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Just about one hundred years have passed since Carl Runge published the

ematicians with applied interests. One of the chief promoters of the field was
Professor J.L. Walsh, and I was fortunate to have been able to study and
work with him in 1955 as Research Fellow.

In my book I have tried to give a synthesis of the concrete, constructive

Roth. and others. The German edition appeared in 1980, and soon afterwards
Professors W.H.J. Fuchs, L.N. Trefethen, and L.L. Schumaker ro osed that
an English edition be prepared. Through the recommendation of Professor
Piranian, I was fortunate to find Professor Renate McLaughlin to translate. . .

amount of work that she has put into the project.
The English translation follows the German original rather closely; however,

there are several im rovements and additions to the text and about 25 new
references. The translation was finished in March 1983, but for various reasons

I am very grateful that Birkhauser has agreed to publish an English edition,
and I hope that it will attract new friends to the growing field of complex
approx imation.
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The present book essentially consists of two parts that arose at different
anrl that ~~ ....1'

...... ... . .. ~. y -' TT .. • . ..
I II~ 111 ~l pi1lL, ... VI • .1 i1I1U .1.1, lll~ ..

of complex approximation. Here the more constructive aspects are emphasized:
The approximation of a function by series expansions (in orthogonal poly-
nomials or in Faber polynomials) as well as by interpolation. The basis for
this was a one-semester course that I have taught in Giessen several times.

'T'....~ ~ ...~- ,,~ ~' TTT ", .. A T" .. ~ ...~ ............... 1"--'" .... ...,. ·c .................. , .... ., ....
,I • • 1 I' . ..... 1 '1'. I . • ,I. c I. ,,...... 1

llli1l • Z:;i1V~ i1l i1 lUlVIli11 _.___ III VV\;I W ILlI lll~ lVp."', •
approximation," and on short visits to Stockholm and Pasadena. The lectures
were to give an overview of important developments since Mergelyan's theo-
rem. We first present general theorems about approximation on compact sets
by polynomials and rational functions. Then we deal with results about ap-

. ..... I .• . • ", ..A . . ... " .. ,,-

." OJJ '1""H". , ...... .......J ...... ...,.. ·c ...,.

only closed sets (in C or in a general domain G); these are connected with
the names of Alice Roth and Arakeljan. The latter results are important for
the construction of analytic functions with a prescribed boundary behavior;
this topic is dealt with in some detail at the end of the book.

Thp· ~ n~rt i~ • . ~ . nf thp flT~t ~n thgt thp ~ in-
c .... .. c . ...~ ...... ~...~-~ ...~"" ~ ... I. : ... ...l 1 .1...l 1 TTT TT

.............n .....u ........J .......... ""' ..... ,.,...... .. . C'. ""' .... .. .................,"'..... ....... ,
one should realize that the goal of the book has not been to present all newer
results; rather, I have attempted throughout to lead the reader to the newer
literature. A detailed bibliography can be found at the end of the book.

n:~,· .~... WP~t n. nlPTPT (1g1PT
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SYMBOLS AND NOTATION------------

.- the symbol on the side of the colon is being defined
4[: : the set of complex numbers
t = (: u E1 : extension of the complex numbers
G : a domain in (:
G* = G U {oo} : one -point compactification of G
G : the closure of G in E
M' : the set of limit points ofMe 4[:
aM : the set of boundary points ofM
D = ~-------------------­
K : a compact set in (
KO : the set of interior points of K
K C =r \K
F : a closed set (closed in (: or in G)
FO : the set of interior points of F
dist(A, B) = inf {Iz1-Z21:z1 EA,Z2 EB}
; : the empty set

Classes of functions:

C(K)
A(K) =
R(K) =

M(G)
Hol(G)

the set of functions f: K -. (: continuous on K

the set of functlOns analytic in G





PARTI

APPROXIMATION BY SERIES EXPANSIONS
AND BY INTERPOLATION

We begin with the more constructive aspects of approximation theory, namely. '" 1 • 1 • 1 1 ... • T'O ......
~~n~~

A-
Ul Lyp~~ ClI1U lUL~l" I~ I' IS. LClL~l, 111 rCllL 1.11

we snall tor tne most part aeaJ. wltn eXIstence tneorems.



REPRESENTATION OF COMPLEX FUNCTIONS BY
ORTHOGONAL SERIES AND FABER SERIES

order to obtain cert~n theorems on the quality of approximation by poly­
nomials.

References for this chapter are Behnke and Sommer [1962, Chapter III,
§ 12 and 13], Bergman [1970], Epstein [1965], Gaier [1964, Chapter III],

1. The Hilbert

..

Su ose Get is an arbitrar

IV]: = II II(z)1 2 dm,
G



, n n
for each n; (iii) for each paint PEG there exists an no =no (P) such that

we see that ~n t lt1 2 in G. The Lebesgue Monotone Convergence Theorem
now implies that

that is,

• Ilf/>n dm -+ IIIfl 2 dm (n -+ (0);
G G

II_ lfl2 dm -+ I[t1 = IIlfl 2 dm (n -+ (0).
n

(0"; r <R < (0), and let

It follows that

(a) p=r

= 21T L la 12 I p2n+l dp.
(b) n r

Equality occurs at (a) because both series converge absolutely for r < p <R
and uniformly in ~; equality occurs at (b) because the terms of the series are
no . e

Corollary for r =0: If fis analytic in the punctured disk 0 < Izi <R and if

singularity of{, and we have the relation

in other words, 1[{] can be represented explicitly in terms of the coefficients
off.



Representation of Complex Functions

Now let G C c: again denote an arbitrary domain.

Definition 1. Let

L 2 (G) = {I: I analytic in G and /[f] < QO} .

This defmition is analogous to the corresponding definition for functions
defined on real domains; however, here I[(z)I (z E G) can be estimated by /LlL--

Lemma 1. Suppose fEL 2 (G), Z E G, and dz dis! (z, aG). Then

Proof. We have that /[/] ~.y 11/2 dm, where D is the disk with radius dz and

center z. Relation (1.1) implies that

---------+1,,+-(1f12 dm ;> 11'1(10 12 R 2
- 1I'1f(z}1-2 -udz..-

2
,.---------­

D

and inequality (1.2) is established.
In the following, inequality (1.2) Will be used repeatedly. It is sharp:

equality holds in the case where G is the unit disk,l= 1, and z = O. We also
note that if G =C:, then L 2 (G) contains only the function I = 0; hence we
can exclude the case G =t.

B. L2 (G) as a Hilbert space

The inequality la +bl2 ~ 2 (lal2 + Ib1 2
) implies that

(i)

for any two functions!: g EL 2 (G); further, the Identlty

holds.

Defmition 2. For f, gEL2 (G), we write

(1.3) if, g) = ffl(z)i(i)dm.
G

According to relations (i) and (ii), exprellion (1.3) 11 a complex number,
called the inner product off and g. We now prove the followina theorem.



G) s

Proof. We show that L 2 (G) is a complete inner-product space. (a) By (i),
the s ace is closed under addition and scalar multi licati n. b Th in er
product defmed by (1.3) has all required properties, namely,

if+g, h) = if, h) + (g, h); if, g) =(g, /);
(af, g) = a(f, g) for a E a;

G

(c) It remains to be shown that L 2(G) is complete with this norm. Suppose. . .

11.1. -.1. 112 = [ - I. ] <e if n, m >N.

For each compact subset B of G, inequality (1.2) implies that

where d =dist(B, oG). This means that on each compact subset B ofG, the. ..

In(z) => F(z) (n -+oo;z EB C G).

The inequality [lin - 1m ] <e further implies f fl/n - 1m 1
2 dm < e

B
(n, m >N). If we now let m -+ 00, we obtain that f fll. - FI 2 dm E;; e (n >N

B
for each compact BeG; hence [ [In - F] E;; e (n > N). The last inequality

• 2 _ -+ -+000

We note that the theory of expansions in the space L 2 (G) began to be de­
veloped about the year 1922 by Bergman, Bochner, and Carleman. Instead of
de nition . ,one can ntro uce more genera y t e Inner pro uct
if, g) II: {ffIw dm with weight function w, or one can introduce analogous

line intelrall on aG.
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IfH is a Hilbert space (or only a vector space with an inner product), we
say that a subset S eH is an ON system (orthonormal system) in Hif

I 1 if u = v,
(u, v) = ~ whenever u, v E S.

to ifu * v,

An important tool for the approximation of elements in H is the method of
s.eries. with to an ON 1!iV:'li1 (s.ee 84) Firs.t we :'liLUI 'IV ON.. .. ... , .
systems themselves.

. .
A. \...onstmcnon 01 Ul'I sYStems, •

Each finite, nonempty subset {V1' ••• ,vn} of an ON system is linearly
i
.. .

'J: • J\ll ..

C1 V 1 +... +c v =0
~ ..

would imply that the inner product (c 1 v1 +... +cn Vn' vk ) is also zero; hence
t _ n /7. t "" • '\ ,., ... • • .....:1.:1 • ,t.

"'k .L v \"'''''.L,~, ••• ,HJ. _ ..... _.. _.;J.J, Q.lJJ J .. ~1Oi1. VYJ.I.J.J. H
:,- - -~. .

elemenls U1 ' ••• 'Un en generales an Vi'! syslem wlm n elemenU. ~ecuon
A

1
gives a recursive method for generating such an ON system, and Section

A_ gives an explicit construction...

Al . The Gram-Schmidt orthogonalization process

Sunnose Iu . .. 'u \ CHis a linearly indenendent set with n elements.
.... \ 1 Tel ..

We construct recursively an ON system v1 ' ••• ,vn •

1st step. Let .

vt = u1 ' D = (v* v*)'h. v1 =vt/D1'1 l' 1 '

kth step (k = 2, ... ,n). Let

J)~ = 11, - ~ (11 v.)v. n = {v~ v~)'h. v. = v~/D..
K K i<:'k'" K r / " " " " " "

Note that Dk >0 for each k; for ifDk were zero for some k, it would follow
that vk = 0, and uk would be a linear combination of VI' ••• , vk _l and
hence ofu

1
' ••• ,uk-I' This contradicts our assumption about the Unear

independence of the uj'



§2. Orthonormal systems of polynomials in L%(G) 7

The elements vir obviously are normalized: (vir' vir) =1. Further, it is easy
to show by induction that vk and vi (j < k) are orthogonal. Hence the elements
VI' ••. , vn form an ON system.

lIJ....+o +"'" ..+
~ _.- _'O...

and
VI =Ol1 UI' u l =0l1 VI'

v2 =a21 u l +°2~U2' u
2

=b21 VI +b22 V2,
/ ..... ,
\"" •.Lj '," , ...

V.. =a.. . u. +0 .. " u" + ... +a.... u.. , u.. = b... v. +b.."v" +... +b....".... .. .. .. .. ..
whereokk >0, where akkbkk =1 (k = 1, ... ,n).

By the way, if one requires that aIt:1r > 0 (k = 1, . . . ,n), the linear combina-
tions v. , ... , v.. in (2.1) are uniquely determined by the system u , ...• U.. ,

• {} ..{ I } A I , ,.For If vk and vk are two such ON systems, the element vk/okk - vk/akk
;LO ft " • • • ....~ II II '!llLO .. ,011 ftLO ". .1 +.... •• t.AW _

-~ I' ••• '-k-I _w
_~. __A

.- -I' ••• , "'k-l,'
hence

I v. I v•. v' •. 'V •

I.....!L ~ ~
. "'~ =0 (k =1, ... ,n).- , - ,,

\ak/c akk °kk akk J, ,
Th1Q 1n tnTn • .. th~t v. =r. v' ~nrf Ir. 1= 1 1. JJ ~nr1 u' aTP

"' -, ..
" +,,~+ ~

IC IC
IC+1.._4-.1' -' T1... ... . ......... n __ ~ _, .......... n _~._ .

• "'A"V~. . ........A.... "kk" v .......... "kk" v AAV," ..,n.....

Ck = 1, and therefore vk = v~ .

- .- . •A2. Inc:

- ..... .. n. u:.. _ I.'
..___ ~..:.L __ .

~.

__,1

.... "CO ... ..........., ...- ..r ...... -••, ..... .,.,..., r ..,.-
Xl' ••• , X n e H are arbitrary elements. The matrix

• \.I ex I' X I ) ..• (x I' Xn ) ,
I.... .... \ I........ \
\."" 2' .... 1 .I ••• \,.... 2' ....n.l

G = G(x I' • •• ,Xn ) = ...
\ (x .., X.) ... (x .., x .. ) J
\ .. I

i~ •• • thp ,., .
• nf"" "" nYln

" I' . , n'

g=g(x l ,· •• ,Xn)= det G(x l ,··· ,xn)

is called the co"esponding Grtlmian dettrmintlnt.
-,

R.mark•. 1. ObvioUllv, G 11 Hermitian:G • G.1f a" b, E 41: and we define the
vectorl a· (a, I ••• ,a.J' and b • (b, I •••• b.. )'. then..
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In n' n _ ,_
I I; a,,xi' I; bfj) = I; a,bj(xi'xj ) =a Gb.

1"",1 1,.,1 " ;:-:1
\" ,

I "

If we choose b =a, we see that G is positive semi-definite. It follows that the
Gramian determinant gis nonnegative, andg =0 if and only if the quadratic
form a'Ga vanishes for some a =1= O. Hence g =0 if and only if the set
{x ~ ? ••• ,xn } is linearly dependent. . . . TP.t y (y., Tf 1-1 Jpn tl'll"n (T h~~ g y_. , C" 0 "L I "/1' I.t. ,

X. ) E Iln (j =1, ... , n), and form the coordinate matrix
,n

I ..... v y .\
I 11 I~ .In \

M= . . . ... ... .
, J

\ Xnl Xm ... Xnn /

Then G =AIM, and hence g =det G =(det M)2 =y2 , where V is the volume
of the par~l1elepiped spanned by XI' ••• ,xn in Rn.

Now suppose we again have a linearly independent set ofn elements
11 11 ~ 1-1 w"" Ul;(!'h t£\ gn ()N JJ JJ W"" ~""t

I '
, n -J I ' n

Al =(u
I

, u
l

), - ~VI - UI /(A I) ,

and for k =2, ... ,n, we set

J "
(2.2)

I (up u l ) .•. (up Uk) ,

Ak =g(UI, • • • , uk) =det .... , ........... >0
\ (1} 1} ) (1} 1})
\"/C' I" "/C' "Ie" I

and

I \

(2.3)
I(U II ul )··· (ul'uk _1) u l '

vk =det .... , ............... .
(11 11 '\ (11. 11 '\ 11

'" /C. 1" " ,,' " -1 "I

Clearly, vk is a linear combination of u l ' .•. ,uk' It follows immediately that
, .'" ,'-vk ' Uj ) u V" "} ana nence ,-vk ' Vi"} - U V <;". "}. runner,

/ (u • u. ) ..• (u .. U ,.• ) (u. ",r)
(v. v~'\ =c1p.t

.. .. .. "'-.L' .. n.

"" ,,"
(Uk' U1) ... (Uk' Uk.l) (Uk' vk)

,
""

~mce ,-Uk' VI} =\Vf, Uk} =A k =A k ana me amer entnes In me last COlumn

are zero, we see that
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k-l'

)Y2 (k=2, ... ,n)

form an ON system.

the coefficient akk is given byakk = Ak-1 Ak .

A3 • A special case: Polynomials in L 2 (G)

mendoned in Sections Al and ~ to construct an orthonormal system. As.. .

p z = C (n) + C {n)z + ... + C (n)zn

where

For the ractical determination ofP both methods above re uire the
evaluation of the double integrals (zP, zq), where p, q = 0, 1, 2, .... These
double integrals can be converted into one-dimensional integrals as outlined

a) G is starlike with respect to O. If the boundary of G is a Jordan curve. .

21l'
= r

p +q +2 tII-O
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For large values ofp-q, the integrand strongly oscillates with tP and can
create numerical difficulties; it may be necessary to use double precision.

b) Use of Green's fonnula. Suppose G is a simply or multiply connected
domain with piecewise smooth, positively oriented boundary 8G, and suppose
the functions f and g are analytic in G with continuous derivatives in G. An
application of Green's formula leads to

rr ~Td - 1 r 5-d

Applying this to the inner products (zP, zq), one obtains

G~ 2t(q + 1) oG

Again, only a one-dimensional integral needs to be evaluated. IfoG is a poly-

We conclude with a simple example. Let G ={z: Izl < 1}. Both formulas
above give

gon, then on each of its sides dz = c tIs, and Gaussian quadrature can be used
to evaluate the integral.

ifp =F q,

ifp =q.

Hence

1T 0 ... 0

Ak = det ... ... . . . . .. = 1Tk /k!

and

1T/2

o 0 . .. 1T/(k - 1) z -
o 0 . .. 0 zk-l

Therefore the in L2 (G) orthononnal polynomials are vk • ..JkFi zk-1

(k • I, 2, ... ).
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B. Zeros of orthogonal polynomials

Real polynomials that are orthogon with respect to an inner pro uct , g

f fgw dx have important properties (see, for example, Davis [1963, p. 234

ff.]): They satisfy a three·term recursion formula, all zeros are simple, and
the zeros lie in the interval (a, b). For our ON polynomials in L 2 (G), unfor·., ,
example in Section A3 exhibits ON polynomials with multiple zeros at the
origin. However, we do have the following beautiful theorem about the loca·
tion of the zeros.

Theorem 1 (Fejer 1922). All zeros of the ON polynomials Pn lie in the
convex u 0

The proof uses the fact that the Pn are closely related to certain minimal
polynomials Pn. ut

n
Pn := Pn/kn, where kn is the leading coefficient ofPn-

Proof. Since q - Pn/kn has degree n - 1 and can therefore be expressed as
a linear combination of the polynomials p. (j <n), the equations

= II II

,
nomials Pn lie in the convex hull G* of G. Write

1

1 •

Iz - ZIt I< Iz - Z 1 I for all zE G.

1 :z. • • n n
inequality IIqll < IIP..aIl, which contradicts the minimalitv ofPn . This com·
pletes the proof of Tneorem 1.
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C. Asymptotic representation of the ON polynomials

Ct
o w ingo

{w: Iwl > I} onto the exterior of ac, normalized at 00 such that C > O. The. . ...
. y c

Jordan curve, there exists an analytic and univalent continuation of t/J to the
. . w r or some r t (/> enote the inverse mapping, and

set Cp = {z: lcP(z)I = p, p >r}.

(n ~ 00)

and

(2.5) (/>'(z) [(/>(z)] n [1 +An]'

where

O(vn)1'

O(1fvn)(rfpf if z E Cp' r< p < 1.
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In other words, the capacity C of 3G can be computed from the leading
coefficients kn ofPn .

2. Relation (2.5) implies that

13

n+l
= f/>(z) +

In other words, the conformal mapping f/> can be computed from the ON
polynomials~ .

3. In G, the polynomials Pn tend to zero rapidly:

This estimate cannot be improved, as the ON polynomials in the unit disk
demonstrate.

4. Relation (2.5) further shows that the exterior of each Cp (p > r)
contains at most finitely many zeros of the polynomials Pn .

Proof of Theorem 2. We shall use the minimal polynomials Pn with norm
IIPn11- (knyl that were introduced in Section B. Note that Pn knPn.

lststep. Suppose q is an arbitrary element inKn =(q: q(z) =Co +c1z +
... . +cn_lzn-l +zn}, and let Gp denote the ring domain

(r<p<l).

Using Green's formula, we evaluate the following two integrals:

If r is a polynomial with " = q, Green's formula implies that

1 - 1 -' ---------+11Eq-'J =- f qrdz - --; f fr(w)F(w) dw,
2/ aG 2, Iwl=l

where

n+l

Owl> r).
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at

Integration over the unit circle Iwl = 1 now yields

In a similar way we obtain

for each q EKn .

implies

(k r2 =I[p ] ~I[qo] ~ .-!!- c2n +2 (n =1,2, ... );
n n n + 1

n=1,2, ....

n + 1 -n-l

tr

n + 1 -n-l

7r

and (2.4) follows.

j,
corresponding to the choice q = p . First note that

2n+2c .

n+l

(/-1,2, ... ),
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we obtain

,.2n+2

15

4th step. Now we can study the asymptotic behavior of the polynomials
Pn. Let z E Cp(P >r), so that Iwl =1t/>(z)1 =p. The function F corresponding. . . , ,

, n, n
F (t/>(z» • t/> (z). Moreover, we know that

where

Substituting into the expression for Pn(z), we find that

t remains to estimate

Iw(z)1 <:l;~ iIA.IP"-l-n + ~7jla.lp-j-l-n =

C =~n - fiilA.L 17 J-l-n ~ (~n ·IA .12)*. (};n. 2j-2-2n)%n 1 vII ,rv/l' 'q 11, lIP .

Clearly, the second factor is O(n) for P~ 1, but O(p-n) for r <P< 1. We
estimate the first factor usin 2.8 and find that

c =n

Similarly, we obtain

Putting this to.,ther t we see that

(n -+- 00).



Iw(z)1 ~
if z E C and p ~ 1,

if z E Cp and r < p < 1.

Considering P =k p ,(2.9), and (2.4), we see that assertion (2.5) follows.

Ifone uses a weight function to defme the norm inL 2 (G), different ON

article by Suetin [1971]).

§3. Completeness of the polynomials in L2(G)

,
where we shall deal with the representation of an arbitrary functionfEL2(G)
in terms of the ON olynomials P .

A. The problem and examples

Suppose S is a subset of a linear space H with an inner product. Recall that. .

If the space H itself is complete (and therefore a Hilbert space), the two con- I

cepts are equivalent.
We now return to our Hilbert space L 2 (G) and consider in particular S =

{1, Z, Z2, ...} (clearly, S C L 2(G) if G is bounded). The question is: When
• • 2

Definition 1. A domain G C CC has thePA property if the polynomials are
2

Here PA stands for

we write ~(z) = ~k<n ak zk, the latter formula implies that
2

Ilf-P 11
2 c1T I k > -L -+0 (n -+00).

n n k+ 1



00

n n
Le1l1ma 1 in § 1 would imply that ~(z) => [(z) (n ~ 00) on each compact sub-
set of G, hence also on r. But then [would have to be analytic in the
interior ofr, which obviously is not e case.

The second example shows that we can restrict the discussion of the PA
ro ert to sim I connected domains. There is no urel eometric char -

ficient conditions for G to have (respectively, not to have) the PA property.

B. Domains with the PA property

for G to have the PA property.

(n = 1,2, ...)
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point t E G. The domain G is the so-called "kemei" of the sequence {Gn} ... .

as well as Gn -+ G (n -+ 00). The last condition does not mean that nGn =G;.. .. .

uniformly on each compact subset B of G; see, for example, Goluzin [1969,
p. 55].

,
be proved in several different ways. Suppose G is a Jordan domain and fis

Proof of Theorem 1. Suppose fis an arbitrary function in L 2 (G).

Using the functions h" from above, we define

First we show that

Ifwe set w =hn(z), we obtain on the one hand

III~12 dm = II Ifl2dm ~IIlf12 dm for each n.
G h(~ G

dm ~ lim III.(,z I mill III!I dm.
B B
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, ,

The last statement hol'ds for each compact 11; consequently,

Relation (3.1) is now established, and it implies that

JIll 12 dm .... JI 111 2 dm (n .... 00)
G\B n G\B

for each compact subsetB of G.

19

Now let 0 < ~ < e2 /7 and choose B such that III 112 dm < ~. Let n be so
large that GVJ

For this choice of n, we see that

lIin -1112 =IIli -/12 dm+ II lin -/12 dm
B n G\fJ

and the function F In has the desired properties.

2nd step. Construction 01a polynomial P with II 1 - p II <2e.
We apply Runge's theorem to Fand see that for each 5 > 0 there exists a

polynomial P such that

IF(z) - P(z)1 < 6 (z E G),

and consequently we have

1'1' I F - P 1
2 dm < B2 • (area of G) < f2

G

for an appropriate choice of ~. In other words, we found a polynomial P such
that IIF - plI < e. The assertion now follows.

The property of being a Caratheodory domain is only sufficient for G to
have the PA property. Other more complicated conditions are known; see the
survey article by Mergelyan [1953, p. 130] and his articles [1955], [1956].
See also Smimov and Lebedev [1968, p. 271], Farrell (1966] ,and Hedberg

__[ 1965 Ll1969] . In these articles the FA property is studied also when a
weight function is used.
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C. Domains not having the PA property
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, l
, "

Typical simply connected domains to which Theorem 1 cannot be applied
are the following:

Slit domain Moon-shaped domain Inner snake

We deal here with slit domains and moon-shaped domains. Concerning inner
snakes, see Remark 5 at the end of §3.

Ct • Slit domains

We use the following elementary result.

Lemma 1. Suppose G and d are two domains such that G' :) G and
meas (G\G) - O.ifG has thePA propeny, then G' also has thePA property.

Proof. Obviously, iff E L 2 (G '), then also f E L 2 (G). Since G has the PA
property, it follows that for each e >0 there exists a polynomial P such that
Ilf-P1IG < e. Hence Ilf-PUG, < E, because the measure of G'\G is zero. .

have it:

Corolbuy. G does not have the PA property if there exists a domain G' such
that G' :) G,meas (G'\G) =0, and G' is multiply connected.

For example, no domain G whose boundary aG contains a slit can haye
the fA property, because a part of the slit can be filled in, and the Corollary
can then be applied to the resulting domain G' .

C2 • Moon-shaped domains

As preparation for dealing 'Nith general moon-shaped domains, we prove
the following lemma.

Lemma 2. Suppose r is a recti"fiable Jordan curve and G is the interior ~fr.
Suppose F is analytic in G and continuous in G, and suppose B is a compact
subset tTl G. Then, lor each a > 0, there exists a constant Mfa, B) such that

(3.2) max II F(z)l: Z E B} <M(a, B) {II F(z)la Idz l-l-p_/a--"----. _
I'



F(rp(w)) • rp'(w)l/Ot = B(w) • H(w) (lwl < 1),

~ [_1 • _1_ f lH(w) IQldwl]l/Q,
2n 1-p IWI=l

and the last integral equals

Iwl=l Iwl=l r

z
follows.

Now we are read to discuss moon-sha ed domains.

Definition 2. A (general) moon-shaped domain is a bounded domain G whose
boundary consists of two Jordan curves having exactly one point in common.

,
The mapping w =vz transforms G into a Jordan domain Gw and

dm <00·w '



4 Iw w2 2dm <e
Gw

and there~ore !-bl/(z) -P(vz)/V"i12dm < e. The polynomialP can be
- 1 2

obtain the estimate III- Q II < 2e for some polynomial Q, it is now sufficient
to know that in£, 111/ Vi- R II = 0 for polynomials R. The last condition
then im lies that inf lip z - R II =O. Hence Keld sh's condition is also
sufficient for G to have the PA property.

PA property, as Keldysh has shown by an example «(1939, p. 398] ; see also
Mergelyan (1953, p. 116] ; however, often this is not the case.

Theorem 2. Suppose there exists a rectifiable Jordan curve r in G U {p} (see
the figure following Definition 2) such that the distance jUnction dz =

IS Z, z satls les t e con I zan

(3.3) f Idzl =: 1<00

z

lor some a > O. Then the moon-shaped domain G does not have the PA
property.

Remarks. 1. In order for condition (3.3) to be satisfied, the two Jordan
curves cannot approach each other too rapidly at the point P. If G is bounded

Ytwo eIre es touc ng at z = , en , an is satis Ie or
each a < lh. The moon-shaped domain depicted at the beginning of Section C

Lemma 1 in § 1 implies that

(3.4)

Consequen tly, by (3.3),



An application of Lemma 2 now shows that the sequence {P
n

} converges uni.
forml on each com c .

must coincide with fin the domain G, the function fhas an analytic continu­
ation into the interior of r.

remar a ou
P lies at z = 1 and

I(z - lY'(P (z) - P (z)) I~ -l- lIP - P II
n. m eY7r n m

. -. .
for each z E r\{p}. The inequality thus holds on all ofr and therefor~ also'in
the interior f .

1. Resu.lts are known also for the case where not all polynomials are ad-. . . . .,
z~n,; see Mergelyan [1953, p. 146]. For multiply connected domains, poly­
nomials need to be su lemented b rational functions Mer el an 1953

2. If a domain G does not have the PA property, then the class of func­
2

sp e 0 e pro em nses 0 c arac enze e e erne 0 's s -
space. Havin([1968a], [1968b])has studied this formoon-shaped domams.

3. The criterion for 01 nomials to be dense in L 2 G that was 'ven in
Theorem 1 has been extended to more general sets by Sinanjan [1966]. A
compact set K C c:: is called a Caratheodory set if aK = ag., where g. is the

t LP(K) = f: f f1flPdm < 00, f analytic in KO .

Using Mergelyan's theorem, Sinanjan shows that polynomials are dense in
LP(K) if K is a Caratheodory set and p > 1.
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5. Approximation in the pth mean with a weight function w(z) in non-
Caratheodory domains has been studied, for example, by Brennan [1973] ,
[1977]. See also the work by Burbea([1976] , [1977], [1978]) on poly­
nomial density in Bers spaces.

Brennan's work [1977] allows discussion of the PA property for inner
snakes G. I t appears that they mayor may not have the PA property, the
critical condition being

f log(1 - Izl) d1J.(Z) =_00,
oG

where 1J. is the harmonic measure on aG with respect to a point Zo E D\ G.
6. Finally, it should be mentioned that the mapping fWlction f of a simply

connected domain G onto the unit disk D can be approximated by poly-
nomials in the uniform norm if and only if (i) G is a Caratheodory domain
and (li) the projections of different prime ends of G are mutually disjoint.
See Farrell [1932] .

§4. Expansion with respect to ON systems in L2(G)

A function analytic in a disk has a power series expansion. Here we deal
'liith the case where fis analytic in some general domain; but first we review
series expansions in Hilbert space.

A. ON expansions in Hilbert space

Suppose His a Hilbert space and{vj } is an ON system in H. For each

Theorem 1. a) Minimum property of the Fourier coefficients: The quantity
IIx - "£7= I Cli 11

2
IS a minimum ifand only if ci - 'Y; (j - 1, 2, ... , n).

b) The minimum in part a) equals Ilx 11
2 - "£'j=l 1'Y;12.

c) For each x E H, Bessel's inequality holds: "£i= I 1'Y;12 ~ Ilx 11
2

•

Proof. All three assertions ale a consequence of the following computations:

=IIx 11
2

- :E l'Yjl2 + :E('Yj - Cj)~ - Cj)

= IIx 11
2 +E111 - cjl2 - I: l'Yjl2 .
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1'=1 j

Proof. The equivalence of statements a) and b) follows from Theorem 1,a).

B. ON expansions in the space L 2 (G)

the Fourier cO/fficients are

"r
J
' = ([, f/>.) = II ff/>j dm (j = 1,2, ... ),

J G

and the Fourier series of[becomes

(4.1) (n -+ 00);

that Is, the Fourier series ofI converges to lin the quadratic mean. An even
s ronger resu s rue.



26 Representation of Complex Functions

Theorem 3. If {t/>.} is a CON system and ~":'=l "r.t/>. is the corresponding

jzl j j

Fourier series ofa function [E L 2 (G), then relation (4.1) holds and the
• • GO •

o[G.

mate (l.2) in §1 implies that '

and our assertion follows.
As was indicated in the last paragraph of Section A, we can conversely

• 2...
j I j'

yields a function fE L:2 (G), where

and the convergence is uniform on compact subsets of G.

(i) Suppose {u.} is a system of linearly independent functions in L:2 (G);
(ii) one of the N processes in §2 generates an ON system {v.}, which

. I

sion for [in G, which certainly converges in G. I

C. The uality of the approximation if/is analytic in G

,
(i) G is a Jordan domain, that is, aG = C is a Jordan curve; (ii) fis analytic in
G; (iii) the functions t/> are the ON polynomialsP. from §2.

Next we deal with the. question of when the series expansion of[con-
- . .

It is clear that the . must be specially chosen lone WI es to in e a
I. f the a roximation' for this even the arran

ment of the t/>j matters.
As preparation, we need a lemma about polynomials discovered by Bern-

steIn

z = ljJ(w) = ew +Co + ~ +... (c >0)

denote the confonnal mapping, nonnalize at 00, 0

I the invel1e rna
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, "

for R > 1

27

true.

,
then P(z) = zn shows that the conclusion cannot be strengthened. But if we
require, in addition, that P(z) =1= 0 (z E D), one can conclude even that
IP(z)1 ~*(Rn + 1) for Izl =R > l;see Ankeny and Rivlin [1955] .

.
tinuous in the closure of the exterior of C (including 00). Hence the function
must assume its maximum on C:

~ 1 for z,E ext C.

For z E CR we have It/>(z)1 =~, ~d the assertion follows.

p.

Walsh 1969 . 79 calls this maximal conver ence· the reason for this will
presently become clear.

Proof. a) We show first that there are no polynomials p of degree n such that

If there were such polynomials, we would choose R 1 E (P, R) and fmd that
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.. . - • • 9

consequenuy,oy ns I ,
' . ". '

2M1 • R~+l = 2M1R1(R1/R)nIPn+1(z) - Pn(z)1 ~~
.n.

for z E CR • Hence the series of polynomials
1

Po + ~;=o (Pn+l - Pn)

converges unifonnly on and inside CR I' and the limit function Fis analytic

in int CD' But relation (4.3) implies that F - tin G. Hence the function [
-,l

has an analytic continuation from G to int CRl ' where R l >p. But this con-

tradicts the way f) was defmed.
b) Now we prove the positive part of Theorem 4, that is, statement (4.2)

for R <p. We choose numbers a and R l such that 1 <a <R 1 < p and show
<1
YUH

(4.4) max 1[(z) -Pn(z)1 ~N(a/RIY' (n = 0, 1,2, ... ),
G

where the Pn are the partial sums of the Fourier series of[and N is some posi.
Hvl" n (A ., '\ fnT I) <' ,.. fnll nUll.'! fTn1'n th;l.'!... .,,, .

Here we use the fact that there exist polynomials ?Tn of degree n such that

.M

maxr; IJ~Z) - ?Tn"-Z)I Ei::,, 111 2 • Xl ~n - U, 1, L., ••• );

this wlll be proved. 10 cnapter 11, g:l by 1Oterpolatlon. lhese pOlynomlais
satisfy II[-?Tn II <'M2 • R],' in the L 'l-norm, and hence the same in-
equality holds for the minimal polynomials Pn (Theorem 1,a»: 11[- Pn II
~ U • I)-n T 1 nf ~ 1 nnul' l' fnT I"'.u.h l.'!lIhl.'!l"t 'R ( ~ th~t
_.,-~ '1 0 ~ -~

m:x I[(z) -Pn(z)1 <.M3 (B) • Rin,
IJ

so that

In (,.) _ n (,.)1 ~ "M, (R'\ • I)-n fnT '7 ~ 'R
• nT 1" , • n ,- , .;J....- , '.I

NOW we choose B = r, where r is a Jordan curve so close to C that C lies in
the interior ofr(J' Bernstein's Lemma Yields

In (,.'\ _ n (,.)1 c:: .,u. (R'\Q-n,.n+ 1 fnT '? t= ~
~n1"l'-'" en'" , ;J ..... ". • ,l (J



2

n= n n
on and in the interior ofru to an analytic function F, and since G lies inside

s . s

then

max {I!(z) - Pn(z)l: z E C } = O«a/Rt) (n -+ 00)

for all a and R such that 1~ 0 <R <
even in int Cp '

Remarks about §4

tinuous and belongs to the class Up Q for some Q > O. With this assumption
we have

holds if is continuous in G and! E Li ~.

2. In the proofofpart a) of Theorem 4 we showed that iflj(z) -Pn(z)1 <;
n -. ... . .

on aronovan S I zusz : or eac sequence en

n '
of CR' In sharp contrast to this is the following result on rational approxima-
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converging to zero there eXIsts a function f analytic in D - {z: IzI< 1} havmg
aD as natural boundary, for which Ij(z) - r,,(z)1 < En (z.E D). Here the rn are
rational functions of order n.

§5. The Bergman kernel function

Now we tum to a special function in L 2 (G) and its properties, particularly
in relation to the construction of conformal mappings. Appropriate literature
was cited preceding §1.

A. Introduction and properties of the kernel function

We choose a functional-analytic introduction and recall the following facts.
IfH is a Hilbert space and L is a bounded linear functional on H, then there
exists a uniquely determined element u E H such that

L(x) (x, u) (x E 11).

functional

If the Hilbert space isL 2 (G) for some arbitrary domain G, Lemma 1 in §1
assures us that Ifa')1<;;; IIfll/(¥'1Lclr), where d t - dist{t, aG). Hence the

L(t) := f{!) (fEL 2 (G»

is bounded in L2 (G) for each fixed rEG. Thus there exists a uniquely deter­
mined Ur E L 2 (G) such that

The traditional notation is ur(z) =: K(z, t), and K is called the Bergman

(5.1) f(t) =(f, K(·, t}) =II f(z)K(z, t}dmz (fEL 2 (G».
G

Two properties can be derived from this immediately. a) If one substitutes
f= K(·, t) in (5.1), one finds that

(5.2) IIK(·, nll2 = K{t, n (r E G).

b) For %1' %2 E G, the relation K(ZI' %2) =K(%2' %1) holds. To see this, we
let!: K(·, %2) and r=%1 in (S .1), and we obtain
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K(Zl,"Z2) =ff K(z; z,,)K(z, zll)dmz
G

= [ff K(z, zl)K(z, z2)dmz]- =K(Z2' Zl).
G .

write

31

(5.3)

, we have t = (f, K(·, t». Using Schwarz's in-

1=(f,K(·,n)~ 1I[1I·IIK(·,t)1I = 1I[1I·v'K(t,t) ([EM).

Equality occurs if and only if f= to = CK(·, t). Because of the relation

ove:

2

Often the relations expressed in Theorem 1 are used to define the Bergman
kernel function.

B. Series representation of the Bergman kemel function

In only a few cases is it possible to get a representation in closed form for

Using Theorem 3 In §4, we therefore obtain the following result.
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5.4

For each fixed rEG, the series converges uniformly on each compact subset
o
This theorem allows the possibility of an actual approximation of the

lfin'n 0 d wi ¥ f

analytic in G and the functions,pj are the ON polynomials If of G. Examples
r, ,. 'r 0

WI unctions In or er to spee e convergence; see
C3 '

§2,Awe have

n + 1 J;n

n=O 1r

1n _ • 1

g

(~E D)

and is valid for each fE L 2 (D).

,
see Nehari [1952, pp, 258-259] ,

C. Constmction of confonnal mappin~ with the

The Bergman kernel function is an important tool for the numerical con-
struction of conformal mappings. Here we sh limit ourse YeS to simp y con-



C1 • The connection between K and confonnal mapping

Suppose G C cr (G =:/= cr) is a simply connected domain, ~ is a fixed point in
G, and Fis the conformal mapping ofG onto D, normalized by the condi-,

F'din

2rrif(~)/F'(n. Hence

f(~) =-; II f(z) F'(z)F'(~) dm
z

.
P G rr

p

For p -+ 1 we obtain (5.1) with K(z, n=F(z)F(n/rr. For z =~ it follows
2 .

fonnal mappoing F of G onto D. Inserting an auxiliary linear transfonnation,
one m seas y a

K(z,n= .!. • -~~-";";";"-2 (z, ~ E G).

In the special case where G =D, we can choose F(z) = z and obtain again the
kernel ,unction of D.
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To summarize: Using the series representation (5.4) ofK, we can express'
the confonnal mapping F (normalized such that Fa) = 0 and F'(t) >0) of G
onto .IJ) as

(5.6) F(z) =~ f 1r - j K(v, ndv (z E G).
-----------'tcA..Kc+'G~,--\c~-+)--.-.I1~tlo----------------

Iff is the confonnal mapping of G onto the disk {w: IWl < r }, normalized
such that/en = 0 and!'(n = 1, we get r = (1TKa-:n)Jh and

(S.7) f(z) (z E G).

c2 • The Bieberbach polynomials

In practice, the series (5.4) has to be truncated and will therefore yield
only approximations for F and I, respectively. IfG is a Jordan domain and
the q,j are the ON polynomials lj of G, we obtain approximating polynomials

where

These'lfn are called the Bieberbach polynomials of G and ~. They satisfy the
conditions .

and it is easy to see that 1I1T' II = min IIp'lI, where the minimum is taken over
n 1

I/(z) -1Tn(z)1 <Mqn (z E G; n· 1,2, ... )
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holds for some q < 1 if and only if fis analytic in G. The latter is the case if
aG is an analytic Jordan curve, but also if aG is the circumference of a square,
for example.

Weaker assumptions about aG require more detailed investigations. Gaier
r1n£ A 1....~1 .. • t .•• V . . 1.1 .t. ._.:1 .... • 'I"L_
L.L/V' ,p . .L~.,IJ .L"'PV.L"~V.L.L OJ.T .L~"'L\.L.T~.L Q..L.L\.L .... .T Q..L.L • .L.L.L'"

present state of the art is as follows. We say that the boundary C of G belongs
to the class C(p, a) if C is rectifiable and has a representation z = z(s) in terms..
of the arc length s with a continuous p Ul derivative in the class Lip a (p =
1,2, ... ; 0 < a ~ 1). With this notation, the following theorem is true.

Theorem 4. a) Suppose CE C(p, a) and p + a ~ 7/4. Then the Bieberbach
Dolvnomials '" satisfv,.

If(z) -'"n(z)1 ~ const n-p -a ·logn
-

(z E G).

b)IfCE CO, a) and 1/2 < a < 3/4, then

l.f(z) - ,"~(z)1 ~ const n-·:HXT
t'2 (z E G).

,.
... ) "1"(::. 1"(1 ",) nr;ul "" f\ f-z"DIII
"J -J - _,A, "J- -, ~

If(z) - '"n(z)1 ~ const n-a-~ • Vlog n (z E G).

d) If the boundary C ofG is smooth and ofbounded curvature, then

-
I!V) - ,""{z)1 ~ const {log n)'" In'" {z E U).

All of these results are written up in detail by Suetin [1971, Chapter V] .
There are also estimates for z E BeG, which depend on the quality of aG.
'T''h4 t'. .1 .1 An 0;]11'1 Af thl:> ()l\.T _~l"..,,,,~~nl,,
£_~.. r_ 'r -J -r -r - r--J

Pn in G and the best-approximation polynomials of degree n corresponding
tof.

Probably the first paper giving estimates for regions G with piecewise
smooth boundary C is that of Simonenko [1978]. Here G is assumed to be a,. .1.• .:I ~nr1;n - .... -'11~r r tn~V np. ~ • Pnr ~nv ~l1('h

'C C -" C -" <;;} -"
..:I +1... ..... _........~~_+ ..... "'"'" ~ ....... f\ ..... .:1 A, ....... f\ _.......1.. +1.. .. +...".... "........""'".... ,.... ....... V ...uu. I.... v .........." ..." .....

If(z) - '"n(z)1 ~ c/n'Y (Z E G).

Kulikov [1979] permits more general boundaries, but the estimate is only in
thfl! rP (r:) nnrm, ,



The rate of convergence of the series (5 .4) often is poor if one cho~ses for
the . sim 1 the ON 01 nomials P. of G. The reason for this stems from the
singu arities of the mapping function F, which may lie on aG or in CI:\G but
close to aGo However, the rate of convergence of the series (5 .4)'can often be
.. k

additional functions whose singularities reflect those of K. Only the aug­
mented system will then undergo the ON process. Levin, Papamichael, and
Sideridis 1978 were the first to su est this and the have thus consider-
ably increased the applicability of the Bergman kernel function to conformal

, ,
and if Fis the mapping of G onto D, normalized such that F(O) = 0 and
II(0) > 0, then the reflection principle shows that the poles of the analytic
continuation of Fthat are closest to aG lie at the points z =±2a, ±2i and are
simple. In a series representation of F these poles can be taken into account

222

Suppose the ON process yields the functions <Pi' Ifwe write (note that this
differs from Section C )

,
order to achieve an approximation error of 2 -I 0-5 • But if the two singular

Z Z k

Z - 16 Z +4
process, then a total of 10 functions will reduce the approximation error to

-10 • •

on aG, as would be the case with conformal mappings ofpo)ygons.lt only
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. .. • .. .. • .. .
Hi:liS i:l ,",~1 La111 .... 111 Uli:lL L.llt; Ulllt;1 c LHi:lL uunng tile

orthonormalization are somewhat more difficult to evaluate if singular func-
tions are included in the process.

D. Additional applications of dte Bergman kemel function
I

Finally we mention two further interesting applications of the Bergman
1 . ~ LO_ ;n 1 !:In!:lluC1;C1 •

.L -J

D Domains with the mean-value Drouc:nv
.L

First, suppose G is the disk {z: Iz - tl <r} and f is analytic in G. It is well. ..
A.11 V vv 11 LI1i:l L

1 211' .
(O<p<r).fen = ,,_ 1 f(t +pet/» dq,

-, v

Multiplying by p and then integrating from 0 'to r, we see that

(5.8)
1

for each fE L 1 (G),fen = A (f:) f! fez) dmz
" , ~

where A(G) = 'If'" denotes the area of G. We now show that the converse also
holds.

Theorem S. Suppose G is a simply connected, bounded domain with area
A(Gj, and suppose t is a fixed point in G. Then (5.8) holds for all jUnctions f
that are analytic ana mtegraDle m (i IJ ana OnlY If (i IS a als" with center f.

Proof. We apply (5.8) only to functions fE L2 (G). (By Schwarz's inequality,
T2r",,,,,- T lr,.,,, " TI" • rl!' 0'" L1. I".

.l.J \vJ ...... .l.J \UJ.J.11 VV~ VVllL..- \.J,UJ111 L11..- 1Vll11

1
fen =II fez) -dmz,

(j n

we see that l/A has the reproducing property. Therefore K(z, n=l/A, and
La. 'T'1- '] •••_ 1.. ~ ••_ D'I_\ t=T7 &'~_ +1.. __ l' ..J 1:_ ,.\ to .1
v~ .& '" 1', .... .L.L'" ' .... .& , ... , V "'~.& .L'VI.L ...L.L.... ,U.L3,

mapping F of G onto D. Hence F(z) = const • (z - t), and the assertion.
follows.

+1
D2 • Representation of I f(x)dx as an area integral

-1

In Section A we used the functional L(/) = fen (for fixed t E G) as a
starting point in order to introduce the Bergman kernel function. Now sup-
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pose G is a domain containing the interval I =[-1, +1] , and consider the
linear functional

T 11'\.- r I'I....\rl.... Il'c T2/~\\
£J\.JJ' 1 J \.~.J-' \.J '£J \.~JJ.

Ifd =dist(I, aG), Lemma 1 in §1 implies that

IL(I)I <: 2
r;;-rl 11111.

v .. -

Hence our functional is bounded, and there exists a uniquely determined ele-
ment h EL"(G) such that

I f(x)dx =(f, h) (IEL 2 (G»).
I

This function h can be expressed in terms of the kernel function. For
z t::: IT we see tnat

(K(z x)dx = r (K(x z)dxl-= r(K(· z)' h)l-
I I

- th, At·, Z)) - htZ),

where the last eaualitv is due to the renroducinQ nronertv (5.1) of K This
A A

_ A

A

would already express I I dx as an area integral, but we ask more specifically:
1

Is there a domain G :::) I such that

II(x)dx =III(z)dmz for each fE L 2 (G)?
I G

Davis [1969] posed and dealt with this question. According to the above,
•••__,," ... 'L.n ...... 1. _ 1 1'0.. ,1 ...'L...... .~.....~•• ,'~ • In +1. ............. 7 • r'""'"'\ 1
n ............~ .......... 7 ... ,. "', ...... A ............... '1' ....'" n • .& ......... , ...... -~ ._,~ ..... - .&

whose kemel function K satisfies the condition

(5.9) I K(z, x)dx =1 (z E G)?
I

Suppose now that G is simply connected and symmetric with respect to.,- ., . _ n ." .t .. • c;r ~&,., "'_ ...~ 1\ +'L. ... + ........... .,
L.U.\; l\;CLl ClAlO> _ • Ul'" ~~ C -....... ..... ............u .. '" - ......- .. ..··-r-
[-1, +1] onto an interval [-Q, +Q] CD. Then the kernel function is given by
the expression tsee :sectton C 1)
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K(z, x)
1 F'(z)F'(x)

(z E G, x E'l),- • -
7r {! - F{x)~-tZ)r

...,..-1 ~~- ..:1:4-1..- It::. Q\ 1
\0' .I

-- ., , ., , ,

I J4 ~Z)J4\XJ fly "" ('7 ~ f:)

{1 - F(x)F(z))2
,- ".

I

or, equivalently,

. , \

J: 1 Idx =7r F(z} (z E:G).
1 _ l1(v) 11('7) 11'('7)

I \
'\;"." '--"1 ,--"

We integrate the left-hand side and obtain

"" ' "

F'{z) - (1 - a" F(zr) (z E G).
2a

,

Integration of this differential equation leads to the telations

(5.10)
1 1 +aw 1 e1fZ

- 1z =-log
1-aw

, w=-
e1fZ + 1 '7r a

. _ .. ,.
wnere w - ~\Z).~mce J4~1) a, 1t1UIIUW:S tuat

In'" _ 1

a=, U·~i)/b~ ....
e'" + 1

Thus we have proved the following,result: The image of D under the

mapping , ,
.'

1
1 .L __ r.:;'ff --,

.L 1 .L ....rv where a = ~... ~,w ~ - og ,
7r 1-aw e'" + 1

, ..
,

J_ ..:I . r!. ••"+1-. +1-. ... t'h .. t ;
A" ... >4 "" ........ .r -r -"

+1
• 10_ p?/,...,,,-, ~ - ,.

J J~x)ax -- JJ J~z)am'Z lur eal,,;Il J c'"L \ U J.

-1 G

.
One finds that aG is a convex. elUpse·s.napea Jordan curve tnrougn lfie

La (t1.220S 0) and (0. to.4862); see the drawing below.
"T
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U.'fOOl

( \

--- --
1 ??nC

Ine IOllowmg corollary IS alSO mteresung. H IS well Known mat tfie
normalized Legendre polynomIals satisfy the orthogonality relations

rP {y)P {y)r1y =8
in" , m" , Terre

TT .1 ..'
VI.

G

are valid for the domain G constructed above.

Remark about §S

y... ..... •• ••.• ""'..... • • ••
III i:)~Cuon \... w~ cu.r~auy on~u maL UJ.'1 ~xpCUllHonli CCUJ. O~ us~u cu.so

for conformal mappmgs of multiply connected dom31ns. If G IS a nng domaIn,
one is particularly interested in the conformal modulusM of G. Here. also.
the use of ~l1it~hlp.· , ~. . can I. IV;I' at.· inn of- ~ ~ ~

Mwith fewer terms. For this topic see Eidel [1979].

§6. The q~ality of the approximation; Faber expansions

Suppose the functionfis apalytic in a domain G and continuous in G. How
accuratelY such an f can be aooroximated bv oolvnomials of degree n obvi-
ously depends on the properties ofbothfand G. We have already touched
on this topic in several special cases. Now we show how results of this type

1. .,•• ..1,. :I' L"0 ~..Lt.~'.1 ·.1~'"
""CUI VII;; vy....,J III 1.11;;1111;' VJ. UJ.I;i ... ·a.VI;iJ. }JULY VI. u".

These expansions are less constructive than the ON expansions considered
so far, because a generally unknown mapping function enters into the con·
side rations.
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A. Boundary behavior of Cauchy integrals

Cauchy integrals are integrals of the fonn

1

21ri

, ,
purposes it is sufficient to consider the special case where

(6.1) eIl(z) := _1 • hen dt,
Itl=l

in other words where C = = 1 . We also assum that h
continuous on C. Relation (6.1) defines two analytic functions, one in the

,....,
We ask first howell is related to h and its (Fourier) conjugate h.

s a ,....,
through the Poisson integral, ofhand h, respectively. Then

,....,
If in addition to h, the conjugate h is also continuous on 3D, then ell has a

() -C) 1 f e't+ z 'tH z + iH z = 21r tit _z h(e' )dt (z ED).

On the other hand

-z 2

11' 't
_ 1 J ·t e' +z
- - h(e') el t dt.

21r - Z
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This establishes (6.2). Ifboth h and 11are continu~us, it is well known that
H(z) ~ h(ei<l» and H(z) ~ h(e"<I» -for z ~ (If) , and (6.3) follows.

What can be said if the part off!> defined in D vanishes identically?

Lemma 2. a) The fUnction f!> defined by (6.1) is analytic in {z: Izi > I},
and f!>(06) =O. \

b) If h is continuous on aD'and iff!>(z)::: 0 for each zED, then f!>has a
continuous extension from~ > I} to {z: 1zIf-sl;tJ:~l+}rI;muoVJr~evO¥Cve;l-r,-,------

(6.4) f!>(z) =- h(z) for Izi =1.

Proof. Part a) is obvious. For part b), we consider the relation

where Pz denotes the Poisson kemel. Ifz ~ e" tJ> (z E D), the right-hand side
approaches h(eiC/», and the assertion follows.

General properties ofCal,lchy mtegrals can be found in the book by
-~P~n~"v----J.ai-ov-[1956, pp. 136 ff.]. For recent results on the continuity of Cauchy

integrals, see Dynkin [1980]1--'-. _

B. Faber polynomials and Faber expansions

Suetin [1964~[ 1976] and Curti~s [1971 ] ; see 3lso Smimov and Lebedev
_[1968, Chapter 2] . Important properties of Faber polynomials can be found

j~ the works by Pommerenk~ [1964U1965] and Kavan and Pommerenke
[1967] . ' '

Suppose C is a Jordan curve in the z-plane, and let

c1
Z = \jJ(w) = cw +Co + -- +w

(c>O)

denote the conformal mapping, normalized at 00, of {w: Iwl > 1} onto ext C.
Suppose (/) denotes the inverse mapping:

•

z
d

w =(/J(z) = dz +do + --! +... (cd =1).

One possible way of defining Faber polynomials involves the Laurent series
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which is· valid for large Izl; its polynomial part is called the nth Faber poly-
nomla n n = , , ,.... e erm 0 es egree IS , so a n
is exactly of degree n. In special cases the F can be given explicitly (see
Curtiss [1971, p. 582]).

By definition,

43

(6.5)

where Hn is analytic in ext C and Hn{z) =O{1/lzl) for z -+ 00. If we change

=

(6.7)

IWI=1

dw=

1 m =n,

ifm =l=n.

-2' frrl =

m-n- dw w.

is s 's
Next we shall fmd a generating function for the Faber polynomials F".

Suppose CR = {z: IcP{z)1 =R > 1 } is a level curve in the exterior of C, and
suppose z E int CR' Equation (6.5) implies that

_1 f (cP(t»n dt. -.!.- f n dt + _1. f n dt.
211' ,. - z 211'1. t - z 2rri c t - z

C ) CR R
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The first integral on the right-hand side equals Fn{z) while the second integral
nishes s H = 0 1 for ~ 00 •

thus see that

-z
wn W'(w)

dw.(6.8)

Ifwe now write

(6.9) ---'--'"'- =1 +Pl (z)/w +p2{Z)/W2 + ... Owl =R, z E int CR )
W{w) - z

and integrate tenn by tenn, we find that F,,{z) = Pn{z). Hence (6.9) is a gener-.. .
n'

Finally, the F can also be obtained recursively (Curtiss [1971, p. 579]).
But this has little ractical si 'ficance since the coefficients in the recursion
fonnula contain the generally unknown numbers ck •. .

We define the Faber coefficients of a function FE A{G) by

and we call

the fonnal Faber series ofF. Lemma 3 makes the folloWing statement _
GO • the conver. ence is uni orm in G then

the a are the Faber coefficents ofF.n -.. ..

Theorem 1. Suppose C is a rectifiable Jordan curve, G = int C, and FE A{G).

I .-!- I F{w(w){w/w)n+l dw· w • "l.- f ~------ dw lIE 0



a er expansIons

H(oo) = 0 and H(w) = (Fo1/J)(w) if Iwl = 1.

H(cP(z)) if z f1 G.

·s nction g is an ytic in int C and in ext C, and on the curve C the func­
tion has the common boundary values F(z). Hence g is continuous in all of cr.

• • ",,,,,,·H·iH ...... '"

that gis an entire function. Because g(oo) = 0, we see thatg = 0 in C[, and con­
sequently F= O.

c. The Faber mapping as a bounded operator

c1 • Curves of bounded rotation

e no Ion 0 a curve 0 oun e ro a Ion was lIS 10 ro uce y a on
[1919]. His goal was to apply the method of integral equations to the solu-
tion of the Dirichlet roblem for domains with comers. Su ose C is a recti-
fiable Jordan curve, and let L denote its length. Then the angle 8(s) of the
tangent exists for almost all sE (0, L).

Definition 1. The curve Cis ofbounded rotation if8(s) has a continuation to·
[0, L] such that the extended function is ofbounded variation.

(6.11) f Idr arg(~ - z)1 ~ f Id8(s)1 =: V
C C

holds for each point z EC(Radon [1919, p. 1133]). Here the jump of

V Is culled the total rotation ole.
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For our purposes it is important that the mappingz = l/J(w) of {w: Iwl > I}

nntn P.yt r ('~n hp. • •. '" in tP.Tm!il nf thp. Co._ ~+:-
~r . -J

, "i t, i~ ,
argU - Z) ar~'P\.e ) - 'P\.e )} . lI\.l, f1 },

see Paatero f19331 and Pommerenke f1965. p. 4251. For if c = l/J'(oo)
denotes the capacity of C, then

if) 27f °t'
(6.12) log l/J(w) - l/J(e ) = ~ flog 11 - ~ )d v(t, 8) (lwl> 1).

cw 7f n WIt

rn.. ' ..1.. Lt. T"" ~. .1 o 1 o~ .J.' r'r' ~ 1'£1 ... '\
.L .u.,- \IV.1 W.1 W.1'- I. ~ Cl-U'- I. PV.1'y Cl-.1.1~i) .1.1 \IV'- \V..L",}

with respect to w and then multiply by w:

wl/J'(w) 1 27f / it \ n
• " ~oo I e 1 • I ,,'

• - .1 7f J .LJn =l ' UtV\~, U)l/J(w) - l/J(elf)) 0 w

1 21r'
= ~:= 1 w'

n
• ; f £I'lf dtv(t, 8).

0

Ifwe compare this with (6.9), we find the fundamental relation

(6.13) ~2r I't d vet. 8) = P'(\IJ(J8)) (n = 1,2, ... );
7T O

.
see Pommerenke [1965, p. 425] . Inequality (6.11) implies that for each fixed
8 the variation of v( ., 8) is at most V:

27f
(6.14) f Idtv(t, 8)1 ~ V.

0,

Relation (6.13) can be derived more directly (Ellacott). For fixed z E aG,
1 ~ r' 1'/ n'

WC .l1AVC HUllJ \U.O)

r> 1'_' 1 I wn 1b'(w)
.cnV') 2 . J aw tn ~ 1),

7Tl Iwl=R l/J(W) - z

ana It IS OOVlOUS mat

1 {" •. ·n ,'/ ,(.,,,\
0= ~ .I -~~..!. dw,

27ft I~I.IJ I/I(w)-z
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since the integrand is O(lwr~) for large Iw I. This gives us
I

1

.F;,(z) =~ f w"dwlog[\jI(w)-z]
2m IW/=R

47

",m Iw I=R ~III IW 1=.1(

Subtracting the last relation from F,,(z), we obtain

-
I'" 1-.... U

Now we wish to let R ~ 1. To do this, we first integrate'by parts to get

n' , 1r.~. ,."
o

Here we can let R ~ 1 since we have (6.11) and therefore arg[ \jI(R,ft) - z] is
1 ,. • " 1 •. 4 ~ ro. 4 ...

n, 11 I~I III t, n Ly WIllI -s.- LU L\. J\.lL~r I~LLlngL\ - 1, W~ I~ .... -:-I I~

by parts agaIn, and

L!' _11

,.. ....... .... .,.,.

We consider the mappmg

,. , .... _.... 4 • • • • 4 .4 .4 •

:sugg oy \.0.1.)) i:UIU ~x I~ lL La a nl:-l-r:-y pOlyn oy Ul~ r~qul!~-

ment that

(6.15)

This mapping between the polynomials P and TP is one-to-one and onto; for
if TP = 0. we consider the coefficient of the term of highest degree. Since the
degree of Fk is exactly k, we find successively that an = 0, an_1 = 0, ....
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IfC is rectifiable, both T and its inverse admit an integral representation.
Because of (6.8) we have

1 f wnljl '(w) dw = F (z) (z E int C).
2'ITi ljI(w) _z n

Iwl=1

and hence

(z Eint C)

cIwl=1

(6.16) (1P)(z) - 1. [P(w)IjI'(w) dw
2m· 1/I(w)z

for each polynomial P. Furthermore, (6.7) immediately shows that

_1_ J(Fn 0 1jI){w) dw =wn

2'ITi w - w
Iwl=1

(w ED);

thus

-------h(6k-.t-'-J17'-l-)-----=2=~i=-f (~~!w)) dw p(w) (w E J»
Iwl=1

for each polynomial P. This gives the desired representation for the inverse
mapping.

Now we extend T to a mapping between the Banach spaces A (D) and
A(G). As usual, we write

A (K) = {f' f continuous on K an d an alytic in ~ }

and

11[11 =m~ Hf(z)l: z EK}

for each compact subset K C cr:. Let ITn denote the subspace of all poly­
nomials of degree at most n. Then the linear operator T defined by (6.15) is a
one-to-one mapping ofITn C A(D) onto ITn C A(G) (n =0, 1,2, ... ). The
extension of T mentioned above is based on the following result.

Theorem 2. Ire is a rectffiable Jordan curve a/bounded rotation, then the
operator T is bounded on Ulln . For each polynomial P we have

lin> II <;{1 + 2V ) liP II,
'IT
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where Vis the constant defined in (6.11).

and therefore

If we take into account that lao I= IP(O)I ~ lip II, the assertion follows.

49

By Theorem 2, we conclude that the domain of Tcan be extended from
unn to the closure of unn . Since the polynomials are dense in A(D), we have
o taine an operator rom into WI e property at

(6.18) IITfll < (1 + 2V ) IIfll for each fE A(D).
7r

Dynkin [1974, p. 270] calls a domain G, on which the operator Tis bounded
a Faber domain; see also Dynkin [1977] .

We observe that by taking limits, we can extend the integral representa-

Conversely, for each function Tf, where fE A(D), we have

(6.17') (Tf)(y;(w)) dw (w ED).

N at w0 (lw0 I> 1), then Tf is also rational and has a pole of the same order
at ~(wo)' To see this, we write fas the sum of its principal parts plus a poly-
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nomial P. Since TP is a polynomial, it clearly suffices to consider the case= _ n+l ,

where 1 <R < Iwo I. If this integral is extended over a circle of radius bigger
than Iwo I, it will vanish, and therefore the last expression equals

where 'Y is a small circle around w0 •

1 (f
=--

, w dw1

21ri
'Y

Moreover, it shows that for f(w) =1/(w - wo)n+l with lWei> 1 and n;> 0

n+l
(T'[) (z) = + ~: a.{z - "'(W )y.

(z _ t/J(w ))n+l ,=·n , 'I' 0

Before returning to approximation theory, we exhibit an additional pro-

rn

1_1 I [(Tf)(t/J(w)) -(T.f,){t/J(w))]w·n-ldwl<: IITf- T.f,II-+0
21r IWI=l
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Hence Tis a one-to-one mapping of A(D) onto the closed subspace
{F: F= T[for[EA(D)} ofA(G).

D. The quality of approximation inside a curve of bounded rotation

Now we return to our main problem. Throughout Section D we assume tha
C E BR, G =int C, and F EA(G). How well can F be approximated on Gby
polynomials of degree n and, if appropriate, which polynomials should be
used for the approximation?

D1 • Preparations; unifonn convergence

Suppose F= Tifor some [EA(D). Then we have for arbitrary akn ) that

where II T II ~ 1 +2VI1r. Our problem is now reduced to the approximation of
fin D. The following two questions arise:
0) When does F have the form F - Tf for some f E A (D)?
(il) How is the quality of F reflected in the quality off?

The next theorem answers question (i).

Theorem 4. The function FEA(G) has the form TfforsomefEA~,yand
only if the Cauchy integral

<I>(w):- ~ { h(w) dw with h -Fo 1/1
----------'--------C-----""'21r-izf--J- w - w

Iwl=l

belongs to A (D). If this is the case, then 7lI> = F; hence <I> =f.
Proof. If F= Tffor some fE A(D), then <I> must belong to A(D) by (6.17').
In this case <I> = f. Conversely, if <I> EA(iii) for a given FEA(G), then

<I>(w) = ~:=own ~ f (F·\fI)(w)w-n -1 dw (w EO),
2m ~L--"=l,"------ _

and Theorem 3 implies that Tel> and Ii' ha....e the same Faber coefficients.
Theorem 1, which was included for this purpose, now yields that T<I> = F;
hence F has the required form.

Using Lemma 1, we can reformulate Theorem 4 as follows.

Coronary. We have F- TflorsfLme fEA(D) ifand only ifin addition to
h - p. \fI, Its Fourier conjugate h Is also continuous on aD.
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e next resu t, concemmg e Unl orm convergence 0 a er expansIOns,
follows immediately from (6.19) and Theorem 4.

""'W

both hand h have uniformly convergent Fourier series.

In order to obtain statements about the quality of approximation, one must
assume more about h. First let wp(h, t) denote the p -order modulus of
continuity of the {unction h (p = 1,2, ... ); see Timan [1963, p. 102]. For

: 161 ~ t, Il/>l <; 7r •

1
estimated by that of h (Timan [1963, p. 162]). For if J W (h, u)u·1du < 00,

""'W

then h is continuous, and there exists an absolute constant cp such that

This implies the following resul1.

aD such that
p ,

+ t 'j?(h, u)

o u
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on aD. Here the Cp are certain constants independent o/h.

. p , ,

ofh. Represenration (6.3) for <I> (eiC/J) , together with (6.20), establishes the

roximation

For functions <I> EA(D), approximation results involving the modulus of
continuity are well known (theorems of "Jackson type"). There exist absolute
c nsans pS

n =1 2 ...

for certain polynomials P of degree n. Their images TP E n yield a cor-
res ondin a roximation of T<I> = F.

These P can be obtained explicitly from the power series expansionn

<I>(w) = l;:=oanwn (w E D) by various methods. Here we point out the
following proce ure. 0 a senes l;j=o aj we assIgn or lXe p e
transformations

Tn := (n + If l;j=O [en + 1 (n = 0, 1, ... ).

formations to <I>(w) = l;j=o ajwi thus yields the nth degree polynomials

i p (w) - l;J~=o [en + I)P - jP] a/wI.
n (n+ I)P

n =1 2 ....

Their images under the mapping Thave the fonn

Ej_o [en + I)P - jP] ajFj(z) (n =0, 1,2, ... ),
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and our results can now be summarize

Theorem 7. Suppose C is a rectifiable Jordan curve ofbounded rotation v:
uppose is anay 'c i . .. - e a

pEN the function h = F-", has the modulus ofcontinuity w (h, t), where

J wp(h, t) r1dt < 00. /fwe now use the Faber coefficients aj ofF to con­

°stroct the 01 nomials r(p) 0 de ee n accordin to 6.22 then there exist
absolute constants Dp such that

above) we also have <I> E Lip Q, that is, w l (<I>, lIn) E;;;; const - n-OI.. In this case,
e eJer means n 0 e a er expanSIon 0 sa s y

IIF - r(2)11 E;;;; const I n-1 (n = 1,2, ... ).

[1973] in a different (nonconstructive) way. For his results, KO'vari [1972]
y

sse ee- oussm means, w c so appear m Val s wor
however, Kavari's results are more general. Fejer means also have been used
earlier: Sewell 1942 AI' er 1955 and Dincen 1964 . In these works
the Jordan curve Cis always assumed to be smooth. Bru! [1976] allows

. .
If one wishes to estimate IIF - r~p) II directly by means of the modulus of

continuity of F(rather than that of h), one must make further assumptions
about C. We say that

CEK
l

if Cis a convex Jordan curve,

C E KQ (0 < Q < 1) if C is a piecewise convex Jordan curve whose. .

IfCEK ,then'" ELip Q on aD (0 <Q< 1); see Kovar! [1972].
Theorem 7 now implies the following.
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Then the polynomials ofdegree n defined by (6.22) satisfy

IIF- ~1)1I < O{1) • n~ ifa/3 < 1

an

E. Report on addition re ts

onn estimates

e e fi . t

The curve C is required to be rectifiable and to satisfy a "c-condition": If
zl' Z2 are two arbitrary points on C and A(z l' Z2) denotes the length of the

or er arc rom Zl OZ2' en

for some fIXed c > 1.

With this assumption, it is shown that for the partial sums S of the Fabern
ex ansion of F the ine uali .e
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-~r-- Ildwl n =1,2, ... ).

E2 • Local estimates

Suppose C is some arbitrary Jordan curve and CR is the level curve
corresponding to R > 1, that is,

{w: Iwl > 1}. Write

conformal homeomorphism ofCC onto CC that maps aD onto C. Such curves
can be characterized geometrically: For two arbitrary points zl' Z2 on C we
consider the arc from z to z with the smaller diameter; su ose this
diameter d(z l' Z2) satisfies d(z l' Z2) ~ k Iz 1 - Z2 1for some constant k. See,

Suppose C is a quasiconfonnal curve, G =int C, and FE A(G). Let w(F, t)

Pn ofdegree n for which

l+l/n
a given point Zo E C. If, say, C is a polygon and Zo is a corner with exterior
angle ex:rr, then

and thus
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1. We used the boundedness of the operator Tif C E BR. This was already th
sis ofK" r" w

,
Bijvoets, Hogeveen, and Korevaar [1980] give simpler proofs of the in­

verse theorems of Lebedev and Tamrazov in the case where the complement
o e compact set IS SImp y connecte. e recent y pu e 00 y
Dzjadyk [1977, Chapter 9, §6-10] presents his earlier results in detail.

, .
Finally, if Cis convex, the function w1/J'(w) is schlicht for Iwl > 1 and
normalized at 00 such that wljl'{w) = w +a Iw +.... Hence a distortion-
t e theorem "Verschiebun ssatz" - Grotzsch· Goluzin 1969 . 136 can
be applied, and we fmd lW1/J'(w) - wl:E;;; Iwr1 , that is, 11/J'(w) - 11 ~ Iwr

Q = 2 2 ; use Lemma 1 in Warschawski [1961, p. 615]. And if C is a

K-quasiconformal curve (the image of aD under a K-quasiconformal mapping
2 •

ubout quaslconformal mappings.



ChaDter II

APPROXIMATION BY INTERPOLATION

Next to QP.rlPlil
.

J~lt.tion nt!': a I'
o. imnortant toolon. . . .

for the approximation of functions; we now tum to this method.
" ~. .. . ~ . . •1 T"l.. • r, nL"~ 1"'11.
~.., UIU u..., .1.., , l'Y1;i "'.ll.'" .&11 pu..& ...,u.Y.1.., L.I..7v.... ' -e-

IV] , Smimov and Lebedev [1968, Chapter I] , and the book by Walsh [1969],

§1. Hermite's interpolation formula

A. The interpolating polynomial

Ifn + 1 pairs (zk' wk) (k =0, 1, ... ,n) of complex numbers are given,
wnere tne Zk are to oe Qlsonct lor now, men mere extsts exactly one pOly-
nomial P of degree (at most) n such that

(1.1) P{zk) =wk (k= 0,1, ... ,n).

One way of obtaining this polynomial is through Lagrange's formula of
interpolation. To this end, we let

, ...

w{z) =nk=o (z - zk) and I (z) = Wtl:} (k= 0,1, ... ,n).
k w'{zk)(z - zk)

Each of these basic polynomials lk"is exactly of degree n, and we have

1 ifj = k,
1 ("I '\-
·Ie'- 1"

° if j =1= k.

..
Hence the nUl degree polynomial

(l.2) Ln{z) =Ek:11 0wklk(z)

satisfies the interpolation requirement (1.1).
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with positive orientation relative to G, and suppose [is analytic in G and con­
tinuous in G. The interpolation problem is: P(zk) = [(Zk) , where zk E G

= , , ... , n . t IS so ve y e ormu a

1.3

aG

and we have that

(1.4) (Z E G).

fez) - Ln(z) = w(z) • h(z), where the function h is analytic in G. Hence [- Ln. .
Relation (1.3) is the Hermitian representation of the interpolating poly­

nomial, and (1.4) is an integral representation of the interpolation error. If
several, say m, 0 the z coincide, we have' m- old interpolation." This
means that [- Ln has a zero of order m at the corresponding point. Formulas. .

Corollary. Formulas (1.3) and (1.4) remain valid iiG = G1 U G']. u ...

This corollary is important when we wish to approximate simultaneously
by a single interpolating polynomial analytic functions defined in several
domains.

B. Special cases of Hennite's fonnula

in I)- {z: Izi < I} and thatzk =0 (k =0,1, ... ,n). Then w(z) =zn+l, and
the interpolating polynomial is
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r
1 ~J tn+! - zn+! f(t) dtL(l)(z) =- •

tn+1n 2rri 1..1__ t - z
.".

- 1 [1 - (zlt)n+l • f(t) rTt (n<r< n
21/'i ~I 1 - (zit) t " ~"

tl=r

Thp. fir~t
. in thp. ..:I • • ., 1 + ('Zit) + + ('ZIt)n and

hence the polynomial L~l)(z) = 1;j=o-ali i; the nth partial sum of~e powe~
• L'L' .... no 1'.....,". I' .~.- ., 'L'_ ...1- L'. .1- ..... L'I'.•'\ ~n .i 1-

i)I;iUI;ii) VJ. J ,.... V. \.J.J.Ui) 'i) QJ.i)V J.J.VJ.U UJ.1;i J.A"''' UJ.A"J\~J - ~j_Ou.,.~ UAi) A LoI;iJ.V

01 oroer n l' 1 at z - v.)
Second, suppose that the zk(k = 0, 1, ... ,n) are the (n + l)st roots of

unitv and that fis analvtic in G = {z: Izl <Rl and continuous in G for some.
R> I.Now

" " rwn " " n+1 .
W\.Z} uk=Ov - ;(,k) ;(, - 1,

and the intemolatin2 oolvnomial has the form

-
1 (n+l n+l f(t)L(2) (z) = _~) t - z • dt (Izl <R).

n 2rri t - z rn+ 1 - 1
111=1(

This expression is similar to L~l); therefore we consider
.,.

L~2) (z) _L ~l) (z) = _
1. I rn+ 1 _ zn+l

.. f(t)dt."'+1" I'I'+ ".l.m ., r ·V - 1)V - Z)...
,Ol-n

This representation is certainly valid for Izl <R; but since both sides are poly-
nomials in z that agree for Izl <R; the representation is actually valid in (.
For Izi = p >R, the right-hand side obviously is

1"\1"1\ ,_nJn 2n\ f_ ....... _\
'-J'~J \J' I ..... J ,.. -J,

-and this tends to zero as long as p < R" . We thus have the tollOWing theorem.

Theorem 1 (Walsh [1969, p. 153)). The interpolating polynomials L(1) and
L~!) are equiconvergent on {z: Izi ~ p }(R <p <R2): n

(1.5) L~2)(z) - L~1) (z) ~ 0 (n -+00; Izi <.p.R < p <R2 ).
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polynomial

or our purposes 1 IS now unpor an 0 now
values of z. To this end, we verify first that

1.6

theorem implies that (1.6) holds in general.

a

The image of {w: Iwl =R} (R > 1) is the ellipse ER with semiaxes
- -1 _ -1 . .

denote the interior of the ellipse E ,and suppose fis analytic
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f(x) _L(3) (x) =_1_ (w(x). f(t) dt
n-l ,,_; I .f+'\ + ....

1 2n I 1 '
= 0{1)· "n • ron = at ~J (n-" oo).

...... .• • •• r , •• • .... ••

1ne larger me UOmaill s~~~ounwng L-1, T 1J IS ill wnlcn J IS anC11YUc, me
faster the convergence L'nJJ ~ f takes place on L-1, +1J•

§2. Interpolation in uniformly distributed points;- , -reJer POintS, reKete POintS

We now begin to discuss the following problem: Under which assumptions
about f and about the location of the interpolation points can one prove that
T f ..'\ .t"f._'\ f. ~ .'\,.. un. L·..j.L .....1..~ .,..

A. Preparations; rough statement about convergence

TI • 8' with thp. nf thp. .. 10 nf P$lTt n WP....- u " _ _ ,

K is a compact subset of CCwhose complement K C = CC\f( is a simply connected. ........ . .... .

z=ljJ(W)=CW+Cn +C 1 /W+ ... (c>O),
., ...

,., $It 00 nf [w· Iwl "::> 1 ~ nntn r· hP.TP. r i~ .111 thp. nf.. ~ .. "
aK. Let 4> denote its inverse function. Further, let

Cp = {z: 14>(z)I - p} (p> 1)

..j .... thp. lp.vp.l in 1(C

Since we wish to interpolate a function f defmed on K, we suppose that
... "". .• tl'/) _ ~,
lur eacn m n - U, 1, •• •J, mere are n T 1 gLven.. Ul illl.til.. Z,k C 1\.

(k = 0, 1, , n). All together, we have a "node matrix":

z~n) z~n) ... in)
V.L n



§ 2. Interpolation in uniformly distributed points

o points in K, and we write

Iftis analytic on K, hence also inside and on a suitable rectifiable or an
u c· t t

63

This can be used to obtain a rough statement about the convergence. For if

(2.1) diam K =: D 1 <D2 := dist (K, C),

then Iwn{z)1 <; Di+1 (z E K) and Iwn{t)l;> 112+ 1 (t E C). Therefore we have,. .

L (z) ~ f{z) (n ~ oo;z EK),

Example. Iftis analytic inside and on C (see the following figure), then
we have for an arbitra choice of the nodes on -1 + that

Here the constant "2" is best possible, as one can verify easUy.

by (2.1), then the nodes zk") in K must be distributed more carefully. This
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B. General convergence theorem of Kalmar and Walsh

n ...4- ._ .J_ c.: .1._4-
:11 L.__

.4- L 'J:'. 1. .. 'T', ~t.' .J
...u", .. "'"' ,y .u..... y".LU. U''"' U.T '" ... v UU., ,",.l.lU

we consider the numbers

M = max f1w Jz)l: z EKl (n = 0 1 2.... ):
to ,.

the maximum is attained on aK = aKc. The inequality

(2.2) M ~c"+1 (n = 0, 1, 2, ... )'-
always holds.

"1'" ~'L 1 .... '.J .1. ," ~- .
.L V l'.lVY~ U.l,", .lQi)1o , "~ u.J.~ ly.lUU,",Uvu

H (z) - Wn~Z) for z EKc•
n - [c</>(z)]n+1

The function H Jz) is analytic in K C and tends to 1 as z ~ 00. According to
the maximum principle, we have that

-- " - , A

max tlnnV)I. z I:::L-p j~ 1 lor eacn p / 1;

hence

rI 1'_'\1. _ c,., , ....... 1' ,'\n+1 ...... n+1
.lUQ.h lI.......n\...JI .......... ....,pJ ...... \"',.,J ' ... .

SinceMn is attained on aK\ assertion (2.2) follows if we let p ~ 1.
Thl~ lp.ar1~ to thp. 1" .. 11 • 111.J Po • ion....

Definition 1. The nodes z~n) are uniformly distributed on Kif

(2.3) n+1VJJ: ~c (n ~ 00).

Example. We take K = [-1, +1] , and as nodes on K we choose the zeros of
,1 / 1 ,!It ,.,,,., 1. '.' .,."

ULC V~ T I.) \....UCUYO)UCV l'V.l.T • J.UCU

wn(x) = 2-ncos [(n + 1) arc cos x], M =2-n
n '

1 " . i'''' .,,, ~. .,.
" . . • ,.. 1 •.

i1J1U UVW \.~.,J} .lVJ. 10) ,
VI(W) = ~(w + w-1

) and therefore C = ~.

Condition (2.3) can be expressed differently with the help of the functions

11+1 ... 1,_. (..)
(2.4) 9

11
(z) := n+l-vn

l1
(z) • ... 11 V"-,-,- .

crp(z)
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en

n+l

and the left-hand side exceeds n+ 1..JM:. It follows that lim su

b) For each n, the maximum principle yields

for z EK

n S con Ion z or z , an
lim .-+ooo(z) =1. It follows that e(z) =1 for z E K C

; hence e
com act subset of K C

•

Now we tum to the connection between the uniform distribution of the
nodes and the convergence of the corresponding interpolation process.

Proof. a) The uniform distribution of the nodes is necessary. i) For each
Zo E K C the function Jo(z) = l/(zo - z) is analytic on K; hence, by assumption

e representation

o

1

for each fixed %0 E KC
•
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ii) Now suppose lim sup n+l..;M: > c; that is, there exists an e> 0 such
that

k

In this case we would choose p E (1, 1 + e), select an arbitrary z0 on S>, and
obtain - see (2.4) -

{1 + e)c = 1 +en+l.JM:.
n

cp
~

cp p

or n =nk an

contradictin (J 00

no zeros in K C
•

an even stronger statement.

for eachz E C

have

that is, the sequence {Ln } converges maximally on K to {(see Chapter I,
§4, C).

,
we still need to prove the existence of points that are uniformly distributed
on .
Proof of Theorem 2. For each R E (l, p), Lemma 1 implies that

In addition, we have
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Iwn(z)1 <:.Mn (z E K; n =0, 1, ... ).

67

f(t)

t-z

M
= 1· =01·

(cR - e)n
zEK·n-+- oo,

for each e> 0; here we have used (2.3). From this, (2.5) follows immediately

points.

C. The stem of Fe'er oints

the case, for example, if aK is a Jordan curve or a Jordan arc. Then the points

the (n + l)st roots of unity.

k=O,l, ... ,n

Proof. In view of 2.2 we need to that

lim sup n+IVlJ;, <;. c

in order to establish
the function

1 is fixed and consider
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It is uniformly continuous there. Consequently, if we write (/)k = 21Tk/{n + 1)
(k 0, 1 n) and '41 L~ ;llli roo 21fl into the •. • i. rth. th. 1

~ .. ~ If, • If, KT 1"
of length 21T/{n + 1), then for each e> 0 the inequalities

h{w, (/)k) ~ min<1>l:i
k

h{w, (/» + I: (k = 0, 1, ... , n)

hold for all w such that Iwl = R, as soon as n >N{e). Summation with respect
to" YIelds

21f ... ... 21f ~ ...- l;"k=Q n~w, fPk) l!i:::. n + 1 l;"k=Q mln<1>ei
k

ntw, q» ... 1.1T1:,
n+l

and the first expression on the right.hand side can be regarded as a Riemann
sum of an inteszral. We transform the left-hand side usim! z = l1J(w) and z5n ) =
l/J{ei<1>k), and we obtain

- If,

211'
r

(2.6) ~ log Iw (z)I~ ~ h{w, (/»d(/) + e,
n + 1 n 21T.J

U

which is valid for all z E Cn and n >N.
The integral in (2.6) equals 21T log (cR). To see this, we write

}11' }11' l/J{w) - ~(e'<1» dth + j11' 100 Iw _ J<1>ldth- 100

J I
.... w- e'C{} J

....

0 0 0

According to the mean·value theorem for harmonic functions, the second
integral equals 21T log Iwl = 21T log R, and the first integral equals

0 ... 1 ( lnn l/J{w) - l/J{t) dt (t J<1»
i J '0 w- t t '-' J

Itl=1 . "-

For fixed wOwl = R > l) the integrand is analytic in t for ItI> 1 and con·
..,... ... 1+1 ~ 1. a" n+ ,....;" ,... .. +1-."" ..,... .........
.. "'~ ,.,'" ... , ....u .. _..

"u "' ....uv .. "'.... u

l ..... n ,. 1
~-~- + -:- ( )2 • •• ,

t t

SO that the last integral equals 21Ti log c.
ThUG f") ~) ",i ...l AG

,- ,_. 'J J- -
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1
-- log Iwn(z)1 ~ log (cR) + E (z E r_ ;n >N).
n+l '"R

This, in tum, implies the inequality

1
-- 10gMn ~ log (cR) + E (n >N),
n+l

that is,

Since R > 1 and E> 0 were arbitrary, it follows that lim sup n+1VKf;,~ c.

Theorem 3 is therefore established.

Note that for the definition of the Fejer points the exterior mapping 1/1
was used. The interior mapping does not give uniformly distributed points in

{z: Iz + rl ~ I} for some r (0 < r< 1), the images z~n) ofw¥') = e211'ik/(n+l)

under the mapping ~ from D to x.o, with ~(O) = 0, will not be uniformly

gener31, even for simple compact sets K. For example, UK is a disk

distributed. The reader will find without difficulty that in this case
n+l'\fKf;,~ I + r(n ~ 00).

Example. IfK =[-1, + 1] , then l/I(w) =*(w + 1jw) furnishes the mapping
from {w: b£1 > I} onto K C

, and thus the Fejer points of order n are

(2.7) zln) =cos (21rkj(n + 1») (k =0,1, ... ,n).

Some of these points coincide:

in) =zen) in) =z(n) , ... ,
1 n' 2 n-l

and at these points [and t' must be interpolated. Our general results imply:
Suppose ER denotes the ellipse with semiaxes a = ~(R + I{R) and
b =*(R - I!R), where R > 1. If[is analytic inside and on ER , then

If(x) - Ln(x)1 =O(1)R-n (x E [-1, +1] ; n ~ 00),

where the IDterpolating polynomials Ln are constructed from the FeJer points
(2.7). This same rate of convergence was exhibited by the interpolating poly-
nomials for the Chebyshev points; see § 1, B.
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- - .. - . .u. Ine -oJ ___••• UI .. ..

Here we become acquainted with another system of uniformly dis-..
.J rill; II IS that wa~ . • • hv T:' .1 r1q'iil WP. -1~fil I~ thp.~p... . .. ~

Fekete points for an arbitrary compact set K C cr: containing infinitely many
points. For zk EK (k = 0,1, ... ,n) we take the product of the distances

P(zo, zl' ... ,zn) = nj::pk IZj - zkl .

Th;1.1 ;1.1 !lI L .J, .J . 1"- •~- nfth". " .... 1 nn TC Tf P

its maximum for the choice z~n), z~n), ••• ,z~n), we da11 these points a system"'..... . ~. "'. . .. .. ... . .. '"
Ul .l 'c;",c; ,c; ._ U) uruc;r Fl. vu.. _ Ly, i:Ul :lU\.ill pUlIlL:l ille;; i111U i1:l lil1

as possible apart from each other" on K. The followmg lemma contams then
most important property.

t",\
Lemma ~. 110r eacn sysrem OJ l1eKere pomrs zf' we nave

wH(z) ,--,
(2.8) tn\ <;; IWn (zr'J)1 (k =0, 1, ... , n; z E K);

Z -zk

that is. the -',' basic J . • f..n) . JO the .J_' • n
uu, ~uu~, v

'"
(2.9) Ilin)(z) 1~ 1 (z EK).

Proof. In order to show that (2.8) holds, say, for k = 0, we consider the
'" .

F(z) := P(z, z~n), ... ,z~n») = C • n~_1 Iz - ztn)12 .
~

Accordin~ to the defmition of Fekete points, F(z) assumes its maximum on K
for z = z~n . Hence

nn Iz in)1 ~ nn Iz(n) _ in)1 (z EK),k= 1 - k ~ k=10k

!lInrl th-il.1 ;1.1 ....1, (") sn fnT 1r n.
,

. " "

If Ln denotes the interpolating polynomial corresponding to the Fekete
pomts, propeny t.l.') now allOWS us to aerive an estimate lor me expression

II! - Ln II =maxzeK I!(z) - Ln(z)l,

provided an e5timate of Ilf- Pn II is known for some arbitrary polynomials Pn
of degree n. The reason is that
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(2.10) III- L II ~ (n + 2) III- P II.

Theorem 4. Su ose K is a com act subset 0 C[; and K C is sim I con-
nected, suppose lurther that lis analytic on K. Then the interpolating poly-. . ..

L (z) => I(z) (n'" 00; z EK).

ing corollaries.

Coroll 2. On K, the L conve e even maximall

Proof of Theorem 4. Since 1/1 might not be continuous on {w: Iwl;;;' I},
., .

R· n
corresponding to these points. In view of Theorems 2 and 3 they satisfy

n=O,I, ... ;zEC

for some q < 1. The same inequality holds in int CR :> X, and (2.10) now

The Fekete points play an important role in detennining and estimating
the ca acit of X; see Pommerenke 1975, Cha ter 11 . Their distribution
on ax can be studied fairly closely if ax is a sufficiently smooth Jordan.,
experiments to determine the Fekete points are also reported.
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or aIer
b) One stays with Hermite's formula (1.3) and integrates across the nodes.
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a) degl'n ~ ntl +11),

b) Pn(z~») = f(z~»),

,.\ p I~\::::::!> .I'I~\ 1M _ t>n. ~ eli\
-J -n'-J J '-J v· ,- ~J'

d) Pn = Pn(0,n is a linear operator in [.

§3. Approximation on more general compact sets;
Runge's theorem

ITn tn nnur urI:" hQ"I:" ..i thQt tho .1 rof +1-. ... ......+
.~ .. ~~ -~- .. ~_v

U . 1 . 1 • . 1
.1'., vv .ll~.L~ VV~ CL.L~ I.V -.a:-.a:- Uy.LUI.Clr , I;) C1 "UUp.Ly l;Ull-

nected domain; we have then been able to work conveniently witH the con-
formal mapping l/J from {w: Iwl> 1} onto K C

• Now we admit a largely
arbitrary compact set K, interpolate in the Fekete points ofK, and prove
independently from §2 the convergence of the interpolating polynomials,. I' ; ... 1 • ro... y A L',.... D ..... ~... ' ... . .n+;,...... L'L

~ ~~ _A.....J ..~- ~ .... _ ..... 1""""'~" ....... '0' u -1"1""
1 " .

.I' g.., CUI -.10 .. .

A. Again: Interpolation in Fekete points

Cl +l.. ... .......+ Y r .r ;...........l.. +l..n+ yC .r, y~ .. n ..i +l..n+ l..n ...
. .10 .... ....A_ - ....

~_ .. _. __ ..~ ~"'''''''A ........... _. ~ \_...~ ... ....A........~

a Green's function G with pole at 00. The latter is characterized by the follow-
ing properties:

a) G is harmonic in K C and is positive there;

b) G(z) -log Izlls bounded for Izl ~ 00;

c) G(z) ~ 0 for z -+ aK.

The existence of such a Green's function is assured if and only ifK has posi-
tive capacity (see, for example, Goluzin [1969, p. 309]). Sufficient for the. nf ('J ;C! t'h Qt TC nf.c. • .1. (I:"Of'h nf l' 1

.- -~ .. "-_ ~ ._ ...'L __ .__ .....'\
..uv.. '" u .....u v ....'" !"v........J.

The set

Cp ={z: G(z)=logp} (p> 1)

. .11 ..:J _ , -, ._.- ..:J.' ... 'L n~ •11 .L _ ; ...

.I;' '" .~,,~. "'..., ...... .. "'" ..v ..... \of.a:- .~ P·.L v .. "-.&.& P T Pk ....
consists of finitely many analytic Jordan curves 'Yj such that
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and

K C Uj int 'Yj'

Theorem 1. Suppose p > 1 is the largest number such that lis analytic
inside C , and suppose the L are the interpolating polynomials constructed
with the Fekete oints on K. Then

p,

that is, the sequence {Ln } converges maximally to Ion K.

Proof. a) First we observe that (3.1) cannot have "<". If this were the

I/(z) - L (z)1 <:M/Kt,
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for all z inside the level curve CR ,. For p <R' <R one finds that Ln(z} ~ F(z},
andfwould have an analytic continuation Finto the interior ofCR ,; this con­
tradicts the definition of p.

b} In order to show that lim <: l/p, we choose R
1

andR such that
1 <R 1 <R <p; here we assume that R is not an exceptional value Pk' so
tliat CR consists of finitely many an3.1ytic Jordan curves.

Step 1: Suppose d 1 < 1-r=-z1 '" d2 (z E K, t E C
R1

); then

To see this, observe that the interpolating polynomial Ln(z, f o} correspond­
ing to the functionfo{z) = l/{t-z} {where tECR is fixed) has the form

1

L {z f. } = _1_ _ wn(z}
n ' 0 t - z wn(t)(t - z) ,

as already mentioned in §2, B; hence

Here we have used property {2.9} of the basic polynomials, namely
l~n){z}1 ~ 1 (z EK), which is valid when the Fekete points are chosen as
interpolation points.

Step 2: Next we find an estimate for the quotient (3.2) for t E CR :

(3.3)

This is valid because (3.2) implies that

d Iw {z)1
----h-lo....-gIwn(t)l;;;;' log 1 n : A (z EK fixed; t E OR );

d2 {n + 2}" 1

hence we have for t E CR that
1

h{t} := log Iwn{t)1 - {n + l}G{t);;;:S A - {n + l}G(t} >A - {n + l}log R 1 •

On and outside CR ,the function h{t} is harmonic and bounded for t -+ 00,

so that the minimJrn principle can be applied:
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<,~

""l. "

log Iwn{t)l- {n + 1)logR ~A - {n + 1)logR
1

(t ECR ),

and this is (3.3).

Step 3: Estimate off - L_. AccordinR to Hennite's formula. we have..

f{z) - L (z)-
1 rwn{z) f{t) dt (zEK)

n 21ri J wM{t) t-z
, ,

-c
R

and taking (3.3) mto account, we see that

fez) - L .(z) = 00) Q (n + 2)(R. /R)n (z EK: n -+ 00).
•• &

Hence

lim ny'max {If{z) - Ln{z)1 : z E K} <. R1IR,

and since R 1 > 1 and R <p were arbitrary, we have that lim <. lip.

B. Runge'8 approximation theorem

Theorem 1 otters an opportumty to prove the Important theorem 01

Runge.
...... - /~ ,..,..., - rr __ •

rrC _ rr •

• ~ \.l'.Wlge 100,)}• A '- .... zs C -c- cr, A .... \l\. IS cun-
~..

nected, and f is analytic on K. Then there exist polynomials Pn such that

max {If{z) -Pn{z)l: z EK}-+ 0 (n -+ 00).

1 rus tneorem marKS me oegmmng 01 complex apprOXImatlOn meory. It

was published in the same year as the theorem of Weierstrass about the
aooroximation of continuous functions on intervals. RunlZe conducts the

"'nfTI- ? ml.ina
. • . .~- fnl' .J hv •. ",.' nfthp.

.£ -f;;} ~.£ .. " - ...

poles; we shall return to this again in Chapter III, § 1.

Proof. Since K C is a ' . it can he ~x' , hva of'" . 'y. A

connected domains (Walsh [1969, pp. 8-9]); this means: There are domains
Gj such that
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max {If{z) -~(z) I: z E k} =o (qn) (n ~ 00)

for some q < 1. Since k :J K, the assertion follows.

1. IfK C is not connected, the theorem is false. For ifK C is not connected
and thus has a bounded componentg, we choose Zo Eg, write d =
max {Iz -zol:z EK}, and consider the functionf{z) = 1/{z - zo)' which is. .

then

, 0

on g at the boundary og C K. This implies that

lP{z){z - zo) - 11 < 1 (z Eg),

which obviously is false for %0 E g.
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Remark about § 3

In this eneralit Theorem 1 was first roved b Walsh and Russell
[1934]. The proof presented here goes back to Shen [1936, pp. 158.159] ;

k
poles, which may only have accumulation points in the exterior of ~, and
choose the interpolation points z(n) on K such that

n. Iz{n) - z<n)l/n~ lin) _ a(n) I
J<k J k l,k=O I k

becomes a maximum. Instead ofpolynomials, Shen then allows rational func-

for the interpolation, and he then proves a theorem that generalizes Theorem

A. Interpolation on {z: Izl = r}, r < 1
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representation

L (z) - S (z) = 1"+1 • -.
n n 2m

(z E CI:),

where r < 'T < 1. For Izi = R > lone finds that L (z) - S (z) = o(,nRn /T2n )
and since 'T rna be arbitraril close to 1, we see that

(4.2)

for each R < l/r. Thus the sequences {Ln land {Sn }are equiconvergent in a
disk containin D.

1) In each compact subset of D we have that L (z) => !(z) (n ~ 00).

interpolating polynomials Ln corresponding to (4.1) are unbounded at z = 1:
sUPn ILn(1)1 = 00; for, as is well known (Fejer, 1910), there exists such an!
WI sUPn n =00.

3) On the other hand, also according to Fejer (1904), theyrithmetic means.

and

1 - zn+1
S (z)= ---

z -
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~U UIi1L

For z = l/r, the right-hand side becomes -r/(1 - r) and thus does not tend to
L."'J.v.

But it is possible to enlarge the domain of validity by using different poly­
nomials of degree n instead of the partial sums SM of the Taylor series [(z) =
~~ ,n a~z" (z E JI)). Cavaretta. Sharma. and Varga f!9801 have pointed this
out i'il arecent work. (There everything is in the context of interpolation in
+l, .. ,.",,+.. ,,~ ~... ",... ,:1 /',.. ,,:I +" ...... ",... ",1,,+1,.,... J.". 1.,,1 ~ n l~",. .. "ft"l..

• A_ A_ 0- -& '.A.OJ' _._J &- ,- ~ _A_J -- ••A ~. • r.J - - .-

..... , ..... ,10 ••••••• 1'"

1J /' 1.J 1 U ~I;;I;; Ull~, WI;; ~( IS I~ UII;; }/vJ.)' UI, c;> n

S_lz):= ~~-n au, ,1'\..L~ zk (j= 0,1,2, ... );
" o. v I V ~I o.

obviously, Sn,O(z) = Sn(z). They have the integral representation

,ia. •1 r J ' '.I. _ ZH '.I.

S (z)=-,n,1 ?."i t _ 7.

j{t)
• to+l)(n+l) dt,

J
I J I "I

and for the polynomials ~~:::n SM i(Z),1(n+ 1) (l = 0, 1,2, ... ), also of degree
n, one finds that

J ".... 1 r t1l+1 ."n+1 1-(1+ 1)(n + 1) .. (1+ 1)(n+ 1)

Hence

... /, ~l n /, }fn+l)

1'.JZ+l .n+h Jl+l)(n+l) ,
V -, }~

f(t)dt
•

... -

.LnVJ - ~1=O~n,jVJ' -

r 1'+1 _ zn+11

...',. J
Itl=r

(1+1HM+1'\
r •

which is a generalization of the formula following (4.1) above. For Izl = R >1,
the right·hand side is O(r(1+1)nRn/1'(1+2)n) (n -+00), and since T may be. . .. . . .
i1rOlLri1ruy ~10~1;; LO 1, WI;; OOUllIl

(4.2') L(Z) - ~~_ nS iz),I(n+1) ... 0 (n -+ OCI: Izi <R)



Hermite interpolation are also proved.

B. Interpolation on {z: Izl = I}

(n) = 2."ik/(n+l)

as interpolation points, one must refer back to Lagrange's formula. We have

n+l
L (z)=(I_zn+1). _~n_

n 2n k-O

We recognize the second factor as a Riemann sum for ­
2n

(4.3)

uniformly on compact subsets ofD. The result can be extended to (smooth)

ofID.
But what is the behavior of {L } on the boundary of the unit disk? We

now turn to this question. \
We begin with a positive result. The numbers

enter into this, where the infimum is taken over all polynomials P of degree n.

Theorem 1. Suppose fE A, that is, fis continuous in iii and analytic in ID,
and suppose L is the interpolating pOlynomial (4.3). Then

(4.4) I/(z) - Ln(z)1 <M En log (n + 1) (n =1,2, ... ; z E ID),



Lemma 1. Suppose P is apolynomial ofdegree n ~ 1, and suppose
lP(zr»1 ~ 1 for the (n + 1)81 roots ofunity zt> (k = 0, 1, ... ,n). Then

(4.5) lP(z)1 < 3 log (n + 1). for Izl ~ 1.

The order of magnitude of the right-hand side is best possible, even though
3 could be replaced by a smaller constant. For this topic see Gronwall [1920]

holds for n = 1.
For n ~ 2, we begin with the representation ofP by Lagrange's fannula

see 4.3 an obtain

k

21T
We can now assume that Izi = 1 and 0 < arg z<a := --. In the last sum

n
each summand is bounded by n + 1, because

(4.6)

rou an, rc w _ k ' , , . . ., ,
respectively, where pa ~ 1T. Hence Izt> - zl is at least 2 sin a{2, 2 sin 2a{2,
. .. 2 sin 2 and since sin x ~ 2 1T for 0 ~x ~ 1T{2, it is at least 2a{1T,

We estimate the tenns corresponding to k =0 and k =1 by n + 1. For the
remaining zt> o~ each side of the diameter of the unit disk that passes

zen) - z
k

1T 1T 1T--,-, ... , -.
a 2a pa

Hence

lp(z)1 .-; 2 + 11 + I • a
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so that

n+l
IP(Z)I< 3 + log for Izl ~ 1.

2

For n ~ 3, the right-hand side is < 3 log (n + 1), as asserted in (4.5). And for
n =2, (4.6) implies that IP(z)I~ 3, and therefore (4.5) holds for all n ;;a: 1.

Proof of Theorem 1. Suppose P is a polynomial of degree n such that
II{-PI! =En . Then

f(z) - Ln(z, f) = [{(z) - p(z)] - Ln(z, {- P),

because Ln(z, P) =p(z). From this and (4.5) we get for n;;a: 1:

roots of unity are bounded in absolute value by En' This establishes (4.4).
since Ln ( • ,{- P) is a polynomial of degree n whose values at the (n + l)st

Under the assumption!..of Theorem 1, the En always tend to zero, but

This is the case, for example, ifrE Lip O! on a)]) for some O! >0; see Chapter
I, §6D. But in general the sequence {Ln(-I)} can be unbounded, as Fejer

_----1[1916] has shown with a tricky construction.
For the sake of technical simplification we interpolate in the points

(k 0, 1, ... ,n).k - k -
w(n) z(n) -e21Tik!(n+l)

We let CJ" denote the interpolating polynomials. Then the following result
holds.

Theorem 2. There exists a function f, continuous in II) and analytic in 11),

for which the sequence {Un (1 ,{») is unbounded

Proof. Fejer works with the polynomials

e zh (z)'= + +
p p p - 1

+ zP-lj~_ zp+l + zp+2 + .. + z2P\~__
1 1 2 p J

(p E lW), which he introduced earlier. First we need to study ~(1, hp) for
various values of p and n.

i) If n Is odd, then 1 Is an Interpolation polnt t so that
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iii} Now we study Un (1 ,hp} for p n + 1, P 3(n + 1), ... ,p u(n + 1),
where n is even and u is odd.

1 2 p-1 p

where

g (z) ={_1 + 1\ z +_ {_1_ + ~\z2 + ... + (.!. + _1_) zp-l.
------0-1-1~-\P_1 r\p - 2 2J 1 p _ 1 r---------'L----

Hence Un(z, hp) - K1(z), and consequently

where

K3(Z) = (_1_ + 1\ z+ {_1_ +~)z2 + ... + (_1_ + !\_zn _
---------"----.;)--"~- p - 1 ~p - 2 2 p - n n1

[( 1 1 )' (1 1 ) znJ- p - n - 2 + n + 2 z + ... + p _ 2n -"I + 2n + "1 z

+ ( 1 + 1 ) z + ... + (!_ + _1__ \ zn .
------- p - 2n - 3 2n +3 1 3n + 2-1-------

Hence

and the latter obviously is positive. We note that
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TT (1 h ) "'>() fnr n = ~(J1. n ... ,,"",,"n

n" p . ,- .J'

Analogously one shows that in general

U,(l,h_»O for lJ = u(n + n, n even u odd.
/:'

Now the desiredfis defined by a series expansion

fez) := ~~1 k-2 h
3

(z), where DI. = 3k
n, .L f'k "-

This series converges uniformlY in iii. since Ih .cz)1 <. M for all z E D and
P E IN. Hence [EA. In addition,

f'

Un (1 ,1) = ~k= 1 k -2 Un (1 , h
pk

)'

We now write n = 3k~ - 1 for some ko E IN and decompose Un as follows:

Un (1 ,f) = ~k<k k-
2

Un (1 ,ho) +k~2 Un (1 ,hOI_ ) + ~k>k k-2
Un (1 ,hoI)'

v '" "'0 v "-

In the first sum we have Pk ~ n/2, so that each summand is 0 by ii). In the

last sum, Pk = 3k " = u· 3k~ = u(n + 1), where the factor u is odd; hence each
l' ....... f\L ,.!'\ n 'L1. '..:1.:11 '1. 1

.1." V vy .1.l.l}. UUI. .1.1.1 U.1,", .. "'"' nay,", Pk u .1 ,

0
where n is even; hence, by iii), the summand in the middle is

k~2 • 2 ~7= 1 l/i> 2 k~2 log (n + 1) = 2 k~2 • k~ log 3.

All together, the sequence {Un (1, f)} is unbounded; Theorem 2 is established

In order to avoid the phenomenon of divergence expressed in Theorem 2,
onp. ~~••1...1 ~on~itip.r thn~p. 1 i~l~ H of..1 2n + 1 that Sit ·sr'v.. " n ~ "

t...'" ~. t..." .1
I ...'"

,. "nn\.zk-' ) l\.zk 'J ana nn\.zk-') v V' v, 1, .•. ,n).

Pnr P!l~h
. 1:'. . f !Inti fnr !I ' 1 1 1 . nf thp. • "1!1tinn

" ..
points, this Hermite interpolation always leads to a convergent process in the. ,. . .... r ~ __ .... ""_ .. T'
real ca:ie, see, lur . , J.' L1:1~~, p. ,;):1/ J • .l • ...,., ........ , une can

show here that

Hn(z). (1 - zn+l)Ln(z) +0(1) (n ~ oo;z E iii)
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(Losinsky [1939, p. 320]), so that the unboundedness of {Hn(-I)} follows
from that of {Ln(-I)} (n even). By the way, this is true also if one requires
...... ~.... .. 4.1.. ..+
u ............. g -J ...........

Hn(z'f}) =f(z'f}) and H' (z(n}) =OI.(n}
n k k '

where OI.(n} =o(n/log n) (n ~ 00) uniformly in k; see Gaier [1954, p. 131].k

C. Approximation by rational functions

1:".__ ...1..:" ':~1.. . . ......... ':11 " ....1....~40 ~_1 •• ~_ .... 'r- . .. . ~""'''''''...... ..,....................................J........... .... ,....... 'V......J 'V........ -.a:- , ' ..............
... ..4 .... ........ . ... ,. . . .

Wlm me .. [ 1T ill me UIlll W~K.. ' ......,~
practical signi ficance.-, ... ,., JO_ 7 . . 7'

~. ..- . J en, unu
' ..' U 1 ' U 2 ' ••• '~n~ pun ""',)~~

tinct points in {z: Iz I> I}. For rational functions of the form

-
(4.7)

aO +a1z+ ... +anz
r(z) =

(z - 01. 1 ) (z - 01.2 ) ••• (z - OI.n)

the expression

I' I ~ ... " ... ",') .J IJ\.~) - r\.~)1 IU~I

aD

i(! n . . .- ifnnd £1nl" if J' in 7 ;-ho ai"on ~ . f' n;- ;-ho 71.ni... ;-ro
-J -" -" 'C a J t:

0, 1/01.1 , ••• , I/Otn.

n ,~ n, •* ,., fl.,., • l ..+'... n
. .<11 ,. .' "'~ +1-. .... ~n._ I it '7\ •.

-.a:-~ -.a:- ... ' .. .. ....... ,.',/,. . . 1 . , .... ' 1 ..
~ .. ~;) .. ~

• "~ O)l1UW Uli:11.

f - r* is orthogonal to the functions 1 and 1/(z - a,,) (k =1,2, ... ,n).

For we have

f 1 f dz(f - r*) • Ildzl =7 (f - r*) Z =0,

a~ 3D

because f - r* vanishes at 0, and further
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([- r·)· -==
z-CX

Idzl= "7
I

cUP

---=0,
1 - a z

Now we see that fl! - rl2 1dzl is a minimum if and only if r = r·. The
aJ)

reason is that

=fl! - r·12 ldzl + Jlr· - rl2 1dzl +0;

here we have used that

rational function with simple poles at z = cxk ' which remains bounded for
z ~ 00. Everything follows from this.

(n) ,
rational functions of best approximation for which the relation

n ~oo;z E

holds if[is analytic in D and if the poles do not have a limit point on aD.
For details, see Walsh [1969, p. 245] .

Rem8lks about 4
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is the interpolating polynomial corresponding to f and the points

xt) = 21Tk/(2n + 1) (k = 0, 1, ... , 2n), one writes

u .(x n=i +~ (a(n) cos kx + b(n) sin kx)
n,l ' k=l k k

and examines, for example, the arithmetic means

(4.8)

or convergence. by

with certain weights At); see, for example, Natanson [1955, p. 406 ff.] and
Zygmund 1959, p. 22 ff.. Note that in forming these means, only the
values of fat the points xk), for the respective n, are used.

n (n)
, , 1

=
1

n+1

These methods could be used to study limits of the polynomials Ln(z, n,
. . -'

app es a process an ogous 0 0 n' an aler cons ruc s an
for which not only {Ln(-I)}, but even the Borel means of this sequence are
unbounded.

Quite recently Vertesi [1983] proved the following surprising result:
Given any row-finite summability matrixM, there exists anfEA such that

unity, are unbounded. In particular, the Cesaro mlans
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.
A (z,f):= ~- ~k=O Lk(z, f)

n n+ 1

may be unbounded lor an [EA. This is shown by proving that the nonns
II.. II •• ... •
ILNn " "g' U1\.C lUt) Tf..

3. If fis analytic in D then L(z f) => fez) (n ~ 00· z E D) is valid for
".:1+;"," 1" ""1"

,.
• "'" ~m m • r 1ot;o1 ...1""'.:111 ..1" 1 ...11"+";'- .

.&; -- -J ... c - - L- .I _. .-
with the question of what approximation statement can be made, if the inter-. • 1'0 . .. .. • ww 1'0 ,. .
nllilt n puintS are nOt un rill YWSl.n . nere a measure UI me uevia-c

tion from the unifonn distrjbution plays a role.





PART II

GENERAL APPROXIMATION THEOREMS.... _..---- -_. _.. - -_.-
11'11 I nl: •.•••VlP'LI:J\ rLAI'I1:

In contrast to the treatment up to now, the constructive points of view will
not play such an important role here. Instead we shall now deal with. .1. .... L1- . r . . . ., .
'iU~i) LlUUi) Lll~ UJ. -r" - , ,UJ. lU~lU·

morphic functions. At first the set, where the approximation is to take place,
is a compact set Kin (; later, in Chapter IV, it is merely a closed set F in an
arbitrary domain G C (.



Chapter III

APPROXIMATION ON COMPACT SETS

For the approximation of a function f on a compact set K polynomials OI,

more generally, rational functions can be utilized. The situation is simple iff
is analytic on K, whereas a weakening of this assumption requires a much
greater effort. We begin with Runge's theorem; a weak versIon of It has
already been proved, but the following proof will make Chapter III inde·
pendent of the preceding chapters.

§1. Runge's approximation theorem

This theorem (proved in 1885) stands at the beginning of complex approxi·
mation. A function lis to be approximated by rational functions R, uniformly

on a compact set K C cr. We have R(z) = P(z) ,where P and Q are poly·
Q(z)

nomials (without common factors), or

where Po' 1j are firiitely many polynomiaIS (partiaI tractIon decompOSItIon).
Compact sets can be very complicated; an example shall suffice (see also
§3, A).



§ . unge s approxuna 10n eorem

A. General Cauchy fonnula

We shall need the following result.

Theorem 1. Suppose K is a compact set in CC and U-:J K is an open set.
Then there exist finitelY many horizontal or vertical, oriented line segments
'Y1, 'Y2, ••• ,'YN in U\K such that iffis analytic in U and ifr ='Y1 + ... + 'YN'

Proof. Let 6 := dist (K, aU) > O. We introduce a square grid of mesh h in

numbered: Q1' Q2' ... , Qp. Then

KC uQ.C U.

o
h..;2<6.

Now su ose the bounda ofeach . has ositive orientation. If two
squares Q;, Qk have a common side 'Y, we discard it. Let 'Y1,'Y2 , ••• ,'YN
denote the remaining oriented sides of the Qt No 'Y; meets K; otherwise 'Y;

r := 'Y + 'Y +... + 'Y C U\K.

Suppose now that [is analytic in U and z E K, so that z E Q; for at least
o

one io. If in addition z E Q~ ,the formula of Theorem 1 is valid:
o

[(z) =~ f(t) dt= ~~.

-dt.
2rri t - z

r

And if z E aQ1o
' then z belongs to two adjacent squares and thus lies on a

discarded slde;conlequen y z . A continuity argument ows at e
fonnula II allo valid In thll cue.
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B. Runge's theorem

We continue to write K C = t\K.

Approximation on Compact Sets

Theorem 2 (Runge 1885). Suppose K is compact in ct and [is analytic on K;
further let e > O. Then there exists a rational function R with Doles in K C

~.- ,.'

Proof. We use Theorem 1 and aooroximate the integral bv Riemann sums.
Since lis analytic on K, there exists an open set U:J K in which [is analytic.
... n ~~ 1 '..:1 ~_..:l • _.

[(t)/(t - z) for (t, z) E r x K.

This. J"_ is. on r Y. K 1. .J"

that for each e' >0 there exists a 6 >0 such that
It"'''

!Ji1_ :,t~)<e', wheneverzEK and t,t'Er,lt-t'I<6.
( - z - z

We partition r into subintervals r; of length < 6 and choose t; E ri . Then

1:'< -1£\1
27r J

(z EK),

..:I • • S::: • ..:I ~t.
'ioU \,L VY '" J. " Y\' '" J.~J.\,L LJ.J.Cl-l.

,
1-1'1_\ D/_\I./ e Inl 1_ c=. V'\

Here f( IS me rational tunction

R(z) = _1 :E: [(ti) {dt,

j

which has simple poles at the points tj E If C Xc. If we choose e' = 27re/lrl,
+1,1=" • nf....... ., fnll nmill

As mentioned above, R has the form R(z) • EI z ~/l' ,where tj E r. Ifwe

"'
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C. The pole shifting method

1 ' 2 '
ffiaxzEK IR 1(z) - R2 (z)1 < 1 is not possible. One can see this immediately
r

since the left-hand side equals 21Ti, while the absolute value of the right-hand
SI e wo e ess an 1T •

In view of the application in Chapter IV, §2, we now replace K by a
eneral set M.

1.1 p

Analogously it foUoWl that
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p

Approximation on Com act Sets

<.:. for z EM.
N

Thus 1.1 holds with

Now we apply Theorem 3 with M = K to Runge's theorem. There
R z = ~. c. z - .. The oles . lie on r but accordin to Theorem 3 the
can be shifted to points tt, as long as t; and tt lie in the same component of

c.

then satisfies If(z) - R*(z)1 <2e (z E K), and its poles are located at the
. *

Corollary 1 to Runge's theorem: If one selects a point z; in each com-
C • •

Clearly one component ofK C is unbounded. Suppose the pole correspond-. . .

IP(I/(z - zo)) - Q(z)1 < e for Izi ~m

and thus for z E K.

Corollary 2 to Runge's theorem: For the unbounded component ofK C

one can choose the point at 00 as the location of the corresponding pole.
In the special case where K consists of the unbounded component only,

t . r t th t we hav r ve e rlier in C t II B
little theorem).

Theorem 4. u ose K is com act in CC and K C is connected· su ose
further that [is analytic on K. Then, for each e >0, there exists a polynomial

I/(z) - P(z)1< e (z E K).
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Our goal is now to weaken the requirement in Theorems 2 and 4 that [be
analytic on K and instead require only that the continuous on K and analytic
at the interior points of K. First we deal with polynomial approximation,
before we continue to study (in §3) the approximation by rational functions.

§2. Mergelyan's theorem

This great theorem, proved by Mergelyan in 1951, completes a long chain of
theorems about approximation by polynomials; the names Runge, Walsh,
Keldysh, and Lavrentiev are connected with it. (Literature: Mergelyan
[1951] and [1952, Chapter I] , Rudin [1974, Chapter 20] , Walsh [1969,
Appendix 1] . These works use tools from classical analysis, whereas Carleson
[1964] gives a functional-theoretic proof; Bishop [1960] as well as
Glicksberg and Wenner [1963] ShoUld be CIted as forerunners of it. We
follow the classical route.)

A. Fonnulation of the result; special cases; consequences

Theorem 1 (Mergelyan 1951). Suppose K is compact in ( and K C is con-
nected; suppose /Urtherfis continuous on K and analytiC In KO. Then, for
f > 0, there exists a polynomial P such that

(2.1) I[(z) - P(z)1 < f (z EK).

Concerning the strength of the hypotheses, we can say thatfmust neces­
sarily be continuous on K and analytic in KO in order for a sequence {P }ofn
polynomials to exist with Pn(z) ~ [(z) (z E K). The connectedness of Kc is
also necessary, as we have already seen earlier; see Chapter II, §3, B.

The following special cases are included in Theorem 1: K is a closed
interyal fa,--frl (Weierstrass); K - {z: I~ ~ I} (Fejer polynomials, arithmetic
means of the partial sums of the power series of[at 0); K = G, where G is a
Jordan domain and thus aG is a Jordan curve (Walsh 1926); K =r, where r
is a Jordan arc (Walsh 1926). Incidentally, the last special case would be false
in (2 (Rudin [1956]). Also included are the speCial cases KO = rp (Lavrentiev
1934) and K =KO (Keldysh 1945).

Further we mention three consequences of Theorem 1.
a) If r is a Jordan curve, 0 E int r, and f is continuous on r, then [or f >0

there exists a P(z)· I',~._Nanzn such that I[(z) - P(z)1 < f (z E r).
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or e proo we use a con onn mappIng g 0 In onto
D = {w: Iwl < I}; here we assume g(O) =O. It has aeontinuous extension to
int r 'ust as h:= - has a continuous extension to D. Since 0 h is con-
tinuous on aD, there exists a ~rigonometric polynomial Tsuch that
If(h(w)) - T(</» I<e/2 (w =eZf/». Now T can be written as a polynomial in w

If(h(w)) - m=-MAm wml <e/2 (lwl =1)

or

If(z) - T!'!=_ A (g(z))m 1< e/2 (z E r).

For each polynomial P we have that f= (f - P) + P. The second
r r r

summand vanishes and the first one can be made arbitraril small b
Theorem 1.

c) Using Theorem 1, one can prove the following generalization. There
exists a fixed power series that converges for IzI< 1 and whose artial sums
sn(z) have the following property:

sequence {nk } ofindices such that

s" (z) ~ f(z) (z E K; k .... 00).
k

B. Preparations for the proof

c

repeatedly.
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8
1

, Tietze's extension theorem

Suppose X is a locally compact Hausdorff space, K is a compact subset of
X and f: K ++ ec is continuous on K. Then there exists a function F: X ++ ec
continuous on X and with compact support, such that F(x) =f(x) for x E K.

The extension F can be determined in such a way that

max {IF(x) I: x EX} =max {If(x) I: x EK};

see for examole. Rudin f1974 0.4221. For Xwe shall mostly use t.

- . I> •D 2 • .t\. -r

In the proof of Mergelyan's theorem nonanalytic functions occur, which
are to be represented by an integral fonnula with the Cauchy kernel. Suppose
now that G is an open set in R2 and f: G ++ t is continuously differentiable
• ~ 117_ • ..:1- 40. .~ ..3: {o{o . . .
....... 'OJ. "" '"

0. , .. v .......... - JC .

':a~.- 1 ( af ; af\ ; ~._ 1 (af .L; af \
~" .

2 \ ax av J'
~J •

2 \ ax • rlV J •

-

They also map G into CC. Ifwe write f =u + iv, then

-
af=O ~ u =v u =-v ~ fanalyticinGx y' y x .

T~ 4.1.' • 401. - 4.1. ./!"f .•'\ _ f ... oAf_'
..... o.u..., .. ., o.u,", '"'''''''''' o.U'"'UJ \.wJ \UJJ\~)'

The following representation fonnula is sometimes called the Pompeiu
tonnula.

Theorem 2. Suppose the [unction f: R 2 1+ t is continuously differentiable
in .2 and has compact support. Then

(2.2) fez) =- ! ,1 (aj)(r) dm_ ,... r,. ')"

... 2-
",or all z t:: Il .

Proof. We substitute r=z +ri~ for tlle fixed z E R 2 and obtain
fen =fez +rei~) =F(r, t/». By the chain rule, we fmd that

(af)(~) I:: ~ e'~ (F, + ~ F~).
-
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Hence the right-hand side of(2.2) is the limit (e ~ 0) of

1 /00f21r .
_________-_-~ (F + ~ F,,) df/> dr.

21T r r 'P

r=e q,=o

Since F, as a function of f/>, has period 271', it follows that /Fq,df/> =O. lienee

the right-hand side of (2.2) equals

;=0

21r

--------------!Jliffimhe-+-o..-----l~ II?(e, ep}dep = f(z),
21T r

because F(e, f/» => fez) (e ~ 0).

8
3

• Koehe's %-theorem

Let S denote the class of functions/that are univalent in ID ={z: Izl < I}
and have an expansion of the form f(z) = z + a

2
Z2 + ... at z =o.

Koebe's theorem. In ID each fE S assumes each value w with Iwl < 1/4.
In other words, the range of fin]» covers the disk {w: Iwl <%}.

The number %is best possible, as the function fez) = z + 2z2 + 3z3 + ... =
z{(1- Z)2 shows. See, for example, Pommerenke [1975, p. 22]1-0-.-----­

We also require a corollary:

Corollary. Suppose the function f is a conformal mapping of {z: IzI> 1}
onto a domain G with QO E G; suppose the expansion offat 00 is of the form

f(z) =az + ao + a1Iz + . .. .

Then the diameter of aG is ~ 41al.

The number 4 is sharp: For fez) = z + 1 ,we see that aG =[-2, +2]. For
z

the proo/we assume thatf omits the values c and c' for z in {z: Izl > I}.
Consider

fOlz) - c
aF(z) .= for zED;

clearly FE S and F does not assume the value a!(c' - c) in B, so that
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a c - :4-

follows from this.
Incidentally, the diameter of aG is always ~ lal.

B
4

• Mergelyan's lemma

This is a technicallemrna whose significance will become clear only in the

and ~ ED by polynomials. In general, such an approximation is not possible,
or examp e when K = z: z - ~0 =2r ; an addition topological condition

is needed.

Mergelyan's lemma. Suppose there exists a Jordan arc r from ~o to 00 such
. a a c w' e

following property. If one writes

Pr{z) := p{z) +{~- b)(P{Z))2 ,

then

(2.3) IPr{z)I< 100lr (z E K; ~ ED),

(2.4) IP (z) - 1/{z - nl < 1000r2 liz - ~13 (z EK; ~ ED).

2

ytlc

(2.5) Qr{Z) := q(z) +{t - b){q{Z))2
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has properties analogous to (2.3) and (2.4). To this end let 'Y denote the part
of r from ~o to the first point of intersection of r with aD, and let 'Yc = CC\'Y.

-
®/b '" / ~<Wl

I \ F I \ --
I ~t... .. I I JCn
\ y \. ., //

~ Y ~ /
~

n DO

F(w) = - + ~ c_ wn
W n=O

;suppose r 1S me normanzeo conrormaJ. mapping OI tw: IWI ~ 1 jOnl0
'Y C U {oo}such that 0 ~ 00 and a > O. We write

F-1( )
b := _1 (zq(z)dz(2.6) q(z) := z (z E 'Y C

) and
a ~1rlJ

aD

and defme Q/z) for z E 'Y c and ~ ED according to (2.5).
Then we have the following: vroverties:

a) The corollary in B3 yields r ~ diam 'Y ~ 40; hence a~ r/4.

b) This implies first that

It,

Iq~Z)1 ~ i/a ~ ,+/r ~z ~ 'Y').

Further, q has the expansion q(z) = 1/z + ... at 00, so that f q(z)dz = 21fi,
~rlr1 .• to aD

I" _1" I = I
1 ((." _ 1" )n(.,,)d.,,1 ~ 1 4r. -. ?'IJ'r = dr

"0' 21fi ) ,- "0'-'; ,-', 21f r

aD

c) We now have

I", '2'\ 1/1 ( ...\I/' 4 ..&. 1:;:•• IAI.\2 - QAI. I ... c ",c.,. c n\,_.- J I¥.t'-JI ~ r - ,", J ~ ", ,- - I ' .. --J

.L • r"""" T, -1 L'! -1 .1, _1
~ W,ll;i ... .... '1 ioU \",.J} • .Lll U1Ul;il ioU LULU ..lll;i ...
to (2.4), we expand q into a Laurent series about the fixed point tED:

, A a·)
q(z • ---=-- + ;I , • +.......z-s tZ - ~r
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The first coefficient is 1, since zq(z) ~ 1 (z ~ 00), and the series converges in
any case ror IZ - SI .? "r. Moreover,

A (n = --!.- fez - ~)q(z)dz:; b - ~ • 1,2 ,,_.:...,.• k

. L1" . . . 1 • .1 J. '1:', .1.._ l':•• _..i }o ~ n __ ..i _ ~ _, C
",U\; .. \; LUI;; ... ,CLUVU Jill VY\; .. CL ..g .. &\; \;.... \;J.\; "' ... V .. ",IL"" J..&.A""u. ;) ..... ~ OUIoU. ~ ...... 1 ,

we now consider the auxiliary function

I"' 1 •., ... ~ " ... , ..,,~
ntz) . ~r\.Z} - z _ ~ \Z - ~}.. .

.
1

(z - t)3= q(z) +(~- b)(q(Z))2 - -
.. z-~

I"' .
= b-t + ~-b +decreasing powers (z - t)3.

(z - n2 (z - n2

-
It follows that H is analytic at 00, so the maximum principle can be applied:

OA

lH(z)1~max {1H(z) I: z E 'Y}< ~ (2r)3 + (2r)2 = 676 r2 (z E 'Y C
).

r

Thus the statement analogous to (2.4) holds:

1 --- .,
(2.4') IO,(z)-~ 1< IVVI (z E "Vc • l" E D).

-s
z-~ Iz - ~I"

2nd step. In order to arrive at (2.3) and (2.4), we approximate q by a
polynomial. Since q is analytic in 'Yc, it is also analytic inside and on each
level curve rp of r.

.~......... ... .....
~··\rQ.

: .rr<.... ./ .:.. r '-" -- o·: o .0 l.&oUIl!"0 •• 0 0 0 • 0 0 0 .0 0

.. ",:, •• 0 • f'="'"'-- r_.' • e,
00



Iq(z) - p(z)1 <€, l(q(Z»2 - (P(z»21 < € (Z E K).

z 21 < € + 5r€

(z EK;t ED).

whenever € < € ,and

henever
z, t.

Consequently (2.3) and (2.4) are valid for the polynomial p chosen for a

We show; For each prescribed ~ >0 there exists a polynomial P such that

If(z) -P(z)1 < 10 000 w(~) (z E K);

this establishes the theorem. We carry out the proof in two steps:
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(I): Construction of a nonanalytic function <I> that is close to f on CC;
(2): Construction of a polynomial P that is close to <I> on K.

lOS

application of a smoothing operation . First we defme

G := {z EK: dist(z, aK) > IS}.

p se co aining
possible that G is empty.

Next we construct a function <I> that is continuously differentiable in (,
has compact support, and possesses the following properties:

2.7

3

(2.8)

<I>(z) =fez) (z EG).

a

0'------...:::::111...,---_

R' Y
tion A we define

•
cI>(z) • JJ f(t)A(z - t)dm (z E CC).

{t: It..rl<a}
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Consequently CI>(z) =0, if the distance from z to the support off is ;;;. 6. In
particular cI>, like f, has compact support.

'AT",u, u.n r'l "7\ ". . ._ r A \. '11ft 1. A ...

~.~. .._" ~ .. - ,_., I' .... '~/' .. '" "L~"'"

,~

c:b(.,.\ _ f(.,.\= IlrIY.,. _1-\ _ f{...\l Lt{I-\AJNI
"--,, J "_.,, II LJ ,- "" J '-"J ,,,,, 'r

"2

= Jf (f(z - t) - f(z)]A(t)dm r·
{r: Itl<6}

1\.T""... r'l Q\ • .t.· r..\
~ ~ .. '-'~I A '-I'

The derivatives cI>x and cI>f. necessary for (b) can be obtained by differenti·
ating under the integral (2.9 . For h >0 we have, for example,

cI>(z +~ - cI>(z) =/If(t) A(z +h - t~ -A(z - t) dm
r
.

...
~-

'C""..... ,.. t=. tr' ..... ...:1 L ........ f\ +t.. .... -'I t.. ...... 4'-: ..... ...:1 ,. -'I ft ... ...:1 +t.. ... 1~_~+
.. ""..... , ~ _ __ ....... '.,. ~ ..a.._ .... ........ .. ......_........ , ....& ........._ 6&£&......

(h ~ 0) is f(t)Ax(z - t). Since we integrate over a compact set, the Lebesgue
Bounded Convergence Theorem applies:

(a~)(z)= /fr(J){aA){Z - t)dmr = f/t{Z - t)(3A)(J)dmr
-..2 .2

,.,.
_ IlroN. Jo'\ .cr..'\1 /<:> .. '\ /Jo'\ J.11 LJ \~ - H - J \~JJ \Ur:lJ\Humt'

ll2

by (2.8). The third relation in (2.8) now yields (2.7) (b).

In order to establish (2.7) (c), let z E G, so thatfis analytic in the closed
lL • • 1 _1. ~~...:I nf.,. Th"" 1'TI""lIIn.11l11hlP j .11

- .... .... ." A

211'
{ .c/. idh ..'J. ,., .c/.~ '\ , ." r'\

J J \10 "'~ JW'I' I"IIJ \10 J \.I"'_VJ.

~·O
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Hence

107

_______4J_(z-4-)_=-Ji anA(z -ndmr
{r: It-ZI<6}
6 2~ 6

"f !!(Z - pe~)a(p)p dp d~=21r!(Z)!a(p)p dp

p-O (/)=0 p-O

--------=-----.I----'f(~Z)'______'ffi(Odmr= f(z),
",2

by (2.8). This proves (2.7) completely.

Before we begin the second step, we draw a conclusion from (2.7) (c). We
apply the integral formula (2.2) to 4» and obtain

----------O:4»H-':(Z~)-=-=--~1f1(~a4J~)~(r~)---tldmmr.:-.~-------;JTr- z r
)l2

On the open set G C KO the function tIJ =fis analytic, hence atIJ =0, and
integration over G is not necessary:

The function 41 with the properties (2.7) has the representation

(2.10)

where

is a compact set.

4J(z) = - 1fj(acll)(t) dm (z E [),
1r r-z r

X

X :- {support of ell} Cl GC

2nd step. Finally, in order to approximate 41 by a polynomial P, we
approximate the kemelll(~ - z) in (2.10) by a function Rr(z), which
is piecewise a polynomial.

First we partition X into fmitely many disjoint subsets Xi such that
UX{ =X, as follows. For rEX we have r E GC

, hence dist(t, K C
) ~cS . This
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Now we write
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these sets X; C D; are disjoint, and UXj =X.

and (2.4). The function R r mentioned above is now pieced together from the
P,. .:

'J,l

this defines Rlz) for t E X and z E (C. The function Rr satisfies

-------t-(-.602.c±-J1lrt-)--------j!Rr(z)1 < SO/fJ (z E K; rEX),

(2.12) IR
r
(z) - _1_ 1< 40008

2
(z EK; t EX),

z - t Iz - tl3

as can be seen from (2.3) and (2.4).
Finally , we defme the desired polynomial P by

--------npl-F-..(zrt-)~:=---'I""----lI(a~)(t)Rr(Z)dm rffJL
x

Here each summand is a polynomial in z, hence P is a polynomial.
It remains to estimate lP(z) - ~(z)1 for z EK. Using (2.10) and (2.7) (b),

we obtain

--------+"IP-\A(z'+-)=---<I>""-\(~z)~HrR,.(z) _ 1 ],------1(l-V'aw'*'-J)J-H(t"")dlUmh.-ll----
~ 'J z-~ r

where, for fiXed z E K,

X(l) := {t E X: ~f---'<",--,4""n8y},-, _

x(2) := {t E X' ~--JII'~'"'--"'4'I'V8~}.--------

We estimate the integral over x<l) by (2.11):
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and we estimate the integral over X by (2.12):
....

--- dp = 2000 ,"6.
p2

e egmnmgo

§3. Apptoximation by rational functions

theorem (1966); we can only report about it here. But we shall treat in detail

C(K) = {f": I continuous on K} with norm 11/11 = max {I/(z)l: z EK},

A(K)· {fE C(K): f imalytic in KO},
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P(K) = {f E A(K): for each e> 0 there exists a oolvnomial P such that

IIf-PII <e},

IIf-RII <e}.

The poles ofR are then automatically outside K. All spaces are algebras..... ..... ......... _. . . ...... . - ..
Wlm me UUIUI II} II • .1 illS pOlIn or Vlew IS prevaJ.em; ill I

[1969] . Obviously

J'tA) L l<.tA) LAtA) L l:tA),

and by Mergelyan's theorem, P(K) =A(K) if and only if K C is connected.
Analogously we now aSIC When IS l<.tA) - AtA), or, more mOdestly: When
does!ER(K) follow from!EA(K)?

A. Swiss cheese

By this we understand compact sets K with infInitely many holes, so that
l{C • nf·...·· m~nv Pnl" thp.~p. ~p.t~ (~nc1 nnlv fnl"

• ~ L , .~

these, see Section C
2

) it is possible thatR(K) =FA(K).

AI. Alice Roth's construction

The Swiss mathematician Alice Roth [1938, p. 96] constructed the first
Swiss cheese as follows. Suppose JI) ={z: IzI< I}, and let !:J.; = {z: Iz - a/I <'/}
where ~j C Jl), denote countably many open disks with the following

L .L .........~.

a) The !:i; are pairwise diSJOInt;,

b) "E'j < 1;

c) II) \ UI:1, contains no disk.
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Such disks ~j can be chosen in many different ways. The remaining set

(3.1)

is Roth's Swiss cheese. Clearly K is compact, K contains, for example, all
circles a~J as well as a:o, KO - ~, and

orientation, then

ficiently small.
If the rational function R belongs to R(K) and if aII) and a~j have positive

consists of countably many components. Incidentally, the two-dimensional
Lebesgue measure of K can be arbitrarily close to 7[, if the 'i are chosen suf-

_________!RV> dz =r./ !R=--=-(...-=-ZJ-')d=zJ-; _
aD aAj

on the right-hand side only finitely many summands do not vanish. Therefore,
if fER(K), then

= [[(z) -R(z)]dz -~. [[(z) -R(z)]dz

can be made arbitrarily small, so that

(3.2) ff(Z)dZ • "£, ff{Z)dz for all fER(K).

8D 841



112 Approximation on Compact Sets

Now we assume that, say, 0 K and consider

By varying Roth's idea, one can construct further compact sets, which
have additional properties and allow further conclusions.

A
2

• Swiss cheese with interior points

First suppose r is a Jordan arc with positive two-dimensional Lebesgue
measure r and assume r lies inside))) with the exce tion of one end oint
(z ~.1). SuPP?se the 6.j ' wh~re~j ell), are countably many open disks with

Z·1
porn 0 ;.

j .

a) The 6.. are pairwise disjoint;

c) 6.j n r is a point If;
d) Each point of r is an accumulation

As in Roth's example, we set

The set K is com act and K has infinitel man com onents but is
not empty: Here KO is a simply connected domain whose closure is K.

must necessarily hold. But because KO =1= ¢, we must consider a different func-
tlOn ,suc as
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y

consequently also f f(z)dz =1= 0, whereas all integrals jf(z)dz vanish. This

a~ M.

violates 3.2 and R
It follows again that R(K) =1= A(K), even though KO =1= q, and KO was topo-. .

A . Swiss cheese with two components

We modify the example in Section A
2

in such a way that both endpoints
. " . ."

KO = G U G . To judge rational approximation on the compact sets K =
G ,K = G we use the following criterion.

Criterion. Ifa compact set K has the property that each point z E aK is a
boundary point ofa component ofKe, then R(K) =A(K).

This is a consequence ofVitushldn's theorem (Gamelin [1969, p. 219] ;
Zalcman [1968, p. 108]); for our situation it leads to the observation:

In this example we line up the domains !:::"j along the diameter [-1, +1] ;
suppose the boundaries 'Y' of !:::... are Jordan curves. We assume:

c) !:::... n [-1, +1] is a point P..

a) The !:::"j are pairwise disjoint;

b diarn 'Y' ~ 0 .~ 00 ;

Again we let

be our compact set. In this case one can show that for each function f E A (K)
and each e> 0 there exists a function gIf such that f - ge K < e, where g e
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also belongs toA(K) and is, in addition, analytic on [-1, +1] (Gamelin [1969,
p. 235]). The corollary to Theorem 4 (see Part C) can be applied to this func-

The property R(K) = A(K) is not invariant under topological mappings of
the lane.

C

itely many components. Our next goal is the theorem that R(K) = A (K) if
K C has only fmitely many components. This will be accomplished with the
he p 0 the important oc . ation theorem by Bishop, preparations or which
will be found in the next section.

B1. An integral transfonn

,,
theorem, nonanalytic functions occur, which are represented by an integral
wi c y rne.

a) f admits the representation

b) f is continuous in ,,2,and f (z) -to 0 for z -to 00;g g
c
g
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d) if fis analytic in G, then so is fg ;

e) IT the support tg of g has diameter ~ 6, then

IIfg 11"2 ~ 2«5 wf«5) lIag lilt'"

g g
Z ~OO.

c) For z E1= t we have 1
9
(z) - 1fJfln (3g)(t)dmf' where the integralls

g 7r t-z

at 00.

over tg' It fonows that fg is analytic in tg
c.Because of b), fg is even analytic

d) For this part one forms [f, (z +h) -!, (z)] Ih and evaluates the limit as
h ~ 0 (h E CC; z E G). Lebesgue{ theorem geeds to be applied.

e) Considering c), b), and the maximum principle, one sees that lit 11).2 is
assumed for some Zo E tg • But then (3.3) implies g

g
211' 0

and the integral (t = z0 + rei(j) is bounded in magnitude by

B2 • Partition of unity

This device also plays an important role in local theorems in topology and
functional analysis. We proceed in two steps.

Lemma 1. Suppose K is a compact set in (: and U:::> K is open. Then there
exists a function H E COO (It2 ) such that 0 <H(z) ~ 1 (z E It2 ) and

H(z) - 1 (z E K), H(z) = 0 (z f/: U).

Proof. For each t EK we choose disks ur' Ur such that ut C Ur C U, and
we choose functions hr E COO (1l2) such that 0'" hr(z) < 1 (z E Jl2) and

Suppose the disk. ur U· 1, 2, ... ,m) cover K. Then the function
I
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q>.(z) = 0 (z ~ U.) and ~ q>.(z) = 1 (z E UU.).

On .Uui , the func~ion that is identically equal to one is additively decom-

r

, - / I ,uj:J uj such that hr/z) > 1 2 for z E uj' Then we use

K = Uu. and U= Uu~

in Lemma 1 and determine the function H there.

C . The localization theorem

z

Theorem 3 (Bishop). Suppose K is a compact set in 4C and f is continuous
ER or.

the compact set Kz :- K n Uz. ThenfER(K).



Note that even though initially [is only required to be continuous on K
or on e a tion assumption t at or eac z E

z
implies that [EA(K). There are several proofs of Theorem 3. The following
proof is due to Garnett, and in §4 we shall give another proof that uses Roth's
emma.

vi-

responding to uj and U;, according to Theorem 2. These functions satisfy

we let

00

[(z) +<I>(z), where

e notatlOn 0 =

because 4> = ~ 4>1 = 1 on V. The function <I> certainly is analytic on VO
, hence

also on K. Thus we can apply Runge's theorem to <I> and obtain: <I> ER(K).
ere ore it is su lcient to s ow t at . E R j = ,2, ... , n .

e
III- '1 11K < e1 := .

I 1 +C
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-
Next we find open sets vj' wj (Kj C Vi' Vi C Wi) such that also lit- 'j "W. < f 1

I
and we construct the c..: ·tunctions Hj correspondtng to Vi' Wj' accordtng to
T 1. Then the function

Sj := I-if - 'j)Hi

is
.

in CC we have

'j in Vj :) Kj ,
S.-
I

I outside Wj'

and further

III- sj ll¢ ~ IIt-'jllw <fl'j

Using these Sj' which are close to t, we construct analogously to (3.5)

1 frs.(n - (z E ,,2).(3.6) gj(z) := Sj(z)<pj(z) + -l ~ (o<pj)(t)dm t
"" )-'"

It?

It follows that
,.,.

1
,

1(0<pj)(nI d
IIgj - fi 110: ~ III - s; 110: + lit- s; 110: • - maxzeO: .", .• mt

/I ./1..2 I~ - "'I

,.
"\.1 T L)f l - f.

•• l\" T ' 1 ",\ !:In...1 ...1'\ th~ I" rr ;<1 1 .... ..:1 t
, 'J .~ -~ , JI -J '(/)j'

th!llt;<1 ;n r,c It;<1 !:Il<1n .1 • 1n V <11n"I" C' _ r ;<1 1. . ;n v Rut U'I"
, ~ - OJ I' _ I I -J - K.

have K C j u ut, for if Z E K and Z f$ ut, then Z E K n l1 = I C ~. Hence
gj IS analytIc on K, and. Kunge s theorem guarantees a rattonal lunctlon
R j E R(K) such that II~I- Rj 11K < f, and therefore IIfj - RjllK < 2f. Now each
I" • f 1 1 tn '(K) l:Inrl thp l' nf Tt. ~ 1<1 .1

"I - ,,- ." > ~ ..

(.:2' Applications 01 BiShop s theorem

With the help of Theorem 3 it is fairly straightforward to derive two sulti·
" In III t-

. • fn. D(V'\ • .4 (V'\ I. It......... .n. " •. L I -' I"
- ._, •• - •• - .- ..... ....... J ....... J' ..._...._w_~ ...... .' ......-~" .
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Proof. For an arbitrary point z E K we choose as Uz the disk with center. . = .

This set contains all points outside Uz. Moreovert if t E~ and t E Uzt then
c. . . . . ., .

c
_ z" z

connect t with a point outside Uz• Hence~ is connected, and by Theorem
1 in 2 we have fl EP(K) C R(K ). Since this holds for all z E K, it

z
follows thatfER(K), by Bishopts localization theorem.

Theorem 4 has the following consequence.

~ z_ z ~

components of A -, then K z =K n Uz itself has a complement A
Z

with
fmitely many components. It follows thatR(Kz) = A(Kz) for all z EK, and

us R =A by Bishop's eorem. uestion: at can be said i there
exist z E K for which each neighborhood Uz meets infInitely many com-

?

Theorem 5 (Garnett). IfM is countable, then R(K) = A(K).
For the proof we mainly need Bishop's theorem, but we also require the

fo owing result, w 'ch is interesting in its own right.

a) fn is continuous in ec;

c) fn{z)" fez) (n -+ 00; z E ().

Proof. We may assume Zo • 0; we choose auxiliary functions gn Eel (12
)
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__gn_(Z)=I: ::::::'
and

and we form the integral transforms (3.3):

1ftG) '(z)G (z) := _J J (ag )(ndm
n 7T ~-z n r

All Gn are continuous in CC and analytic in G, and by Theorem I , e) we have

4
IIGn 11.2 =s;; 2 • • 2 max {I/(t) - 1(0) ~Ifl ~ 2/n}· 2n ~ 0 (n ~ 00).

n

Now the functions In :- f Gn satisfy the conditions of the lemma, because,
by (3.4),

f (z) = - !fff(n (ag )(~)dm (lzi < lIn),
---------"-"n'---------4F-ff- -t z n r

'-2

where the integration need only be carried out for {~: lIn < I~I <2/n}.
Hence the functionsfn are analytic in Un = {z: Izi < lIn}.

Proof of Theorem 5. Let

N :- {z EK: there exists a neighborhood Uz such thatJIK ER{K z } for
z

eachfEA(K)}.

Then N contains the "normal" points of K; note that the choice of~ is to be
independent off. liN = K, then the assertion follows from Bishop's theorem.
We set S =K \N and show that S =rp.

i) S is closed in CC: Obviously N is open in K, hence S is closed in K and
therefore also in cr;

ii) S is at most countable: If z fF. M, then z EN; hence SCM, and the
latter was assumed to be countable;

iii) S has no isolated points.
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D. Vitushkin's theorem; a report

M C ec. Let Si(M) denote the class of functions f that are continuous in ec,
satisfy f(z) -+- 0 (z -+- 00) and 11[11 ~ 1, and are analytic in the complement of
a com act subset ofM. Conse uentl at 00 each E ~ has an ex ansion
of the form

Then

a(M) := sup {Ie 1(j) I: f E ~(M)}

IS c
stud
t

o
are

Now we can state Vitushkin's theorem:

Theorem 6 (Vitushldn 1966). We have R(K) =A(K) i[and only if
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'" . ... ~

JUT eac:rt upert Ull)f(, u.

Other criteria, which also use the AC-capacity, are possible, too. Roughly,
(3.7) means that the complements of K and of KO must be equally "thick" in
the vicinity of each point, as measured by the AC-capacity a.

In the special case where KO is empty, (3.7) becomes a(D \ K) = a(D); but
th""

. . ~~ .1. . .
IV l"!lIn ... "" 11C!""r1 ... """''''' • ..J nf '".. -J .. " ,

(Vitush1dn [1959]).

RemarkS about § j

1. From the last-cited result by Vitushkin one can derive without difficulty
f ..... L'L nf TT o..,.r! D ,. • rl Q~ 11 • If fJ., .. C! .. t Y r d'" "'0"
_A' - -0' _A' - L " - .. ' -c -- ---
Lebesgue measure IJ.(K) = 0, then R(K) = C(K).

2. It is also worth mentioninK that R([() =A([() always implies R(a[() =
C(aK); this also is a criterion for rational approximation on sets without in..
6, .1. .

~"""" 7 ..1,...n ..... rl O~R 1"'l '7.41
c . L , r' '.I •

3. Note further that our Lemma 2 is only a special case of a more general
result. For it is Dossible to choose the functions f in such a way that instead,.
of satisfying b), the In are analytic on G u r, where r is a prescribed, twice
continuously differentiable arc. The result is due to Vitushkin; see Gamelin
r. n.~n. ". n .,..,

L1707, .. o . .l.:JJ'

11 T ..J n.~ A Iy'\ n......... ,.,. .... .. +1-. ..... " •• '- • .• AOI.ly'\ fl'C AIV'\ •. " .. ~.a,""''''J " .........._& ......... -.., ~.a '-..a&J '" -~"'-.".J •
1'_ T • r.... "'t ~,..../ -'~, ..J _. I" ~ -'t •• r.... ..J " • _, _,

J ~ ......lp loA u.11 .n. J \ u ....... loA ""lIt .1J 411U 4;)A. J.UJ. u.11 .n. , 1;;4\;0.11

functionfEAOl(K) can be approximated by rational functions. Such condi-
tions are known and use the notion of the analytic a-capacity of a
set. See the survey article by Melnikov and Sinanjan (1976, § 1 and § 14] .

§4. Roth's fusion lemma

This section also deals with approximation on compact sets. However, the
fusion lemma by Roth [1976] serves mainly as a stepping stone to the study
or apprOXImatIOn on noncompact sets, Wnlcn Wlll be taKen up In the next
chapter. In Part B we use the fusion lemma to prove Bishop's localization
theorem anew.
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A. The fusion lemma

Suppose two rational functions r l' r2 are close together on a compact set
k. The problem is to "connect" r

l
and r2 in their further course by a single

approximating rational function r; see the sketch above.

Theorem 1 (Roth 1976). Suppose K
1

, K
2

, k are compact sets in the
extended complex plane 4[: such that K

l
n K

2
= t/J. Then there exists a con­

stant A, depending only on Kl and K
2

, with the following property. If rl
, r

2
are rational functions such that

then there exists a third rational function r such that

Ir(z)-rl(z)I<Ae (zEKI Uk)

and

Ir(z)-r2 (z)I<Ae (zEK
2

Uk).

Note that nothing has been assumed about the location of the poles.
Note also that Theorem 1 follows immediately from Runge's theorem in

the case where K
l

n k =, or K
2

n k =,. Suppose, for example, that
K

l
n k =t/J; we write

(z EK
1
),

(z EK'}. Uk),Irl (z)
--------------Jfi~(z~)-=--.,______--------------­

r
2
(z)
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1
that

let H
1

denote the sum of the principal parts of'1 on K
1

' and let H
2

denote
the sum of the principal parts Of'2 on K

2
Uk. Then f - H

1
- H

2
is analytic, .. .

Thus the assertion of the theorem holds with r =H
1

+H
2

+R and A =2.
w

is interesting.

=0, and therecase r = O. For in the general case we let p
exists a rational function p such that

at is,

an

Uk

. 'on, w

We set E := (U
1

U U,,)C , which is a compact set in t. Then (~ = z + relt/»

dr drp <; 211 diam E (z E t).

E
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c) Finally, we determine a function HEel Ul2
) with 0 <;;; H(z) ~ 1 (z E t)

in such a way that

H(z) - 1 for z E U1 and H(z) = 0 for z E U2 ;

compare Lemma 1 in §3, B
2

• For z E CC we obviously have

Iff 1 - - 1(4.1) - l(aH)(t) I dmt <; maxE l(aH)(t) I • - 27T diam E <A - 2,
7T It - zl 7T

E

where the constant A depends only on K
1

, K
2

•

2nd step: Construction of a function Fmeromorphic on U
1

U U
2

U U.
For the proof, we refer back to the integral transform in §3, B

1
, but with a

function f that is piecewise continuous in the plane except fo, poles. It is de-
fIned as follows.

By assumption, there exi~ts a neighborhood U:J k such that ~J--<~e _
for z E U. We set f='1 on U () E and extend this function continuously to all
orE. Here If(ztl <e (z E E) is preserved (Tietze's theorem). On Ff - U

1
U U"

we setf '1. UP - {poles of'l in U
1

U U2 }, thenfis piecewise continuous
in t \P.

With this functionfwe define

F(z):= Ifff@ -*) (aD) (t)dm
7T t-z t

J1t~

(4.2)

________---:_=-=-1/If(t) -f(z) (3H)(t)drn (zEt \P).
7T t-z t

E

Considering the Pompeiu formula (§2, Theorem 2) for H, namely,

1 D1 --------------:..fl1H(l-£-z)J---~-~7T- t _Z (aH) (t)dm t

ll2

1 If 1 -
---------=-------:;7T=-JJ~-r--z (a!D(t)dm r

E

one flrids that

F(z) • {(z)H(z) +g(z) (z E t \ P),

(z E G::),
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were

- (dH)(t)dmr (z E CC).
t-z

E

(4.1) we have

Ig(z)1 < e(A - 2) (z E ().

Hence the function F defIned in (4.2) has the following properties:

+ .

3rd step: Estimates of F. For z EK1 we have F -'1 =(H - 1)'1 + g =g, so

(4.3) IF(z) -'1 (z)1 <e(A - 1) (z E K1 Uk).

1 2 1 2
and F is analytic there except for fmitely many poles, we can apply Runge's
theorem to F - ~ (where ~ contains the principal parts of F on U ). As a
result we obtain a rational function, such that

IF(z) - r(z)1 <e (z EK
1

U K
2

Uk).

By (4.3) and (4.4), this function, satisfIes

I,(z) -'1 (z)1 <Ae (z EK1 Uk)



Ir(z)1 <Ae (z EK2 Uk),

as Theorem 1 asserts for r2 =o.

where A depends only on K
1

and K
2

•.. . ,

B. A new proof of Bishop's theorem

As a first application of the fusion lemma we present, as indicated by Roth
[1976, p. 108], an elementary proof of Bishop's localization theorem.

uppose is c p . .
z about z suc t at

We claim that E R can be a roximated uniformly on K by ra-
tional functions (with poles on ~).

For z E K, let Uz denote the disk about z whose radius is half t~at of Uz .
z , ... ,

2

radius.

length 2h (hence with diameter v'8 h < 3h < p) contains a point P E K, then
P lies in one of the U • hence C U for this .. Conse uentl rational a -

proximation is poSSib1e in each squak Qwith sides of length 2h:
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. .. .. ,.. .
1 0 maKe approxunauon on larger reCtangles pusslDle, we USe lfie IUSlUn

lemma. Suppose rational approxunatlon IS possible In a {closed) rectangle
with sides of length, say, mh and 2h (m ~ 2).

~-mh ---..

Let
D.:I +l... 1 u.al. .. ~...1 .... ,..~ l ........+l. fONt 1 \J. '-'J.
£~1 -~- .., ' ....u un.. _u ~~ _ v'· £".., _ •• ,
.... .. .. . . .... .. ,.. ,...... .
.n UIC -oJ _ _ wall :S1UC:S 01 _ n, .t.n, ClIlU

R
2

the rectangle with sides of length h, 2h adjoining R.

lhr • th,....,. • fn... "!:IIl"h C ~ n !:II • l!lIl 1:'_ ..... J' C!l1l"h th!:llt
OJ -.. 1

If(z)-r1(z)l<e forzE(R
I

UR)nK.

In addition, rational approximation is possible in the square R U R
2

:

Now we apply the fusion lemma with

.1

HULC Uli1L

Ir, (z) - r., z)1 <2e for z E k.

The fusion lem:na yields the existence of a rational function r such that

Ir(z) - r1(z)1 <A • 2e for z E (R 1 U R) n K

and

Irl'z) - r (z)1 <A • 2e for z E (R U R) n K.

This implies If(z) - r(z)1 < (2A + l)e for z E (R
1

U R U R
2

) n K; and since
e >0 was arbitrary, rational approximation is possible in the rectangle with
sides ot length {m + l)h, 2h. Alter tInltely many steps we thus obtain

fl.. E RfK n Rill)
'.1\111{ "

for each rectangle R III of height 2h.
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C~ .....l1... ~..... '1 nr..... nr.. • +t.... L'_ • 1 .11........ .:1 .•. .
& &&~~&J , &&~ .. '''''J' .... ..t't'&J ....~- .-& -~ ~~ ..... ~ .......~&

that f E R(K).

Remark about §4

Although we have not considered the approximation of harmonic functions
in this book, we point out that there exists a result for harmonic functions
analogous to Roth's lemma; see Gauthier, Goldstem, and OW L1980J tor this
and its consequences for the approximation of harmonic functions on closed
sets.



Ghapter IV

APPROXIMATION ON CLOSED SETS

SO far, we have approximated functions defined on a compact set K C «[, an
thp . . 1:'_ . UlP1'P • •• n1' . 1~1 £'., ...'~ NnUl UlP

-rr
- 1:'_

L -"
n1. ..11 . . .,.. .1 ""..... n ..... + r;o 401. ..+ ~n _. • ~..... ...1 'r
"'....00.&& .... .... U .. "'................. A'" AU .. '-I.

Functions analytic or meromorphic in G will serve as approximating functions.
In me specuu case wnere li ="", one OOtatns approXImation oy entire lunc-
tions. Here the rate of approximation (as z-+ 00) also plays a role. Several of
these theorems can be used to construct analytic functions with complicated
'L ..1 . . . • UlP rlp~l UlHh thp~p

. gt thp pnrl nf thp • in
" -.. T >

§5.

§1. Uniform approximation by meromorphic functions

n, J:':. .1' ..t. .f" . . 1:' 1:'_ _1 ..1 r.t ._
'"'U......l~ .. e;vQJ. l~ ..ll\; -rr Vi Vll 0)\0'1.0) I. uy

functions that are analytic in a domain G :J F (§ 2). The treatment becomes
especially clear through the insertion of approximation by meromorphic
functions. Roth (1938], [1973], (1976] and Nersesjan (1972] both deal
with this topic.

A. Statement of the problem

Suppose G C «[ is an arbitrary domain and F is a relatively closed subset of
G. LetM(G) denote the set of functions meromorphic in G. They will be used
C""_ +1. ... • f" . .~... ""c£'• ,",' j:' ""... r;o........ ......... -rL ...... .. J ...........

It is easy to see that one can approximate more functions with functions
in M(G) than with rational functions. If, say, G = {z: IzI< I} and F = U; kn,
where k.. = {z: Iz - aMI ='.. }, a.. = 1 - 11n,'M =cln~ (c > 0 such that the k..
are disjoint), then

1

[(z) =~;=2 ..2· .. EM(G).
n (z - an)

If there were a rational function r such that I/(z) - r(z)1 < 1 (z E F), then it
would follow in particular that
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If r has no pole inside kn , then the inequality holds also inside kn ; and for
z = an we arrive at t e contra 'ctlon

2

r IS not ratIOn .

B. Roth's approximation theorem

Theorem 1 Roth 1976). A [unction [can be uniformly approximated on
F by functions in M(G) without poles in F i[and only i[

(1.1) fl K E R(K) for each compact subset KeF.

Remark. The following proof will show that the full condition (1.1) is not. .
tions. Rather, it is sufficient to assume that

where {Gn } is some exhausting sequence of G with bounded domains
Gn : Gn C Gn+l' UGn = G. Here Gn denotes the closure of Gn in (:.

For each n = 1,2, ... we now apply the fusion lemma from Chapter III,

Let A denote the constant A in the fusion lemma' we can assume 1~A t.
As the two rational functions we use q" and qn+l' where
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(1.3) If(z) - qn(z)1 < fn/Un (z EFn),

and by assumption this condition can be satisfIed by rational functions qn
(without poles on F.t fNote that (1.1) is used onlv for the sets F .1 Hence,. r.

1 f ..\. - f .•\.1 / I .. f. ,... F:' \.

l'In\"'1 - '1 n+l \"'/1 ....... <;;n'.r1n \"''-6. nl·

By the fusion lemma there exists a rational function r such that
n

f1 JI\. 1 f .•\. f .•\.1 / C. ~r; I IF:'
\.L. '1 IIn\"'1 - 'I n\'" II ....... <;;n .LV" '" '- '\.In -- 6. n

and

1'1 ~'\ I. 1'._'\ 1'..'\1 / C. ".. I'~ \ f' '\ r.t
\~.JJ IIn",-) '1 n+l \"'}I "'Cn "VI. '" '- \'10- \ Un+lJ '-" 6. n'

With these rational functions r we write,.

of_\. •__ f_\...L~'" r_ f_\. _ f_\.1

r"·\"'I· '11\"'1 ""'k= 1L' k\"J I '1k\"'/J'

Now 0 4) imnlies that for flXed n and z E G the function r.. - a.. is analytic
in Gn as soon as k ;> n, and since (104) guara~tees the unifonii co;vergence of
'C"I 1'. \.. f' L1.·' • • f' • L1. L1. • J:"
~k'>n \'k - 'Ikl llJ. Un' vv..- 03"-\; l.J.UI.I. '" 1.03 aJ.J.GJ.)' l.J.\; llJ. Un VVJ.l.U l.J.J.\; ... 'l.J.VUVJ.

fmitely many poles. Hence m is meromorphic in G.
Finally, we show that f is approximated by m on F. First we have for

zEF
l

f
Im(z) - f(z) I~ Iq 1(z) - f(z) I+ 1:~ Irk(z) - qk(z)! < ,,~ + ~~ fk < f,

-""1

by 0.3) and (04). For z EF \ F • (which is in cC\ G,. for k = 1. 2 .... n).
we have

,. ,. '.L '"

.
Irk(z) - qk+l (z)1 < fk (k =1, 2, . . . , n - 1)

by (1.5), and for z E Fk ::> Fn \ Fn_1, we have

Irk(z) - qk(z)1 < fk (k;> n)

by (104). If we now write

m - f= 1:;::\ (rk - qk+l) +(qn - f) + 1:i-n (rk - qk)'

it follows immediately that
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for z E Fn \ Fn _1. All together VIe have Im(z) - f(z) I< € (z E F), and since
(1.1) implies that f necessarily belongs to A (F), the function m also cannot
have poles on F.

C. Special cases of the approximation theorem

We now deal with three sufficient criteria for (1.1) or (1.2) to be satisfied.
The third criterion uses some topological considerations, which we shall take
up first.

C
1

• The one-point compactification G* of G; connectedness of G* \F

The one-point compactification G* of a domain G C ec is the extension of
G, by the addition of an ideal point "00", to a topolOgical space G* = G U {oo}
A set E C G • is called open if

E is an open subset of G or if

E G* \ K for some compact subset K of G.

With this topology, G* is a compact space; see, for example, Taylor [1958,
p. 67]h-.-------------------­

We now deal with the condition, which will come up again in §2, that the
space S G*\ F is connected.

Lemma. ,The space S = G* \ F is connected ifand only if each component
Z of the open set G \ F has an accumulation point on 8G or is unbounded.

Example. Suppose

U {z =x: x > I}

U U:=3 {z = rit!> : r> 1, r/J = rr/n}.

Here S = Gill \ F is connected.

Proof. Suppose S is connected, and suppose there exists a bounded com-
I -,

ponent Z of G \ F such that Z n ac == ¢. Then Z = Z U Z is a compact
subset orG; consequently T :- Gill \2 Is open in Gill, so that S n Tis open in



G\F=ZU

so that after addition of the ideal point 00 we have

8 =Z U (8 n 1);

this re resents 8 as the union of two dis'oint nonem t 0 en subsets ofS -
contradiction.

can write X =8 n T, where T is open in G* with 00 E T, that is, T =G* \ K
for some compact subset K of G. Consequently,

Y == 8 \ X = 8 \ (8 n 1) = 8 \ T C G* \ T = K,

Our assumption assures us that Z n T =1= ¢ , so that also Z n X =1= ¢, and now

Z = (Z n X) U (Z n Y)

then Z would not be connected.

Zoo = (Ug) U {oo}, where the union is taken over the componentsg ofG \F
that have an accumulation oint on aG or are unbounded.

The situation is particularly simple if much is required of[.

The next case represents an additional manageable and easily checked
criterion for meromorphic approximation.
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According to the remark following Theorem 1, it is enough to verify the
assum tions of Bisho 's theorem for the com act sets

F '-Fn~n .- "'n'

n z n
Now suppose Z E Fn, so that Z E F. We ~hoose a disk Vz about z such that. .

nec e~ ere 1 IS enou 0 conSl er ZI z an ZI n' ence ZI

ZI f1:. Gn· In the first case ZI can, by assumption, be connected with auz
without meetin F' hence Z can be conne~ted with av without meetin
Fn . And if ZI f1:. Gn , there exists a Jordan arc'1z C G: with diameter;;;' 6,
which therefore meets avz . Hence ZI can te cohnected with avz without

two

F

Finally, our third criterion uses the one,point compactification G* ofG.

Z Z I Z I _
ponent of G \ F that contains %1 can be cOlnected with a point outside Uz
(Lemma). Hence (U n F)c is connected ill CC .

In Case 3 8110.l can be approximated 011 F by meromorphlc functions.
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Theorem 2. A relatively closed subset F ofG has the property that every

1.6

for each domain g such that g C G.

By Bishop's localization theorem it is enough to require (l.6) only for
each dis)c k such that keG.

Proof. Condition (l.6) is sufficient. For if fEA(F) is given, so that
fEA(F nKJ, then, by (1.6),f can be approximated by rational functions on

. ,

theorem (Chapter III, §3). One shows for the AC-eapacity Q that

ll~mark. In our theorems we have always required that the meromorphic
functions m that a roximate on F should not have oles on F. Analo ous
theorems are valid if the functions m are allowed to have poles on F; see Roth
[1976, p. 110].

2. Uniform a

Hol(G)· {g: g analytic in G}.
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The first theorem in this direction is due to Carleman (1927) and concerns
the special case G =CC, F =Il; in other words, f is uniformly approximated
on R by entire functions g. But Carleman even obtains "tangential ap-
proximation"; for this reason we postpone the theorem and a simple, direct
proof to §3.

A. Moving the poles of meromorphic functions

With Runge's theorem we have already seen that it can be advantageous to
relocate the poles of the approximating rational functions without affecting
the approxhnation itself. Now it is hnportant for us that an analogous result
holds for meromorphic functions.

Theorem 1. Suppose G C CC is a domain, F is closed in G, and Z1' Z2 lie in
the same component of G \ F. Then for each function m meromorphic in G
and with pole at Zl and for each € >0, there exists a function m * mero-
morphic in G that is analytic at Z1' has a pole at Z2' has no other poles except
those ofm, and for which

(2.1) Im(z) - m*(z)1 < € (z EF).

Proof. We refer to the corresponding result for rational functions; see
Theorem 3 in Chapter III, § 1. The points Z1' Z2 can be connected by a
Jordan arc 'Y in G \ F; hence 'Y n F = ¢. We write

m(z) = P{1/(z - Z1» +H(z) ,

where P is a polynomial and H is analytic at Z1' According to the theorem just
cited, there exists a polynomial Q such that

If we now let

m*(z) =Q(l!(z - Z2» +H(z} ,

then m* satisfies the conditions of the theorem.

The theorem implies that for the approximation of functions on F by
functions in M(G) we can in any case combine finitely many poles in a com­
ponent of G \ F.



B. Preliminary topological remarks

A topological space S is called locally connected at a E S if for each neigh­
borhood u of a there exists a connected set Z C u that contains a as an

We shall apply this defInition to S = G*\F and a = 00, where G* is the
one-point compactification of G introduced in § 1, C1 • We say that a con-
muous arc 'Y s ar mg a Zo connects Zo Wit 00 m 1 or any given

compact set KeG there is a point on 'Y after which 'Y does not meet K any
ore.

00

by properties that can be gathered from G. Here U, V are neighborhoods of

Lemma. The space S =G /II \ F is locally connected at 00 ifand only if the
following holds: For every neighborhood U of 00 there exists a neighborhood

o 00 Wi e proper y a! t;c.lC P0ln Z e con-
nected with 00 in G by a continuous arc 'Y C U \ F.

"

Proof of the lemma. a) Suppose the condition of the lemma is satisfied,
and u is a nei borhood of 00 in S, that is, u =un S =U \ F for some
neighborhood U of 00 in G*. We use the neighborhood V C U of 00 from the
condition in the lemma and write

hence Z is a connected set in S, and Z C U \ F =u. Further, Z :J V \ F =
and the latter is a neighborhood of 00 in S.

b) Now suppose S is locally conne,cted at 00 and U is a neighborhood of 00

in G . tis su lcient to sow:

There exists a neighborhood V C U of 00 such that each point z ::/= 00

* in V\F can be connected in U\Fwith a oint that is arbitrarily close
to 00.

For then we construct U such that U C U and nu = 00 exhaustion
ofG!) and the corresponding ~ such that ~+1 C ~,and in the'obvious way
we connect countably many arcs to constitute 'Y, which lies in U \ F and

o
In order to show (*), we let u =un S and choose a subset Z C u that is

connected in S and that contains the open set 11 with 00 E v:
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v C Z, V - V () S - V \ F.
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For this neighborhood V C U of 00 condition (III) holds. We choose Zo E V \ F,
Zo =1= 00, and let g denote the component containing Zo of the in G open set
(G \ F) n U. We show that g has 00 as an accumulation point; this will
establish (*).

But we have

(G\F)nU=gUR,

where R is open in G (possibly R 1» and where no point of R can be an
accumulatlOn pomt ofg. We now mc1ude 00:

U \ F =g U R', R' =R U {oo }----,=I=----4'--P-'-; _

the left-hand side is un S = u, and g is open in G, thus also open in G*, and
therefOIe open in S. The intersection with Z C u yields

Z =(g n Z) U (R' n Z) =A U B,

where A is open in Z and B =1= ¢. Since Z is connected, A cannot be closed in
z. Hence B contains an accumulation point ofA, and therefore g has an ac-
cumulation point on R' - R U {oo}. This accumulation point cannot be in
R (see above); hence 00 is an accumulation point ofg.

c. Arakeljan's approximation theorem

Our goal is now to approximate fE A(F) by functions g E Hol(G) uni­
formly on F. Here the following two properties of F relative to G playa role:

(K1) Gift \ F is connected,

(K2 ) G* \F is locally connected at 00.

(K1) already appeared in § 1, C1 and was discussed there. By the way,
G* \ F obviously is always locally connected at each point a =1= 00.

The approximation offwID be achieved in the following way:

f E A(E)

m E M(G)

+ (K2 )

given function

approximates 1" (§ 1, C2 t Case 3)
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r + g approximates m (Theorem 2 below).
Here g E Hol(G), r rational, poles ff F

g approximates m.

Cl' Approximation of meromorphic functions by analytic functions

Here, obviously, a relocation of infmitely many poles is required, which is
possible by assumption (K

2
).

Theorem 2. Ifm EM(G) has no poles on F and ifF satisfies condition
(K

2
), then for each E >0 there exist a rational function r with poles outside

F and agE Hol(G) such that

Im(z) - (TV) + g(z))I--""o<...--4i€.----hli(Zi----'OE~F)'-'--h-.-------

If in addition (K
1

) holds, one can choose r = O.

The special case G = CC was already treated by Roth [1938, p. 110] .

Proof. First two preliminary remarks. a) The poles of m do not accumulate
in G. By (K

2
), all poles ofm, with fmitely many exceptions, can be con­

nected with 00 in G \ F. To begin with we assume:

(2.2) All poles of m can be connected with 00 in G \ F;

specifically, suppose the pole zk is connected with 00 by "Ik'

By (K2 ), the "Ik can be chosen in such a way that each compact subset of
G meets only finitely many of them. To achieve this, we determine a
sequence {Un} of neighborhoods or 00 with nUn - too} such that we can
choose U= Un and V= Un+1 in the preceding lemma (n = 1,2, ... ). We con-
nect the fmitely many zk E Un +1 \ Un +2 with 00 in Un \ F by "Ik; now all the
'Yk are specified and have the cited property

b) Suppose Gn are bounded domams such that Gn C Gn+1 and UGn =G.
Each Gn meets only finitely many "Ik'

Finally, we choose En >0 such that ~ En < E:

Step 1. Only fmitely many 'Yk meet G1 • The poles of m on these 'Yk are
pushed outside G1 along "Ik' By Theorem 1 there exists an m

1
EM(G) such

that

Im(z) - ml (z)1 < e. (z E F).



Step 2. Only fInitely many 'Yk meet G2 • The poles of m
1

on these 'Yk are
pushed outside G along'Y . By Theorem 1 there exists an m EM(G) such
that

zEFUG

Result: All poles of m2 lie on arcs 'Yk.. or on their terminal segments that lie

Step n. Analogously there exists an mn EM(G) such that

and all poles of m can be connected with 00 without meeting G U F.

Now we consider

N· N
By (2.3), we have for z E F that

If on1 K is satisfied we combine the rinci al arts of the fmite!
§ 1, C .

many exceptional poles (which cannot be connected with 00 in G \ F) of m to
fonn a function" and we consider m -', for which (2.2) is valid. This com-

We now discuss two examples.

F
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In the proof of Theorem 2, we used both conditions (K
1

) and (K
2

) for the
step r +g ~ g. et er lone wou e enou must remam open ere.
It would certainly be the case if for each point in G \ F there exists an arc

C .

Example 2 shows that this is not always the case, even if (K1 ) is satisfied.

eorem

this section. We make use of the following definition.

'hen F ·s lle a e·e s 1i s
set in G if each function fE A(F) can be approximated by functions in
Hol(G) uniformly on F.

With this definition we have the followin result.

Theorem 3 (Arakeljan 1968). The set F is a Weierstrass set in G ifand only
i the conditions

(K
1

) G*\Fis connected

(K
2

) G* \ F is locally connected at 00

The case G = (C was already dealt with by Roth in 1938, although with dif-
ferent terrninolo and on! for sets F of two-dimensional measure O. Works
by Keldysh and Lavrentiev (1939) and Keldysh (1945) followed, in which F
was a continuum such that F O =4>; and there was Mergelyan's report (1952).

1 2 D
KG); K for Keldysh. Finally Arakeljan completely settled the case G = 4[; in
1964 and the case of a general G in 1968. A careful exposition of the case
G = (C can be found in Fuchs 1968 . 9-34 .

The approach used here - via meromorphic approximation - was indi-

Proof of Theorem 3. In Theorem 2 in C and in Case 3 in § 1t C we
already proved that conditions (K

1
) and (K,,) are sufficient.
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n W W 1 is n c s 1 were no s is Ie ,
would have a component Z that would be compact in G (lemma in § I ,C );
in articular oZ C G and therefore OZ C F. Let d denote the diameter of Z
choose Zo E Z, and consider f{z) =2d/{z - zo)' which is a function in A (F).

By assumption there exists ag E Hol{G) such that If{z) - g(z)1 '" I (z E F),. .

12d - {z - z )g(z)1 '" d (z E oZ).

By the maximum principle, this inequality also holds for z E Z, and for

IS

For each neighborhood U of 00 there exists a neighborhood V C U of
(*) 00 such that each point Zo =1= 00 of V \ F can be connected in U \ F

w' . . r· r .

are this with the reasonin in the

sequence of points zn E G \F, zn -+ 00, that cannot be connected in U\F. . ..

c n nrc
The gn can be assumed to be pairwise disjoint; let dn =diam gn. Clearly,

og CFUK.
Using the Mittag-Leffler theorem, we now construct a functionfmero­

morphic in G, which has simple poles at the points zn with residues ndn .. .

If{z) -g(z)1 <; max (I,M) for z E ogn'

and after multiplication by z - zn we have

• max for z Eo



Remarks about §2

, 1 2

Arakeljan's theorem can be combined as follows. We say a closed set F C CC
satisfies condition K if there exists a function r(t) that is defined on [0,00)
suc at r t ~ 00 or t ~ 00 and that has the following property:

Each point z E Fe can be connected with 00 in Fe by a Jordan arc 'Y. that
.. . ~ z

This condition occurs first in Keldysh and Lavrentiev [1939, p. 746]. In
the case G =CC, it is equivalent to (K1) + (K2).

2. We also wish to oint out newer develo ments that are based on
Arakeljan's theorem. Above all, see the works by Stray [1974] , [1977a] ,

, G
on F that admit uniform approximation on F by functions g E Hol(G);
further, let

Au(F) := (fEA(F) : fis uniformly continuous on F} C A(F).

1 2
satisfied, thenA(F) decomposes into two subsets A (F) andN: The
functions in A F) can be uniformly approximated on F by functions in
Hol(G), and the functions in N cannot. Stray shows: N even contains
bounded functions, and he makes assertions about the functions in AG(F)

G
(ii) In addition, Stray proves a theorem for the class Au(F) that is

analogous to Arakeljan's theorem. EachfEA (F) can be unifotmly approxi-
mated by functions g E Hol(G) whose restriction gl belongs to A F) if and
only if G* \ F is path-connected.

A (F):= if: f continl\ous on E U F, analytic in FO}.

If E = 4>, then AE(F) = A(F), and if E = 3G n 3F, one obtains Au(F) from. . . .

F E
This is the case if and only if G* \ F is path-connected and the set Fo of

. ICU t to reac oun ary points 0 is contame in E.
(iv) A generalization of Arakeljan's theorem to vector-valued analytic func­

tions is discussed by Brown, Gauthier, and Seidel [1974].
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The theorems in the last two sections dealt with the uniform approximation
of a function f on a closed set F C G by functions m E M(G) or g E Hol(G).
Since in general F is not compact in G, the question arises whether additional
assertions can be made about the behavior of If(z) - m(z)1 or If(z) -g(z)1 for

,.... rot • .1. ·.J.1 • .1: '"'*
'" '- 8. , "" .Ii) l..lL,", .IU,",CU PU.l.l.ll. U.I Ut •

The leading theorem here is due to Carleman (1927); we shall deal with it
in an elementary way in Section A. Carleman already recognized the im-
portance of his result for the study of the boundary behavior of analytic
functions. Mainly for this reason the theory was further developed by Roth,
Tl', ,1' _. A ••• ~nr1 ...Y. •

A. The problem; Carleman's theorem

Al' Tangential approximation; e-approximation

-- r-

a relatively closed set in G.

• ~nr1 C'.;.,
---~ _.

Definition 1. A function e(z) that is defined on F and is /Jositive and continu-
ous there is called an error function. We say that fEA(F) admits e-approxi­
mation on F by functions in M(G) or Hol(G) if

(3.1)
If(z) - m(z)1 < e(z) (z E F) or

IJ~Z) - g~Z)1 " e~z) tz f::= P)

for some m E M(G) or ~ E HoI{G), resvectivelv.
_ 4'M •• _.. _.. fl -' ......, • .. •• ....... it

• ~. we say mar J C A\.f ) a rangenrzat appruxlmarzun un r IJ

for every error function e(z) there exists an m EM(G) or a
g E Hol(G).for which (3.1) holds.

Definition 3. We say that F is a Carleman set in G if every function fEA(F)
admits tangential approximation on F by functions in Hol(G).

Thp" 10 ... "'+~"'... fnr • h" L'_ -in M(fJ) iC! nnt
'L'... '~L'J " "

introduced. - Suppose a set F and a functionfEA(F) are given; our task then
,. "III ... • • • .. •

01 ... WllCUlCl e- -r L or even... CLppL -

tion IS posSible. ~·Irst we tum to the speCIal case (J - t:, F - It, which can be
treated with elementary means, and later we admit general domains G and
closed subsets F



1

We begin our preparation for Carleman's theorem with two lemmas.

III k.- -. " , ....
Then there exist functions n;(z, a) and Ilk (z, a) that are analytic (and
univalent) in G (a) and have the properties:

=

c k z, a k

We call HZ, Hi the "constriction functions" corresponding to the. .
k' k

approximation of the functions 0 and 1 on K 1 and K 2 , respectively, and
the H are uniformly bounded in G .

(a) W;(z, a)1 < 1 and IHk (z, a)1 < 1 for z E Gk(a);

or each com act subset K C z: Re z <a we have

hk(z) => -1 for k ~ 00, provided z E K l'

and

Here K 1 and K2 are compact subsets of {z: Re z < O} and {z: Re z > O},
respec lVe y. e unc ons

thus have the properties mentioned in the lemma.

, n
in~ = {z: Izl < n}. Then for each E >0 there exists a polynomial P such
that

Lemma 2. Let Mn denote the set {z: Izi ~ n} U {z = x: n <; Ixl'-; n + I}. . . .
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In~Z) - r~Z)1 <;... e ~Z t::. IVJ.n).

Of course. the assertion could be deduced immediately from Men~elyan's

theorem, but we wish to give an elementary proof of this special case.

Proof. We write M := M n and show: There exists a function H analytic on
M such that Ih(z) - H(z)1 < e/2 (z EM). Then Runge's theorem can be applied
to H, which yields IH(z) - P(z)1 <e/2 (z EM), and the assertion follows.

Wp urritp M KlJT lJT .
1 2 '

K := {z: Izi ~n}, /1 := {z = x: n ~ x <n + I},

1
2

:= {z=x:-n-l~x~-n}.

( ~
i2 0 i,

-n-1
. -n / n n+l82 a,

T~ \ J I,..
\. /11 /
"'- ./

In addition, one can assume that h(±n) = 0; otherwise one would consider
h - L for some suitable linear function L. Now we choose e' > 0 and deter-. . .. .... .... ,.. . ..
mlIl~ pUly r l' r 2' r 3 llucn LIlilL

1P1 - hi <e' on 11 , IP., - hi < e' on I., (Weierstrass)

and

, . .
1l'3- nl <:..e on A ~l"eJer pOlyn 1:l1~1.

Thpn UlP' thp. i •• t

i 1 = {z = x: n ~ x ~ n +8 } and i
2

= {z = x: - n -8 ~ x ~ - n}

such that

Ih{v)l < 1/ smrl IP {y)1 < '1t:' for x Ei U i,- , ;, 1 ~
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Suppose a
1

and a
2

are the midpoints of i
1

and i
2

' respectively. Next we fIX
6 >0 and set c1 := max {!PI (x)l: x E i2 }, c2 := max {!P2(x)l: x E i

1
}.

Now the use of constriction functions, as we have constructed them in
Lemma 1, is crucial. Specifically, let HZ correspond to the abscissa a

1
and

Hi to the abscissa a2 • With these two functions we construct

We observe:

(i) Each function <I>k is analytic on the setM;

(li) For k -+ 00 we have

HI ~ 0 and Hi: ~ 0 on K; hence <I>k ~ P3 onK.

Due to the approximation properties ofPI' P2 • P3 we have altogether that

as soon as k is sufficiently laIge .
But on i

1
we have

for all k, wheIe

as soon as k is sufficiently large; hence

l<lJk(z) - h(z)1 < 12f' for z E i 1

If originally one chooses e' = e/24, then for sufficiently large k the func­
tion 4»k now yields a function H analytic on M, for which

for sufficiently large k. A corresponding inequality holds on i2 •

Ih(z) - H(z)1 < e/2 (z EM).
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Next we deal with tangential approximation in the special case G =(,
F= Il.

149

Theorem 1 (Carleman 1927). For every function f continuous on land
every e"or function e(x) (x E Il) there exists an entire function g such that

If(x) -g(x)1 < e(x) (x Ell).

cussed later. Carleman [1927] already generalized this theorem by replacing
y more gener curves an systems 0 curves. ee so e remar a e

end of §3.
For the proof it would seem reasonable to exhaust It by intervals. .

sequence

and we write

In the 0 within

In the 1st ste we start b

{z: Izi ~ I}

x:-2~x~-1}.

Then hili continuoul on MI' analytic InM~ • and u,mma 2 yields a poly-
1 .. 1
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1f'1 lz) - PolZ)1 < E1 for Izi ~ 1

and !P1(x) - h 1{xli < E 1 for 1 ~ Ixl ~ 2. It follows that IP1(x) - [(x)I< E1
L'. ."" ..1 In / .., .L'/.-'\.' ./ I L' 1 ..... I .1 ..... ""

1.UI "" "'''', CI.1IU 1.1: 1\""J -J\""JI ....... '1;1 ' Co lUI 1. """": 1""1"""": "'.
:.:.

AnalOgOUSlY, In the 1...... step we start WIth

P1(Z) {Z: Izi ~ 2}

.. / .., .L'/ . . , /" ., r n /"'" r/""'1 1". t'. ""./' ..... " "I
'12 V'J ,J\""J T \J -""Jl.l1\"'J -J\"'JJ lUI 'l"'" '" ~ "" """": .J J

flx)+l3 +x)lP1l-2) -Jl-2)J 'lx: -3 ~x ~ -2},

and Lemma 2 yields a polynomial P2 , for which

!Pz{z) -P1(z)1 < E2 for Izi ~ 2

as well as !P2 {x) - [(x)I< Ez for x =±3 and 1P2 {x) - [(x)I< E2 + E1 for 2 ~
Ivl~~

In the nth step we obtain a polynomial Pn such that

IPn(z) -Pn- 1(z)1 < En for Izl ~n

and

- ~ ~, ~

~n\.X) -l\.X)1 c;",. En ror X - :!:\.n T 1) ana

IPn{x) - [(x) I< En +En_1 for n ~ Ixl ~ n + 1.

...... . . .. . • . .. '" "'". "',
J..l1C Ii1l)L LWV ""'1. CU~V HVIU 1 VI rt V \.1 ~-l V}.

If we now write

.
g{z) := limnoo+ ao Pn(z) = Po{z) + ~k=O [Pk+1(z) - Pk{z)] ,

it follows that g is an entire function, because the series of polynomials con-
verges uniformly on compact subsets of ec.

Ifx Ell and therefore n ~ Ixl <n + 1, we have in addition that

g(x) - [(x) =[g{x) - Pn{x)] + [Pn{x) - [(x)],

where IPn{x) - [(x)I< En +En-1 and

IR{x) - P .(x)1 .. IE •. , rp,.. 1 (x) - PL(x)ll <E,..... e" t I,.
"'".. '" • .L "' "' .... " "' .



§3. Approximation with given error functions

Alto ether we obtain

Ig(x) - f(x) 1< ~k=n-l ek =

151

We now turn to general domains G and closed subsets F; here the case
F O = rp is particularly easy to dispatch. We rely on a method of proof that

o

B1 • Sufficient conditions for e-approximation

Suppose F is closed in G and that uniform approximation on F, by func-.. ., ,
F O =1'. We show: For certain error functions e-approximation is even

ossible.

function fEA(F) admits e-approximation by functions in Hol(G) for e(z) =
lew (z)l.

Proof. Since F is a Weierstrass set there exists a E HoI G such that
11JJ(z) - Kl (z)1 < 1 (z E F). We let h = eg

l-
1 E Hol(G), consider f /h EA(F),

and determine a K2 E Hol(G) such that

lif/h)(z) - g2 (z)1 < 1 (z E F).

It follows that

If(z)-h(z)g2(Z)I<lh(z)l=exp {ReKl(z)-l}

as was asserted.

Remark. Suppose F Is a Weierstrass set in G and

(3.2) suppose there exists HE lio such that 0 < IH(z)I<; e(z) (z E F)
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Then every function fEA(F) admits e-approximation by functions in Hol(G).

To see this, one simply considersf/H and applies the Weierstrass property
of F (once!).

The result is even smoother than Lemma 3 if one studies e-approximation
by meromorphic functions.

Lemma 4. Suppose F is such that every function f E A(Fj admits umYorm
approximation on F by functions in M(G} Suppose hE A(F) with
0< Ih(z)1 < 1 (z E F). Then every function fEA(F) admits e-approximation
by functions in M(G) for e(z) = Ih(z)1

Proof(Nersesjan [1972, p. 411], Roth [1976, p. 109]). First we approxi-
mate 2/h EA(F) uniformly by functions inM(G):

----------LJ,1h(Z)rt-..2
,-\----~m-f-'l(~z)1 < 1 (z E F)

for m 1 E M(G). This implies

Im 1(z)1 >~ - 1 >~ , so that 1 < Ih(z)1 (z EF);
.. .. Im1(z)1

in particular, m 1 has no zero on F.
Further, m1[EA(F) can be uniformly approximated by functions inM(G)

for m 2 E M(G). Letting m =m2 /m 1 E M(G), we obtain from this

If(z) - m(z)1 < 1/lm1 (z)1 < Ih(z)I_V"'-(z--"""E,--,,--F)~, _

as was asserted.

In Section B2 we shall apply these lemmas to sets with FO =t/J. First we
present two theorems where G =¢ but where F O =; is not required.

Theorem 2. Suppose FEE is such that every function f E A(F) admits uni-
form approximation by [unctions in M(G:). Suppose further that fEA(F).
e >0, and n E IN are given. Then there exists a meromorphic function
m E M(¢) such that
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(3.4) If(z) - m(z)1 = o(lzrn
) (z E F; z -+ 00).

,
proximation at the rate given by (3.4) without additional restrictions on F.

and immediately obtain (3.3) and (3.4).
Note that the meromorphic function m depends on n. In general, (3.4).

entire functions can be obtained by elementary methods.

Theorem 2' .Suppose F is a Weierstrass set in G::, f E A (F), and € > O. Then
there exists an entire function g such that

With stron er auxilia results it is ossible to im rove this theorem si nifi-
cantly (see §4, A), but the present version is sufficient for our later applica­
tions. For example, it allows us immediately to construct entire functions g

" "

z
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Suppose we take,f{z) = l/{z - i), say. Then, in the example sketched above,
one immediately obtains an entire function g such that

is a

f onP,

o onk.

Then p* is again a Weierstrass set andf* EA{P*). Thus, for arbitrary a >0,
. . . *

If*{z) _ a g*{z) - g*{zo) 1< 2a

o

2a

assuming a was chosen sufficiently small.

(z EP*).

Remark. In general, there is no analog to Theorem 2' for Weierstrass sets
,

then P is a Weierstrass set in G, but the relation If{z) - g(z)1 -+- 0 for
Izl-+- 1 z E can hold for EA g E HoI G onl if f= g. - Conditions on
P under which If{z) - g(z)1 -+- 0 for Iz1-+- 1 (z E F) can be achieved are given

, ,
that F n aG has linear measure 0, but "noodles" are also permitted [1975,
p. 5].
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IfFO =~ , Lemmas 3 and 4 allow us to reduce the problem of tangential
a roximati n . "
solved in § 1 and §2.

unc·

mation on F by functions in M(G).

The proof of Theorem 3 is obvious. If e(z) is an arbitrary error function,
we a 1 Lemma 3 with z =10 e z and Lemma 4 with h z =min e z
1/2) (this can be done because FO = ~). Hence every fEA(F) admits
tangential approximation if every fEA(F) admits uniform approximation.

Remark. The proof remains valid even for FO =:/= ~ if we limit ourselves to
e-a roximations whose error functions have the ro ert

(3.5) e(z) is constant on each component of FO.

er

C. Nersesjan's theorem

functions in

1 .

roximation on F will be ossible onl with an additional
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Definition 4. We say F satisfies condition (A) iffor every compact subset
KeG there exists a neighborhood V of 00 in G III such that no component of
pO . hnth TC nnrl v:

This condition was first introduced for G = {z: Izl <R} (0 <R '" 00) by
Gauthier L1969J•If (A) is satisfIed, then all components ofF V lie necessarily
comnact in G' but this condition is not sufficient (Examnle 2),

Example 1: Example 2: Example 3:

G-CC G-CC G - {z: Iz I< I}

Lengths:

/~---
iZZZZZZI ~ 1 ~

to I' 2 I ~//7>J
\
~3 \

'Voolo 0 '" ... ...
'-../-

Lengths 1,2, 3, ...

(A) satisfied (A) violated (A) violated

n .Lt. .. I.A\ . +1-...+ "1 ........ '" '_1 .J " .....~ Cl .-.. ,,+ ........... r ........... + + ..... ...-.
~r -"", \~.1 .L

......... ~ .. ""'uo ""' .. ~ ..u_w ~ AU""' ..... ""'_ ~ ~'-' .
~ .

In Section C2 we need the following lemma.

, c n. z.. ;et .. ~ • ;n I.,..I.,.I~rlnnr1f\<"'r'<"'r n.
''- .~ OJ ~.. ~

.
~.~ .~ t".

L'. c,. , ., c,. . L'r .. c,. 1.1 .,
J u, un:;' u~,,~ u~C;fC; ,,_. VJ "'L.l 'Tn u~,,~ 1.~' I~ I ' J
with {z: Iz I= r'} and on which

Ih{z)I" E (zE"V )
n 'n

where {En} is a null sequence. Then h = O.

Proof. We can assume

M := max{l(z)l: Izi = r} '" 1.

Let Qn(z) denote the harmonic measure of "In with respect to {z: Izi <r}\ "In
....... '.1 ,,, I~\ ........ +1-. .... A:..l, 7, r~. I~I""" .f''''1 "1"1-.",....' ..... ~n \-.1 ""'u ~............A ...."" , .. l-' 1- I..... I ... J' .L .LA.....U

QntZJ~Q>U tz E"; n - 1,2, .. .J,

anrl hv thp. "two. c1. ".
I. , " " til (1:\ .,1.rtJ (1:\ ... I'lJ ('1.\ " I'lJ , _. . - ...
I"Vi)1 ..... Cn" '''-1 n ..... Cn" ..... en \Z l::: 1'(" r, - J I ,J, I •••).
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Now we answer the question: When is a closed set F eGa Carleman set?
See Definition 3 in A1 • We exclude the trivial case F =G.

Theorem 4 (Nersesjan 1971). Suppose F is a closed proper subset otG. Then
F is a Carleman set in G ifand only ifF satisfies conditions (K1)' (K2)' and

A stronger, sufficient condition for F to be a Carleman set in G was given
earlier b Gauthier 1969 .

Proof. a) Conditions (K1)' (K2 ), and (A) are necessary.

n n n
with a point~ E K. Here K is a fixed, relatively compact subset of G, and
we can assume KeG 1 • Suppose gn C F O is a Jordan domain containing the
arc n' an et "In enote a su arc 0 n at~onnects 1 WI 2·

Finally, let fin den~te a subarc of agn in Gn+1 \ Gn. Its harmonic measure

because "In is compact in gn·
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To establish this, we cho~se constants cn such that 0 <cn+1 <cn and

an etermme an error at

mce we can assume
achieve.)

n IS a unIon 0 an curves, t s IS easy to

then the "two-constants theorem" im lies

e error
function from above, but h{zo) =:/= 0 for some Zo EF.

we requIre

.
would exist agE Hol{G) such that If{z) - g(z)1 < e{z) (z E F). Since we are
dealin with Case 1 we must have f =g on F. But this would mean that every
function f E A (F) has an analytic continuation to G. Since F is a proper
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19(z)1 ~ Ih(z) I+ Ih(z) -g(z)1 < Ih(z)1 + e1(z) < e(z) (z E£).

By (3.6) we have g - 0 in G, and for z - Zo we find that Ih(zo)1 < (;1 (zo), in
contradiction to the construction of e1(z).

In both cases F fails to be a Carleman set when (A) is not satisfied.

b) Conditions (K1), (K2 ), and (A) are sufficient.

Here we must refer the reader to the original work by Nersesjan. The method
of proof introduced by Keldysh and Lavrentiev in 1939 and developed
further by Mergelyan in 1952 is used again, and the desired function
g E Hol(G) is represented as g = ~Rn' where the Rn are rational functions. Of
central importance is a lemma the origin of which goes back to Lavrentiev

-----l1936, p. 25] ; similar lemmas can be found in Roth [1938]<--'-. _

Lemma. Suppose F is compact in C[:, that (C \ F consists offinitely many com­
ponents, and that G is an open subset ofF with aG c oF. Then, for each
e> 0, there exists a rational function R(z, G, e) such that

lR(z, G, e)1 < e for z E G \ (aG)e'

--------I~-HR'I-'(z~,-+GTcc,--fe...)--r-jll-+l-"'o<oo-ieF---J+l£O"Hr..,zHE~~Ci'L-'\\-l\G~e,c-----------

-------IR(z, G, e)1----"'<"'--c"-'-------+f{}LUr'---"z"---'E"--LE~----------

Here C is an absolute constant, and Ne denotes the e-neighborhood of the set
Iv.

For the proof of the lemma elements of the proof of Melgelyan's theolem
are used.

Remarks about §3

Without aspiring to completeness, we point out several works that are con-
nected with Carleman's theorem.

1) Hoischen [1967] gives an interesting, largely constructive proof of Carle­
man's theorem His work is based an the Gauss transform

Fl\(z) : (zE (;7\>0)

f f1 fA" f (u;-bjTJ Hh" fhk l'a aune Ion Jean muous on ,.neump property 0 t eerne IS

important; it implies that FA(x) ~ I(x) (a <x <b) and FA(x) ~ 0 (x <a, x > b
as A~ 00. In another work, Hoischen [1970] investigates the approximation
ailE C(I) by entire Dirichlet series.



3) Carleman's theorem admits the following extension to an (Scheinberg
1976 . For fE C(Rn ) and a positive error function E E C(an) there exists a

g E Hol(CCn) such that

n

Here x is the real part of z E ern.

roximation with certain error functions

In this section we deal with several additional questions in connection with. . . .

con-

1 For which error functions E z is E-a roximation ossible on F if F satis-
ties (K 1 ) and (K2 ) but not (A)? We already became acquainted with initial
results in this direction in §3, B1 •

tion? In 1945, Keldysh took up these questions for the first time in a short
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. e-approxunatlon wit ou

half-plane {z: Re z ~ O} and h EA(F), h '* 0, then

+00

_00

that is, along the imaginary axis h cannot tend to zero too fast. Hence, if.

-izi',
A small variation of this reasoning (see Fuchs [1968, p. 39]) shows: If

(exterior of a parabola), then the condition

(4.2)

must be satisfied if e(z) =e(lz I) is to be an admissible error function for this
setF.

r e ian
4.2 is also sufficient.

(4.2) r 3/2 log e(t) dt >- 00.
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is

Corollary. If F lies in a sector

Wa = {z: larg zl ~ a/2} (0 <a ~ 27T)

e

00

_ 00.

In this case, even e(z) = exp (-lzlll' a -11) is an admissible error function for
every 11 > O. There are corresponding theorems if F is contained in a parallel.

Often it is important to have some information about the growth of the
a roximatin entire functiong. However, now the a roximation is measured
only on a subset of F. We let the following specific result suffice.

Theorem 2. Suppose fEA(W ) (0 <a ~ 7T) and

If(z)1 <.K ek1zI

are given. Then there exists an entire function g such that

If(z) -g(z)1 < ee- izi

and
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A

Ig(z)1 ~ C ec1zl (z E CC)

for certain constants c and C.

C' -, \ .. .t'.•11 ..1. _ .. _ 1 _ ..:I ..t.. . . L"_ . ~" ~C __ ~

.. VI. ..... I." I. "'...'" , ... "'I.~" ,., ... , ~1.1.u. ........ -r r _"" ................v ......... v .. .....J • .t''''

nential type. Keldysh [1945b, p. 240] and Mergelyan [1952, p. 353] allow
more general growth off. Corresponding theorems hold for functions In

parallel strips.

C. The special case F = R

Suppose f is continuous on l. If one wants a uniform approximation of
fon l by an entire functiong, that is, If(x) -g(x)1 < € (x E l), theng will
in general have strong growth in the plane, even if fis bounded on It For if
f oscillates stromdv on R. then Re 2 also oscillates strone1v so that

.!!.- (Re g(x» must assume large values on a dense sequence of points; but this
dx
means that g must assume large values and hence also g, at any rate In CL:.

But Keldvsh discovered that the growth ofK can be limited. provided
assumptions are made about the growth offand f. The following is a re-
finement of his result by Arakeljan [1963] .

Theorem 3. Suppose fE C1 (R), and set

M(r) := max {I!(x)l: Ixl ~r},
J_ .... "ftI, ,

flo\.'J. UlCiA-tll \.X)I: IXI ~ r}.

Then. for € >0, there exists an entire function g such that

Ifry) _ afy)1 <" &: (y {::. IP\", ,-, g,", " -"

ana

IR{z)1 ~ exprA(lzl + n · B(lzl)l (z E CCl.

,. A :A _ __ ,1

• v ...., ... .r:I. ...........~ ... ~_, ..., ....
1 1

BOzO =max {- Il(t) log[--;- c(f)M(t) Il(t)] : 0 ~ t ~ 21z1 + I}.
c ..

Here c(j) is positive and depends only on f.
"I' .. • 10 L.' pI . . - .. • • . 10

111 pCiI , 11 J iillU J iill;; on "", LUl;;1I S ~Cill UC LV Ut; VI

exponential type; and if Il(r) =O(,.a) (r -+ 00) for some a > 0, then g can still
be chosen to be of order Q + I, possibly of maximal type. This result also
oriszinated with Kehlvsh.
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It was recognized early that theorems about the approximation of func­
tions on noncompact sets allow the construction of analytic functions with

,
theorem the function! continuous on R such that I(l) = ( (Peano curve),
then the theorem immediately yields an entire function g, for which g(R) is
dense in q; (Kaplan).

In the following we present some important applications of the approxi-.

In Part C we discuss the connection between uniqueness theorems and ap-
proximation, and Part D contains various smaller contributions. We shall not
take up applications in the Nevanlinna theory; but see the remarks at the end
of §5.

A. Radial boundary values of entire functions

exists for allq, as a fmite or infinite limit; hence [(z) =(sin z)/z is allowed, but
fi z = sin z is not. The problem consists 0 characterizing the possib e func­
tions F. A. Roth called F the "radial limit function" (Strahlengrenzwertfunk-

the boundary behavior of analytic functions.
e egm W1t an au 1ary conS1 era lOn e ore we mves 19a e

and W denote open sectors with vertex at 0, such as W;;; {z: 0: <arg z <~} .
Lemma 1. For every sector W there extsts a subsector W' with the lollowing
property: Either lis bounded in W , or 1 lis bounded in W or z~ 00.

Proof. Suppose I is unbounded and 1/1 is unbounded for z ~ 00 in every sub-
sector 0 en we construct a sequence 0 c ose <f>-mterva S an
corresponding sectors

as follows.

I/(z)1> 1 for Izl II: Iz 11, arg zEll. In WI we find Z'l such that Iz'11 > Iz 11 and
I/(z'l)1 <1; therefore I/(z)1 < 1 for Izl- Iz'll, arl zEll ell·
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or

Now we proceed to derive properties of the function F defined on
c:= {z: Izl =I}.

b) There exists an open set M = Uk=l bk on C with the following properties:

i M is everywhere dense on

iii) For each closed subarc (j C bk we have

arcs on C.

Proof. a) This statement follows immediately from the representation

F(e ) = limn_oo [ne );

F is the limit function of a sequence of continuous functions.

b Su ose W' is a sector of the type mentioned in the lemma, and let
b = w' n C.

If[is bounded in W', then the functionsfn(z) := [(nz) form a normal
family in W', and the sequence converges on the radial segment

, . n "
in compact subsets of W'. But this means [(re'f/> ) -+ F(if/>0) (r -+ 00; if/> E b),

[n(z) -+ F(eif/>o) (n -+> 00; z E s). By Vitali's theorem (see, for example, Bieber-
i<l> • , •

uni orm y in compact su sets 0 ,an In partlcu ar,
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If 11fis bounded in W' for z -+ 00, it follows analogously that 1/f(ri(/J) -+

Result: On each such circular arc b the function F is constant (possibly 00).
Now suppose M is the union of all such open circular arcs b. Then Mis

open and dense on {z: Izi = I}, andM = Uk=l bk , where the bk are countably
many disjoint open circular arcs.

This completes the proof of Theorem 1.

We now show that the properties cited in Theorem 1 are characteristic for
F

Theorem 2. Suppose an open set M - Uk= 1 bk on CIS given, where the bk are
disjoint, open subarcs ofC, and suppose M is everywhere dense on C. Suppose
further that F is ofBaire class 0 or 1on C and that. .

Then there exists an entire function g with the properties:

ii) This holds uniformly on every closed subarc~ C bk .

Proof. a) First we produce a function h continuous on CI: and with property
i). For this w,e use that F is at most of Baire class 1; that is, F(ei(/J) =
limn-+oohn(e'(/J), where the hn are continuous functions. Now we define

and we use linear interpolation between the points ni(/J and (n + l)ei(/J
(n =0, 1, 2, ... ); we set h(O) equal to O. This function h is defined and con­
tinuous in CC , and we have

hence h has lhe correct ra,diallimits.
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b) To apply an approximation theorem, we need a closed set F C ~ and a
function {EA(F).

Note that Wis closed in (; for if there are infinitely many Wk , they are pushed. ..

set is closed in~, and in addition it satisfies conditions (K 1 ) and (K2 ) for a
Weierstrass set (§ 2).

n wenow e me

h onS,

{=

This function is continuous on F and analytic in F O
, because S has no interior

By Arakeljan's approximation theorem and Theorem 2' iIi §3, B, there

5.2 for z EF.

If e EM so that t

large r; conlequently
for some kEN then re



Thus i) holds for all rp.
. . ir/> E C

(5.2) we thus have

Hence ii

in this interval.

2) We point out the following detail. The set M in Theorem 1 is not uniquely
determined by [; for example, removal of a point results in a new set, for
which the theorem holds. In the proof, however,M was constructed in a

An easy modification of the construction above now yields a result sharper
than Theorem 2, namel an entire function g for which Theorem 2 holds and
for which, in addition, M(g) =M, where M is the prescribed set; see Roth
[1938, p. 119] . This result is interesting, because M(g) is closely connected

B. Bound behavior of functions anal tic in the unit disk

Arakeljan's approximation theorems are also eminently suited for the con-. . .

Theorem 3. Suppose we have countably many sets En on {z: Izl = I} (n =. .

3

for each eir/> E E = UEn .

u- . n
sets of measure 211' - lin, then H has measure 211'. Statement (5.3) then holds

Remarks. The theorem says that on the radii leading to E, each function con­
tinuous in D can be imitated by a function g E Hol(D). - A set E of the form

• • ,I
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1

domains see Bagemihl and Seidel [1955] .)

Proof. We apply Arakeljan's approximation theorems to the following situa­
tion.

n+l

Weierstrass set in D. According to Theorem 3 in §2, C2 , we thus need to.. .

Since F has no interior points, it follows that f E A(F), and thus, for every
error function € r , there exists a function g E Ho D such that

implies (5.3).

and the existence of radial limits ofg.

tion g E Hol(D) that is uniformly bounded on the radii ofM but does not have
a limit on any radius of D it is necessary and sufficient that M is nowhere
dense.

Remark. If one chooses M such that the set of end points of the radii ofMis
nowhere dense a
bounded on the radii ofM without possessing a radial limit anywhere. For
6 = 0 this is of course not possible, since in this case g is bounded in D and

ere ore, y a ou s eorem, possesses ra 1 1m1 s mos everyw ere.

must be dense in some sector S of D. Every function g that is uniformly
bounded on M Is therefore bounded In S and consequently has limits along
the radII In S.
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..... _ 1 • I I . 1 1 '" "," .... 'I'll
_~•• _6w';;lY, "rr lYl ..,.. II-' lOS i1 UCll:Ki OSCL VI li1UU .111 .,. "C ,",Vll-

struct a tunctlon g t:: ttoltlJ) tnat IS UnItormly Oounded on tne radll ot M out
has no radial limits. We can assume that M is closed, for otherwise we would
consider M.

Here again Arakeljan is helpful. We let

T:" r. ieb 1 1 J. .:I' ..L f. 1I1'\ ...... 1 J. . "1 f. 1 "\ '\
~ n . 1"'- ,~ ., .I. - .I./H, U.I..H \"'-, H~j?" .I./HJ \,J .I.,M., .•. j,

these are closed sets of circular arcs on {z : Izl =1 - lin}. Then we consider

F :=MU (U:=l ~).

,...,.. . 1 .. .... • ' .. . . . 1 • '/"0 .. 1 •

1 IllOS OSC L lOS 111 ., i11lU W 1.111 JU II 1111 , i11lU 1L LllC -
~

tions for a Weierstrass set; the latter can be checked as above. It follows that
f(z) =cos ('Tr/{l -Izl) EA(F) can be approximated by ag E Hol(D) with the
error function e(r):

I ~/_'\ _f_\I ...... _/1_1\ 1_= m
IJ \"'J6\"'JI ..... '"'\I"'IJ \'" ....... ~ J'

The function g thus has no limits on the radii ofM. But by the construction
of F"., every other radius meets F", for n >no, and hence we have on these
radii

~f. ieb\ -f. ieb'\ n ~. 1 1 /_ ... ~ tvll

J\'& j-6\'& j V .I.V.I. , .L .L/'·, .. .

It follows that

g({l - ~-) ei (/» =(_l)n +0(1) (n ~ 00).

Result: The function g does not have a limit on any radius of D, even though
g is uniformly bounded on F and therefore on the radii ofM.

B2 • The Dirichlet problem for radial limits

UT......... +1-. .. . . L 1• r.~ n. '".1 ..... r1 C' '.:1.1 +r. +1-. ..
- _w_ ~~&- -r.a; ~~ .... _..-

~~ r6~ - .~&-

existence of a solution to the general Dirichlet problem for radial limits.
.....w c ... • ,.",,/, ,.po kHE> po,.l_ . J_ ~J _'- J .L"- i",.

-~~ - _. .- , J

(0, 2'Tr); the values ±oo are allowed. Then there exists a function g analytic in
D with the property that

(5.5) lim,-to 1- g(rei (/» =u(tP) + iv(tP)

for almost all tP E (0. 211').
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Remarks. This theorem was proved simultaneously by Bagemihl and Seidel
~1955] and byl.ehto [1955]. In addition, Lehto representsgby an integral

of Poisson type, provided the boundary values are finite almost everywhere.
For the case of infinite boundary values, a direct, but laborious construction
is known (privalov [1956, p. 225]). - The real part ofg solves the analogous
Dirichlet problem for harmonic functions, if the radial limits u are given as a
measurable function (Kaplan [1955, p. 49]). - Finally, it is noteworthy that
one can require the function g in Theorem 5 to satisfy Ig(z)I ~ p.(Izl), where JI.
is a function tending to 00 arbitrarily slowly (Kegejan [1966]).

Proof. Step 1: Construction of a function (continuous in D and with radial
limits u + iv. It is enough to find a function [ continuous in D such that
limr_1-f(rei(/» u(t/i) for almost all q,.lfu(q,) 00 a.e., we choosef(z)
I/{l- t.z1), and ifu(ep) _00 a.e., we choosef(z) - -I/{l -1:z1f+).----l:H~e.....n,.,.ce.-.w..,e..--.c.....an~-­
assume that u < +00 and u > -00 on two sets of positive measure. For the
bounded, measurable function U(~) = arc tan u(~) we find the corresponding
Poisson integra] <I>(z), which, by our assumption, satisfies I~I < TCj2 (z E D).
It has the boundary values limr_ 1- cI>(reif/» - U(lP) a.e.; consequently the
function[(z) := tan <I>(z) is continuous in D and has radial limits tan U(~) =
u«(/») for almost all (/) E (0, 21r).

Step 2' Construction of a function g analytic in D and with radial limits u + iv
We take an arbitrary Fa-set E of first category on {z: Iz-I 1}: E - UEn, where
the En are closed and nowhere dense on {z: Izi = I}. In addition, we assume
E has measure 21r. Theorem 3 now yields the desired function g E Hol(ID).

Of course, our boundary value problem has many solutions. For 'Iheorem
3 (or the somewhat stronger statement (5.4» yields arbitrarily many different
functions g E Hol(ID) with limr~l g(rif/» =0 for almost all r/J

C. Approximation and uniqueness theorems

Suppose G is an arbitrary domain, F is closed in G with F =1= G, and e(z) is
a continuous and positive function defined on F. We ask when the following
uniqueness theorem holds:

(5.6) hE Hol(G), Ih(z)1 ~ e(z) (z E F) implies h = O.

Intuitively one would say that (5.6) holds ifF is a large set and the values of
e are small. But then approximation on F with the error function e would
hardly be possible; that is, if (5.6) holds, then

For every function f E A(F) the re exists agE Hol(G) such that

(5.7) II'(z) - g(z)1 < e(z) (z E F)
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would be difficult to satisfy, and vice versa. More precisely, the following
holds.

If F does not satisfy condition (A) from §3, C1 , then there exists a func­
tion e(z), for which (S .6) holds.

We have already proved this in (3.6). In the other direction we now prove
the following.

If(5.6) holds for a function e(z), then (5.7) is false for this function.

Proof. We show: If (5.7) holds, then (5.6) fails. IfF has no accumulation
point in G, we simply choose a function h E Hol(G) that vanishes exactly on
F; our assertion holds. We can therefore assume that F has an accumulation
point in G. We choose a E G \F, f= (z - at l EA(F), andgE Hol(G) such
that If(z) - g(z)1 < Ih e(z) (z En. Here

f{b) - g(jJ) =1= 0 for some b E F,

since otherwise we would have j(z) - g(z) on F, and therefore on G. Hence
If(b) - g(b)1 > e(b)/N for some natural number N > 1. Now we approximate f
within e(Z)lN; that is,

If(z) - h(z)1 < e(z)/N (z E F) for some h E Hol(G).

Then (5.6) fails for the function g - h: We do have g - h E Hol(G) and
Ig(z) - h(z)1 < e(z) (z E F), but

Ig(b) - h(b)I~{b) - f{b)I~f{b) - h{b)1 > O.

This establishes our assertion.

In the case where G = D = {z: I~J < I}, the connection between approxi­
mation and statements about uniqueness can be expressed more clearly. We
call a closed set FeD an asymptotic uniqueness set ifh E Hol(D), h(z) --+ 0
for Izl--+ 1 in F implies h =O. And we .call a closed set FeD a set ofasymp­
totic approximation if:

For every functionfEA(F) there exists agE Hol(D) such that If(z)-
g(z)1 --+ 0 for IzJf----+~l~in~F~. _

Theorem 6. The closed set FeD is an asymptotic uniqueness set if and only
ifF is not a subset ola set (=1=D) ofasymptotic approximation.

Compare this '.'lith the \-vork by Brown, Gauthier, and Seidel [1975, p. 6]~,-­
where results concerning the approximation by meromorphic functions can
also be found. Stray [1978] deals with asymptotic approximation on more
general open sets in place of D.
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D. Various further constructions

D1 • Prescribed boundary behavior along countably many curves

No doubt it has been noticed that in Theorem 3, for the construction of a
function analytic in IJ) and with prescribed boundary behavior, the approxi-
mated function [was assumed to be continuous in IJ). If one desires a certain

ve more.

Theorem 7. Suppose "Yn (n E IN) are countably many disjoint boundary paths
. .

Suppose the [unction f is defined on U"Yn and continuous on "Yn [or each n.
. .

or each n E IN.
This theorem can be applied, for example, if all "Yn are spirals that wind

clearly F is closed in IJ), also FO = cp , and [is continuous on F, so that [E A (F)
e now c ec con i ions 1 an 2 0 a e Jan s eorem. ear y

(K ) holds, because IJ) \ F is connected. To show that (K ) holds, assume
r (0 < r < 1) is arbitrary. Only finitely many "Yn meet {z: Iz I= r}, and suppose
their last intersections occur for the values Tn of the parameter. The initial

in IJ) \ F toward alJ) without leaving {z: r < Izi < I}. Hence IJ)* \ F is locally

By Arakeljan's theorems (Theorems 3 in §2, C2 and §3, B2 ), there exists
a function g anal tic in J) such that g z - f z -+ 0 Izl-+ 1 in ; this im lies
(5.8).
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The theorem and proof remain valid if I> is replaced by an arbitrary domain
G. The verification Of(K2) is a bit more troublesome. See Gauthier and Seidel

~1971, p. 461] and Kaplan [1955, p. 44] .

D2 • Analytic functions with prescribed cluster sets

Theorem 7 can be used to construct functions analytic in D that have
prescribed cluster sets along countably many, disjoint boundary paths. If

'Y: z - z(t) continuous and bijective for 0 ~ t < 1

is an arbitrary Jordan arc (open on the right), and if[is defined on 'Y, then the
cluster set off on 'Y is the set of all limit points of sequences (f(Z(ln))} ' In -+ 1.
We denote it by elf, 1), it is a subset of (; eu {ocJ·

Clearly, Clf, 'Y) is always closed in t; and if[is continuous on 'Y, then
Clf, 'Y) is even connected, hence a continuum in t. We need a converse:

Lemma 2. If K is a continuum in t, then there exists a [unction [ continuous
on 'Y whose cluster set on 'Y equals K: Cif, 'Y) = K.

Proof. We may assume that 1 {t. °~ t < 1}. If K is compact in ce, we cover
K with finitely many open disks uln ) with radii lIn, and we form G = u;uln )

If onI disks with K n U~n) =1= are used then G itself is connected and'
therefore a domain. We md a polygonal path Pn C Gn that begins and termin­

ates at a fixed point of K and that meets each disk uln ). Finally, let.f" denote

-------------------#-.t'I~~.t'''-------------------
Jf .1",

n

then/is continuous on [0, 1) and has K as its cluster set on [0, 1).
If 00 E K, the proof needs minor modifications.
As an application of Theorem 7 we now prove the following result.

Theorem 8. Suppose 'Yn (n E N) are countably many disjoint boundary paths
in D, and suppose Kn are countably many continua in CC. Then there exists a
function g analytic in D that has Kn as its cluster set on 'Yn for each n E IN.

This statement is somewhat more general than that of Bagemihl and Seidel
~1954, p. 194] ; there the 'Yn are assumed to be monotone boundary paths.

Proof. On each boundary path 'Yn we define a continuous function~ that has
Kn as its cluster set (Lemma 2); we then define f on u'Yn by fl'Yn =f" and
apply Theorem '7. Now (S .8) imphes that g and [have the same cluster set Kn

on 'Yn .
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n rt w • w , .U

&13 • "

Suppose 11 and 12 are two Jordan arcs in 4[ :

1 1 2: z = z 1 2 (t) continuous and bijective for 0 ~ t < 1,. ,
_1_ z. CO) = z_{O) - 0 and Iz. _{t)1 ~ 00 for t ~ 1 The two arcs are to have onl.. ... .. ,'"

the origin in common. Then the curve 11 U 12 decomposes (: into two sub-
domains G1 and G2 , which can, for example, be "noodles" if 11 and 12 are
SpIrals.

Then there exists an entire function g that is bounded in G1 but unbounded
in G....

'T'~ th;11 T';11 ~n .:J .:J T£\rA~n ~r(' ;n r: ~nA l;!pt 11
~ r ~ -, 'rr "-

G1 U r, which is closed in ec. Further, let

" L" -:;;=:;
V IUI:to = VI'

f(Z) =
z for z E r,

so that f E A (P). Now one shows as in the proof of Theorem 7 (but even
-..~."" •••\ +1.. ... + +1.."" ",,~_;l~+~~_n ~~ A .... ' •• 'n L' ........ • "" .:J TT
"u"",,"" ........O#....J J ....................... "".. .. .. .......... ... . . 1"- . • •• I L'f '" f '" ....... I"

_ r'"I ....... .
UI~.l~ ~Alo)Lo) i111 ~l1U.l~ .lUllI,,;UUll S O)UI,,;11 L.l1i1L IJ \.:to) - S\.:to)1 ~ 1 .lU.l :to 0;;;;; f • 1.l110) 1111-

plies our assertion.

D4' Julia directions of entire functions

Here we deal with a question concerning the value distribution of entire
functions.

Definition. We call</> a Julia direction of the entire function f, ifin every
sector {z: larg z - </>1 <6}, 6 > 0, the [unction f assumes each complex value
infinitely often~ with at most one exception.

Example. The functionf(z) = eZ has the Julia directions ±1r/2, and in each
case the Julia exceptional value is O.,.......... .Ll ; .. +'" • ih... +.............+

- ~ •. C' ~- ..~ -~. -...
J(f) = {e i4>: </> is a Julia direction off},

which is always closed, or to discuss the exceptional values.

a) For the class of entire functions f, which we dealt with in Part A of this. .... . ~",-""....... ."".... ,SeCuon ana lor wmCn urn,...... J ~re } eXlll.S lOr au qJ, me SeL J V} Can oe
described as follows.

With the notation ofPart A we have



Proof. We show thatM(j) = C\J(j).1f eit!> EM(j) = ub, then there exists a
sector W' of the type mentioned in Lemma 1 such that i(j> E W'. Either f is
bounded in W , or 1 is oun e In or z~ 00. n elt er case ~ cannot e
a Julia direction.

. i(j>

assumes two values at most finitely often. Thus the functions f n(z) := f(nz)
form a normal family in W, and lfn(z)} converges for all z E W, and therefore
1 converges urn orm y on compac su se s 0 ere n ~ 00 IS owe.
But then each subsector W of Whas the property mentioned in Lemma 1,
and therefore i (j> EM.

b) J(j) has also been characterized for other classes of entire functions. For
every closed set J =1= on {z: Iz I=1} there exists an entire function f of
1 An Cl' 1 Ths

case J= {z: Izi = 1} was discussed already by Julia and again by Cain [1974]... .

c) Answering a question of C. Renyi, Barth and Schneider [1972] have con-.
with different exceptional values 1 and O. The construction uses Theorem 1
in §4 in the weaker form, already proved by Keldysh, in which the error func-
tion € t = exp -t - ) (11 > 0) occurs.

[1980] in the Durham Conference Proceedings. We mention three such con­
structions.

there exists a

b. Given an function prO =e;;;; r < 1 with 0 <p(r t 00 as r~ 1, there exist f
and g in Hol(D) such that If(z) I =e;;;; per) on Izi = r, 19(z)1 <; p(r) on Izi = " and
such that f possesses no radial limits, whereas g has radial limits 0 at almost all
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ditions, there exists a meromorphic or entire function f such that 6(a, f) = 6(a) ..

. Meanwhile Drasin
o lem of Nevan

linna theory, incorporating also the index of multiplicity 6(a) = 6(a, f) and
without using approximation theory. Instead, he uses essential tools from the

eory 0 quaslcon orm mappmgs.
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