmr__,l_ d)(re"”) U(¢) ae.; consequently the
function f(z) := tan &(z) is continuous in D and has radial limits tan U{¢) =

u(¢) for almost all ¢ € (0, 27).

Step 2: Construction of a function g analytic in D and with radial limits u + iy
We take an arbitrary F_-set E of first category on {z: |z| =1}: E'= UE, , where
the £ are closed and nowhere dense on {z: |z| = 1}. In addition, we assume
F has measure 27. Theorem 3 now yields the desired function g € Hol(D).

Of course, our boundary value problem has many solutions. For Theorem
3 (or the somewhat stronger statement (5.4)) yields arbitrarily many different
functions g € Hol(D) with lim,_, . g(re'®) = 0 for almost all ¢.

C. Approximation and uniqueness theorems

Suppose G is an arbitrary domain, F is closed in G with F # G, and €(z) is
a continuous and positive function defined on F. We ask when the following
uniqueness theorem holds:

(5.6) h € Hol(G), |h(z)I < e(z) (z€F) implies k= 0.

Intuitively one would say that (5.6) holds if F is a large set and the values of
€ are small. But then approximation on F with the error function € would
hardly be possible; that is, if (5.6) holds, then

For every function f € A(F) there exists a g € Hol(G) such that
(5.7) 1f(2) -8(z)| <e(z) (z€EF)
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would be difficult to satisfy, and vice versa. More precisely, the following
holds.
If F does not satisfy condition (4) from §3, C,, then there exists a func-
We have already proved this in (3.6). In the other direction we now prove

the following. o
If (5.6) holds for a function €(z), then (5.7) is false for this function.

Proof. We show: If (5.7) holds, then (5.6) fails. If F has no accumulation
point in G, we simply choose a function /# € Hol(G) that vanishes exactly on
F; our assertion holds. We can therefore assume that F has an accumulation
point in G. We choose a EG\F, f=(z - a)‘1 € A(F), and g € Hol(G) such
that |f(2) - g(z)| < % €(z) (z € F). Here

f(b) -g(b)#0 forsomeb EF,

since otherwise we would have f(z) = g(z) on F, and therefore on G. Hence
|f(b) - g(b)| > e(b)/N for some natural number N > 1. Now we approximate f
within e(z)/N; that is,

() -h(z)| <e(z)IN (z€F) for some h € Hol(G).

Then (5.6) fails for the function g - h: We do have g - h € Hol(G) and
8(z) - h(z)| <e(z) (z € F), but

lg(®) - h(b) > [g(®) - F(B)I - |f(b) - h(B)| > 0.

This establishes our assertion.

In the case where G =D = {z: |z| <1}, the connection between approxi-
mation and statements about uniqueness can be exnressed more clearlv. We

AllUll 4allild aitatelll S92 GRS RIS TEALYad LALL U ALV 2222 wavall)

call a closed set F C D an asymptotic uniqueness set if h € Hol(D), h(z) > 0
for |z| = 1 in F implies 2 = 0. And we call a closed set F C D a set of asymp-
totic approximation if:

For every function f € A(F) there exists a g € Hol(D) such that |f(z) -
g(@2)|->0for|z|>1inF.

Theorem 6. The closed set F C D is an asymptotic uniqueness set if and only
if Fis not a subset of a set (#D) of asymptotic approximation.

Compare this with the work by Brown, Gauthier, and Seidel [1975, p. 6],
where results concerning the approximation by meromorphic functions can
also be found. Stray [1978] deals with asymptotic approximation on more
general open sets in place of D.
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D. Various further constructions

D, . Prescribed boundary behavior along countably many curves

No doubt it has been noticed that in Theorem 3, for the construction of a
function analytic in D and with prescribed boundary behavior, the approxi-
mated function f was assumed to be continuous in D. If one desires a certain
boundary behavior only along countably many curves, one can prove more.

Theorem 7. Suppose v, (n € N) are countably many disjoint boundary paths
inD = {z: |z| <1}, that is,

Yy 2= zn(t) continuous and bijective for 0 < t < 1, with |zn(t)| - 1fort—1.

Suppose the function f is defined on Uy, and continuous on v, for each n.
Then there exists a function g analytic in D such that

(5.8) g(z)-f(z)>0 forlz|>1on~,

for each n € \.

This theorem can be applied, for example, if all v, are spirals that wind
toward 8D, and if one sets f(z) = c, forz € ,.

Proof. The path v, either is entirely contained in {z: 1 - 1/(n +1)<|z| <1},
or it has a last point of intersection z, (¢, )w th {z:1z|=1-1/(n+1)}.In the
ﬁrst case, we let 7 =1,, in the second casey, = {z=z,(2): ¢, <t <1};the

7 are the termlnal segments of . We let

F=U

n= 17n’
~la L ia Al~ca A ala~ 0 — e A £3 e nt £ = AL\
cicar 1_y Fis closed in lu, alsor = (f s auuj is continuous on r SO umt/ S AU )

We now check conditions (K, ) and (K,) of Arakeljan’s theorem. Clearly
(K,) holds, because D \ F'is connected. To show that (K, ) holds, assume
r (0 <r <1)is arbitrary. Only finitely many ?7;1 meet {z: |z| =r}, and suppose
their last intersections occur for the values 7, of the parameter. The initial
segments yf = {z = zn(t): 0<t<r,} for these n lie in a compact subset of
D; hence there exists a number R (r <R < 1) such that {z: {zj=R}N V=9
If we now choose zE(D\F)N {z: R<|z| < 1} and move toward oD
(radially, say), we will meet a terminal path ¥ Y, \ 7, or one of the 7 v,, that are
entirely contained in {z: |z| >r}. In both cases one can travel along this path
in D\ F toward oD without leaving {z: r <|z| < 1}. Hence D* \ F is locally
connected at the ideal point e°.

By Arakeljan’s theorems (Theorems 3 in §2, C, and §3, B,), there exists
a function g analytic in D such that g(z) - f(z) = 0 (Iz| = 1 in F); this implies
(5.8).
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The theorem and proof remain valid if P is replaced by an arbitrary domain
G. The verification of (K, ) is a bit more troublesome. See Gauthier and Seidel

[1971, p. 461] and Kaplan {1955, p. 44].

D, . Analytic functions with prescribed cluster sets

Theorem 7 can be used to construct functions analytic in D that hav
r

Cco
countablv many, disjoint boundary paths. If

L A 3 SWAOJULALLIL UV WL Gay P

v: z = z(¢) continuous and bijective for 0 <z <1

is an arbitrary Jordan arc (open on the right), and if fis defined on ¥

WA SIIRL \Vy 7as YL vRaw LYy TEEATE SR g AW -"“‘“' = b
cluster set of f on 7 is the set of all limit points of sequences {f(z(z,))
We denote it by C(f, 7); it is a subset of € = € U {o3.

Clearly, C(f, ) is always closed in €; and if f is continuous on 7, then

C(f, v) is even connected, hence a continuum in €. We need a converse:
Lemma 2. If K is a continuum in €, then there exists a function f continuous
on vy whose cluster set on y equals K: C(f, v) = K.
Proof. We may assume thaty= {¢#: 0<<¢t <1}.If K is compact in C, we cover
K with finitely many open disks U]"” with radii 1/n, and we form G, = U; U (n)

If only disks with K N U™ # ¢ are used, then G, itself is connecte d, c{
therefore a domain. We find a polygonal path P C (‘ that begins and termin-

a uuiliaill JSilal Lil £ il U paiis ia

ates at a fixed point of K and that meets each disk U; (”) . Finally, let £, denote
a continuous mapping of the interval [ := [1 - 1/n, 1 -1/(n+1)] ontoP

If one carries out this construction forn =1, 2, . . . and then defines f by
fly =1,
In n

then fis continuous on [0, 1) and has K as its cluster set on [0, 1).
If .o € K, the proof needs minor modifications.
As an application of Theorem 7 we now prove the following result.

Theorem 8. Suppose v, (n € N) are countably many disjoint boundary paths
in D, and suppose K, are countably many continua in C. Then there exists a
function g analytic in D that has K, as its cluster set on 7, for each n € N.

This statement is somewhat more general than that of Bagemihl and Seidel
[1954, p. 194] ; there the v, are assumed to be monotone boundary paths.

DPDennf Nan saarh hatindaswr wa +th A wa Aafin o Anmtiesiy £34 'r\a
1 1VUVL. Ul vavil vvuliualy Patll ,n wvo ucllllc a conunuocus lullbl- Ul1

"™
-+
r
r

Jn

K, as its cluster set (Lemma 2); we then define f on Uy, by fly, =1, and
apply Theorem 7. Now (5.8) implies that g and f have the same cluster set K,
on v,.
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D;. Schneider’s noodles

Suppose 7, and 1, are two Jordan arcs in C:

v, 2:2 =2, ,(¢) continuous and bijective for 0 <t <1,

where z, (0) = z,(0) = 0 and |z, , ()| > = for ¢ > 1. The two arcs are to have onl

tha arioin in commaon Than ﬂ-\n curve . LA decomnocee € into two enh.
Lilwv UL‘-BL‘I 41l WULRLL11AVV1L. ‘-llvl‘- VALV WAL VWV ’l had ,2 uvvv;llyvvvu W ALLVU LYY

domains G, and G,, which can, for example, be “noodles” if v, and v, are
spirals.

Then there exists an entire function g that is bounded in G, but unbounded

inG,.

To prove this, suppose I' is an unbounded Jordan arc in G, and set F =
F LI T whinh 30 AlAe Ai M ELherthoar 1a
UIVI,WILLUILIDULU VU 111 $ . L Ul lilvi, 1v

( 0 forzE(_il,
f2)=
z forzerT,

so that f € A(F). Now one shows as in the proof of Theorem 7 (but even
more easily) that the conditions of Arakeljan’s theorem are satlsﬁed. Hence
there exists an entire function g such that |f(z) - g(z)| < 1 for z € F. This im-

plies our assertion.
D, . Julia directions of entire functions

Here we deal with a question concerning the value distribution of entire
functions.

Definition. We call ¢ a Julia direction of the entire function f, if in every
sector {z: |largz - ¢| <81}, 6 >0, the function f assumes each complex value
infinitely often, with at most one exception.

Example. The function f(z) = €* has the Julia directions +7/2, and in each
case the Julia exceptional value is O.
The problem is to describe the set

J(f) = {¢"®: ¢ is a Julia direction of f},

which is always closed, or to discuss the exceptional values.

a) For the class of entire functions f which we dealt with in Part A of this
section and for which lim,_, _ f(re®) exists for all ¢, the set J(f) can be
described as follows.

With the notation of Part A we have
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J(f) = C\M(f).

) show th AN T T 0D m A = 1 1L 4hine dhnen awicke o
Proof. We show tha JVIU} =CN\JY). 11 e” €M)= o, then there exists a

sector W' of the type mentioned in Lemma 1 such that ei"’ € W'. Either f is
bounded in W', or 1/f is bounded in W' for z — o°. In either case ¢ cannot be
a Julia direction. .

Conversely, if &t ¢ J(f), then there exists a sector W3 ¢'? in which f

acenimac fwn valiieae at maet finitaelvy aften Thue the fiinctinone £ (2) = fln)\
AJOUWILIVO YTV U YAlLWUVvy AL 111VU0 L Llllltvll VL bwill. 4110 LILlV 1Lullv L‘Ulloln\‘!l . J \”bl

form a normal family in W, and {f, (z)} converges for all z € W, and therefore
it converges uniformly on compact subsets of W. (Here f, — o is allowed.)

But then each subsector W' of W has the property mentioned in Lemma 1,
and therefore ¢ ¢ € M(f).

Corollary. If f belongs to the class of functions from Part A, then J(f) is closed
and nowhere dense on {z: |z| = 1}, and each such set is a J(f) for some suit-
able entire function f.

b) J(f) has also been characterized for other classes of entire functions. For
every closed setJ #¢@on {z: |z| = 1} there exists an entire function f of
finite order such that J(f) =J (Anderson and Clunie [1969]). The special

case J = {z:|z| = 1} was discussed already by Julia and again by Cain [1974].

Drasin and Weltsman [1976] have charactenzed J(f) for entire functlons of
order p, 0 < p <o,

c) Answering a question of C. Rényi, Barth and Schneider [1972] have con-
structed an entire function f, for which ¢ = 0 and ¢ = m are Julia directions
with utj_/(?i‘(?m €xcep tional values 1 and 0. The construction uses Theorem 1

in 84 in the weaker form, already proved by Keldysh, in which the error func-
tion e(z) = exp(- t/z'") (n > 0) occurs.

Remarks about § 5

1. Further applications of approximation theorems to the construction of
entire functions and functions analytic in ID that have a particular boundary
behavior were given by Barth and Schneider; see the paper by Schneider

19801 in the Durham Conference Proceedines. We mention three such co
l‘ /UVJ ALLk ViLW A/SNALILILAULLL WULLAVAVIAILVYV A vvvvulnn&u YY W 1illWILAVAVUILL VILIVWV WUwswWwi VV

structions.

a. There is a function f € Hol(D) such that to each ¢ € [0, 27] there exists a
path F, C D, tangent to the radius from 0 to ¢?, for which

fz)=>0 asz—~ ¢® along P¢.

b. Given any function p(r) (0 <r <1) with 0 <p(r) 1 0 as r - 1, there exist
and g in Hol(D) such that |f(z)| <p(r) on Iz| =, |g(z)| < p(r) on |z| = r, and
such that f possesses no radial limits, whereas g has radial limits O at almost all
points of 0D without vanishing identically.
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These examples are important, since they serve to illustrate the precision
of the classical theorems of Lusin and Privalov and of Fatou and Riesz con-

cerning the boundary behavior of functions in Hol(ID).

2. Arakeljan’s theorem about tangential approximation by entire functions

hog nttainad i +a ~ti rith th
has attained uqufLauuv in connection with the so- Cﬁllvd inverse p pPr ublcru. uf

Nevanlinna theory ; see Wittich [1968, Chapter 8] . Suppose the function fis
meromorphic in €, and let 6(a) = 8(a, f) (a € C) denote the Nevanlinna
deficiency of fat a. It is well known that 2 & 8(a) < 2. If fis entire, we
have instead that £ _8(a) <1, because 8(e0) =1.

The question is whether, for a given function §(a) that satisfies these con-

Ai+3 +h + +3 £ + £ h =
Qitlions, inere exists a luUlUlllULtuu.c Or enure iunc LlGﬂJ such that 5(&' f} = 5( )

For a long time it was not known whether functions f exist at all for which
8(a, f) > O for infinitely many values of a. Goldberg (1954, 1959) was the

first to construct such functions; Fuchs and Hayman [1962] (see also Hayman
[1964, Chapter 4.1]) produced an entire function f with prescribed deficien-

cies 6(”16 f'\ >0 at ommfnh]v manv anQ{‘ﬁth points a eC.

1iiQaay

In 1966 Arakeljan showed. For each p> 1/2 and each sequence {a; } of
complex numbers there exists an entire function f of order p such that
8(a,, ) >0.

A proof can be found in Fuchs [1968, Chapter 8]. Meanwhile, Drasin
([1974a], [1974b]) has completely solved the entire inverse problem of Nevan

linna theory, incorporating also the index of multiplicity 8(2) = (g, f) and

without using approximation theory. Instead, he uses essentlal tools from the
theory of quasiconformal mappings.
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Written by an international specialist on complex approximation, this
book is an authoritative and up-to-date introduction to the field. Gaier
begins his presentation with a study of the classical constructive
methods and then leads to more theoretical developments.

The first part deals with the classical theory of approximation in the
complex domain, characterized by L2 expansions, the Bergman kernel
function, Faber polynomials, and interpolation. The second part con-
tains more modern results such as the theorems of Mergelyan, Alice
Roth, Arakeljan, and Nersesjan, as well as applications to the con-
struction of holomorphic functions with complicated boundary
behavior. :

This useful and practical book will be an appropriate introduction to
the field for graduate students and instructors in mathematics.
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